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For dynamical systems that switch between different modes of operation, parameter variation can cause periodic
solutions to lose or acquire new switching events. When this causes the eigenvalues (stability multipliers)
associated with the solution to change discontinuously, we show that if one eigenvalue remains continuous then
all local invariant sets of the leading-order approximation to the system occur on a lower dimensional manifold.

Chaos This allows us to analyse the dynamics with fewer variables, which is particularly helpful when the dynamics is

Bifurcation

chaotic. We compare this to two other codimension-two scenarios for which dimension reduction can be achieved.

1. Introduction

Bifurcations are critical parameter values at which the behaviour of
a dynamical system changes fundamentally. There are many types of
bifurcations, and much theory for explaining the related dynamics [1].
A period-doubling bifurcation, for example, occurs when an eigenvalue
associated with the periodic solution becomes —1, and creates a period-
doubled solution when a non-degeneracy condition holds.

The wide applicability of bifurcation theory relies heavily on dimen-
sion reduction. This allows the theory for the related dynamics to be
applied to systems of any number of dimensions. This can be achieved
when the pertinent dynamics occurs entirely on a low-dimensional man-
ifold. In the case of period-doubling bifurcations, this manifold is a
centre manifold associated with the eigenvalue —1.

But dimension reduction is usually not possible for border-collision
bifurcations (BCBs). These occur in systems with switches, jumps, or
thresholds, when a periodic solution experiences a change to its pat-
tern of switching events [2]. BCBs are framed most simply in terms of
piecewise-smooth maps, where the bifurcation occurs when a fixed point
collides with a switching manifold on which the map is nonsmooth. Re-
cent studies where BCBs play a key role include sleep-wake patterns [3],
influenza outbreaks [4], and threshold harvesting for fisheries [5].

This Letter treats BCBs for continuous maps on R”, where each piece
of the map is smoothly extendable through the switching manifold. The
local dynamics are typically characterised by two sets of n eigenvalues,
S and S, associated with the fixed point on each side of the switching
manifold [6]. These dynamics may be chaotic, and this occurs in models
of open economies [7], power converters [8,9], and mechanical systems
with stick-slip friction [10,11]. More types of dynamical behaviour is
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possible with every additional dimension [12], so in general dimension
reduction of BCBs is not possible.

Given the importance of dimension reduction to the success of bifur-
cation theory broadly, it is instructive to explore the extent to which it
can be applied to BCBs. The purpose of this Letter is to highlight three
scenarios in which dimension reduction is possible: S; or S contain
a zero eigenvalue, an eigenvalue with unit modulus, or share an eigen-
value. Each scenario occurs as a codimension-two BCB, and dimension
reduction can be used to help explain the local dynamics. The last sce-
nario does not seem to have been reported previously, outside examples
with n =2 in [13]. It can be interpreted as the special case that one
eigenvalue does not change discontinuously as the bifurcation is crossed.
Below we show that when this occurs the continuity of the map forces
the piecewise-linear approximation to the map to admit an invariant
hyperplane containing all bounded invariant sets.

2. Preliminaries

Consider a map

frL(x8), h(x;8) <0,
6= M
T8 {fR<x;¢), hx:8) 20,

where f; : R"xXR™ 5> R", fr : R"xR™ > R", and h : R" X R™ - R
are smooth. For a given parameter vector ¢ € R”, we are interested
in the behaviour of the state variable x € R” under repeated iterations
x = f(x;8).

We assume the equation h(x;¢&) = 0 defines a smooth codimension-
one switching manifold. We also assume f is continuous, that is
fr(x;€) = fr(x;€) at all points on the switching manifold.
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Fig. 1. Phase portraits of (2) with (5), (7), and three different values of 7, . The blue dots indicate the attractor, M is an invariant line for the right piece of the map,

and X is the switching manifold.
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Fig. 2. A cobweb diagram of the restriction of (2) to M for the parameter values
of Fig. 1b. This is a skew tent map with slopes 2 and —1.5.

BCBs occur when a fixed point of f; or fy collides with the switching
manifold as £ is varied. The bifurcation only affects the dynamics locally,
so it is helpful to Taylor expand f;, fr, and h about the bifurcation,
and truncate to leading order. The resulting approximation is piecewise-
linear, and often captures all local dynamics, for details see [6].

To this end, let us now consider an arbitrary piecewise-linear con-
tinuous map

T
o= {J s
where A;, Az € R™", and b, c € R". The switching manifold of g is
L={xeR" ch=0}, 3)
and the assumption of continuity implies

AR=AL+ch, (€))

for some p € R". We write g; (x) = A; x+ b and gg(x) = Agx + b for the
left and right pieces of g.

If g satisfies an observability condition [6,14], it can be converted
to the border-collision normal form (BCNF) via an affine change of co-
ordinates. In two dimensions, the BCNF consists of (2) with

T 1 T 1
A =| L , Ag=| R ]
L [—5L 0] R [—5R 0

1 1] ®
<o)l
while in three dimensions it uses
7, 10 [ zg 1 0
Ap=|l-o; 0 1], Ap=|—-0or 0 1],
6y 0 0 6g 0 0
- 6)
1 1
b=10|{, c=10
0 _0

In general, the BCNF has 2n parameters. These are the entries in the
first columns of A; and Ap, and are the coefficients of the character-
istic polynomials of A; and Ag. Hence they are characterised by the
eigenvalues of A; and Ay, which correspond to the sets .S; and Sy for
the fixed point on each side of the BCB. This is because the coordinate
changes required to produce the BCNF impose similarity transforms on
the Jacobian matrices, so do not alter their eigenvalues.

3. Shared eigenvalues

Here we study the scenario that an eigenvalue A € R is common
to both §; and Sy. We first provide two examples, then show how
dimension reduction can be achieved in general.

Fig. 1 shows phase portraits of the two-dimensional BCNF with
6, =04,

TR=—13, 5r=—03, @

and three different values of 7; . These represent the dynamics created
by a family of BCBs parameterised by ;. The blue dots show 3000 points
of a typical forward orbit after transient dynamics have decayed, and
indicate the attractor of the map. The black dot is the fixed point

X=(-Ap)"b, ®

while the grey line is

M={XER"

u'(x—X)=0}, ©)

where " is a left eigenvector of A corresponding to the eigenvalue 4 =
0.2. This line is the affine subspace generated by the other eigenvalue
of Ag, and is invariant under the right piece of the map.

The middle phase portrait uses 7; = 2.2 with which 4 is also an eigen-
value of A;. Here M is also invariant under g;, and the restriction of
g to M is a skew tent map, see Fig. 2.

As another example, Fig. 3 illustrates the dynamics of the three-
dimensional BCNF with
7, =0, T =0, 6gr =-0.6, 10)

or=-1, or=3,

and different values of 5; . Again X and M are given by (8) and (9) (now
A= —0.1974 is an eigenvalue of A with corresponding left eigenvector
u"). The middle phase portrait uses §; such that 4 is also an eigenvalue
of A; . Here the attractor belongs to M, and Fig. 4 shows a phase portrait
of its restriction to M.

The above examples appear to be typical in that similar dynamics
are observed over wide ranges of parameter values. The following result
explains the above observations.

Proposition 1. Suppose A € R is an algebraic multiplicity one eigenvalue
of Ay and Ap. Let u" and v be corresponding left and right eigenvectors of
Ap. Also suppose 4 # 1 and c"v # 0. Then for any x € R",

PH(g(x)) = Ag(x), an
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Fig. 3. Phase portraits of (2) with (6), (10), and three different values of §;. In each plot the plane M is invariant under the right piece of the map. In panel (b),
6~ 0.18973854 is such that A; and A have a common eigenvalue. In this case M is invariant under both pieces of the map.

T2

Fig. 4. A phase portrait of the restriction of (2) to M for the parameter values
of Fig. 3b.

where

$) =uTx - f{ba . 12)

Proposition 1 is proved in Appendix A. If 1 is not an eigenvalue of
Apg, then X = (I — Ag)~'b is well-defined and u" X = i_i In this case
M, defined by (9), is the set of points for which ¢(x) =0. By (11), M is
invariant under g. Forward orbits converge to M if | 1] < 1, and diverge
from M if |4] > 1. In either case, any bounded invariant set of g must
belong to M.

Remark 3.1. The restriction of g to M is an (n — 1)-dimensional
piecewise-linear map. In Fig. 2 this map is one-dimensional and its dy-
namics are well understood (it has a single-interval chaotic attractor
[15]). In Fig. 4 the map is two-dimensional and it may be possible
to prove it has a two-dimensional attractor via the methodology of
Glendinning [16].

Remark 3.2. For both examples the attractor appears to vary continu-
ously with parameters in Hausdorff metric [17], and in measure [18].
Thus our understanding of the attractors obtained via dimension re-
duction provides a broad explanation for the nature of the attractor at
nearby values of the parameters.

Remark 3.3. The manifold M intersects X transversally unless u is a
scalar multiple of c. This occurs only when A; and Ay share all their
eigenvalues, for the following reason. Let y be a right eigenvector cor-
responding to any eigenvalue v # A of Ag. Since u'y =0, if u is a scalar
multiple of ¢, then ¢Ty =0, and so A;y = vy by (4), hence v is also an
eigenvalue of A;.

4. Zero eigenvalues

Now suppose 0 is an eigenvalue of A; or Ag; take A; without loss
of generality. Then the range of g; is an affine subspace N' C R" of di-
mension at most n — 1. In applications, the presence of a zero eigenvalue
is remarkably common [19]. In particular, Poincaré maps of Filippov
systems have a degenerate range whenever one piece of the map corre-
sponds to trajectories with segments of sliding motion [10].

Consider the most generic situation that 0 is an algebraic multiplicity
one eigenvalue of A;, and also suppose 1 is not an eigenvalue of A;.
Then g; has the unique fixed point

Y=(-A;)"'b, 13)

and N is (n — 1)-dimensional, contains Y, and has directions given by
right eigenvectors of all non-zero eigenvalues of A;. So N is identical
to M of the previous section, but uses the left piece of g and 4 =0.
Forward orbits of g either become constrained to the right half-plane
cTx > 0, where they are easy to understand because they are governed
by the affine map gy, or repeatedly enter the left half-plane where they
immediately map to M. In the latter case we can obtain an (n — 1)-
dimensional characterisation of the dynamics via an induced map G
defined by the first return to M. Specifically, for any x € N we define

G(x) =g/ (x), a4

for the smallest j > 1 for which g/(x) € N.
As an example, Fig. 5 uses the two-dimensional BCNF with
7, =13,

Tr=—14, sp=15, (15)

and three different values of 6; . Each plot shows a typical forward orbit
(with transient removed) and the line

N={xeR"|w'(x-Y)=0}, (16)

where w is a left eigenvector of A; corresponding to its smallest eigen-
value in absolute value. Notice §; is the determinant of A, so 0 is an
eigenvalue of A; when §; =0, and in this case the range of g; is given
by (16). For the map with ; =0, Fig. 6 shows a cobweb diagram of the
induced map G. This map is discontinuous at points where the value
of j in (14) changes. Notice G is piecewise-expanding (each piece has
slope with absolute value greater than 1), so has a chaotic attractor by
the results of Li and Yorke [20]. For further analysis of such dynamics
refer to Kowalczyk [21].
As another example, Fig. 7 uses the three-dimensional BCNF with

1, =16, 6;,=08, tp=-15,

og=0, 6g=1, a7

and three values of ;. Again, when §; =0 all points with x; <0 map
to N, and Fig. 8 shows the corresponding attractor of G.

As in the previous section, both examples appear to involve robust
chaos [22]. The attractor varies continuously with parameters, so our
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Fig. 5. Phase portraits of (2) with (5), (15), and three different values of §, . In each plot, N, defined by (16), is invariant under the left piece of the map. In panel
(b), every x € R? with x; <0 maps to . Note, in panels (b) and (c) the fixed point Y lies outside the plotted range.

Fig. 6. A cobweb diagram of the induced map G (defined by the first return
of orbits to N') for the map shown in Fig. 5b. Specifically, (x!,0) = G(x,,0),
where G is defined by (14).

understanding of the attractor when 6; =0 obtained using the induced
map extends to small 6; #0.

5. Modulus one eigenvalues

Finally we review BCBs for which A; or Ay has an eigenvalue
with unit modulus; for details see [23,24]. Here the dynamics of the
piecewise-linear approximation is degenerate [25], so it is necessary to
return to the general form (1).

Suppose a two-parameter family of maps (1) admits a curve of BCBs.
Further suppose that at some point on this curve the fixed point of one
piece of the map has an eigenvalue 1. In this case we can use a cen-
tre manifold of this piece of the map to perform dimension reduction
and obtain a one-dimensional description for some of its dynamics. In-
deed this analysis shows there exists a curve of saddle-node bifurcations
emanating from the BCB curve with a quadratic tangency, Fig. 9a.

If instead the fixed point of one piece of the map has an eigenvalue
—1, or eigenvalues e, where 0 < § < z and 6 # 2?”, %, then a curve of
period-doubling or Neimark-Sacker bifurcations emanates from the BCB
curve, Fig. 9b,c. Again we can study the dynamics on the centre man-
ifold for one piece of the map, and this shows that the period-doubled
solution and invariant circle collide with the switching manifold along
curves that are quadratically tangent to the period-doubling or Neimark-
Sacker curves at the codimension-two points. The subsequent change in
dynamics brought out by these collisions can be complex and remains
to be fully explored [6].

6. Discussion

For one-dimensional maps, the dynamics associated with BCBs are
well understood [26-28]. For two-dimensional maps, the main features
of these dynamics are well documented, e.g. [29], while for higher
dimensional maps the dynamics are challenging to catagorise systemat-
ically because there are many parameters; also the result of Glendinning

and Jeffrey [12] shows that more dynamics is possible with every addi-
tional dimension.

However, many high-dimensional mathematical models with BCBs
contain symmetry, vastly differing time scales, or a related degeneracy.
By exploiting such features, we hope to obtain a lower dimensional de-
scription of the dynamics to which known theoretical results can be
applied.

This Letter describes three codimension-two scenarios for which di-
mension reduction can be employed. Two of the scenarios give an in-
variant codimension-one manifold. At nearby parameter values there
is no such invariant manifold, which is a notable departure from nor-
mally hyperbolic manifolds of smooth maps that necessarily persist [30].
However, when the attracting objects vary continuously with parame-
ters, as is often the case, the reduction is still able to explain the overall
nature of the long-term dynamics in open subsets of parameter space.
We have illustrated this with two and three-dimensional examples. In
higher dimensions the same phenomenon occurs, but we may also have
scenarios in which §; and Sy share several eigenvalues, or have several
zero eigenvalues, in which case it should be possible to remove several
dimensions from the description of the dynamics.
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Appendix A. Adjugate matrices and calculations for shared
eigenvalues

Here we use adjugate matrices to prove Proposition 1. Most of the
effort is in showing that the left eigenvector u" of Ay, is also an eigen-
vector of Aj.

The adjugate of a matrix A € R"™*" is denoted adj(A) and is defined to
have (i, j)-entry (—1)i+fmj,~ for each i,j=1,...,n, where mj; is the de-
terminant of A without its i column and j" row. The adjugate matrix
obeys the identity,

adj(A)A = Aadj(A) = det(A)1, (A1)

so if A is invertible then A~ = adj(4)
det(A)

the matrix determinant lemma

. The adjugate matrix appears in
det (A +rq") = det(A) + q"adj(A)r, (A.2)
which holds for any A € R™" and ¢, r € R". To prove Proposition 1 we

use the following elementary result, see Sinkhorn [31].

Lemma 2. If 1 € R is an eigenvalue of A € R"™" with algebraic multiplicity
one, then
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Fig. 9. Sketches of two-parameter bifurcation diagrams for maps of the form
(1) (BCB: border-collision bifurcation; SN: saddle-node bifurcation; PD: period-
doubling bifurcation; NS: Neimark-Sacker bifurcation).

adj(AI — A)=ou", (A.3)

for some non-zero vectors u,v € R".

Proof of Proposition 1. The vectors u" and v in (A.3) are necessarily
left and right eigenvectors of A corresponding to 4, so we can assume
the vectors u and v in Proposition 1 have been scaled so that (A.3) holds.
Then by (A.2) and (4),

det(Al — Ag)=det(A] — A;)+ cTadj(AI — Ap)p.
But det(Al — A;)=det(Al — Ag)=0, so

0= chqu.

Also ¢Tv #0, thus u' p = 0. Hence, by (4), u' is also a left eigenvector
of A; corresponding to A.

Now choose any x € M and let Z = L if ¢"x <0, and Z = R other-
wise. Since uT A, = AuT,

=AuTx - duTb
A 1-4

u'b

Pg(x)=u"(Ayx+b)— ;

= A¢(x),

as required. []
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