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Abstract 

The aim of this thesis is to study the theory of Finsler spaces by considering the 

following main objectives. 

(i) To present the basic concepts of Finsler geometry including connections, flag 

curvature, projective changes, Randers spaces and Finsler spaces with other 

types of (a, B)-metric, where a is a Riemannian metric and f3 is a one-form. 

(ii) To introduce a Riemannian space of non-zero constant sectional curvature by 

considering a locally projectively flat Finsler space. The requirement for the 

Riemannian connection to be metric compatible gives a system of partial 

differential equations. Further, we compute two standard Riemannian metrics of 

non-zero constant sectional curvature by choosing two solutions of this system 

of partial differential equations. 

(iii) To give two examples of locally projectively flat Randers metrics of scalar 

curvature by using a Riemannian metric computed in (ii) to illustrate the fact 

that some locally projectively flat Randers metrics of scalar curvature do not 

have isotropic S-curvature. We also prove that the scalar curvature of a Randers 

metric is not necessarily a constant if the metric has isotropic S-curvature and 

closed one-form by using an example. 

(iv) To find necessary and sufficient conditions for Finsler spaces with various types 

of (a, B)-metric to be locally projectively flat and determine whether the 

conditions, a Riemannian metric (a) is locally projectively flat and a one-form 

(B) is closed, can occur at the same time in the locally projectively flat Finsler 

spaces with various types of (a, B)-metric. 
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Notation 

Throughout this dissertation the following notation is used. 

M : - Differentiable manifold of dimension n. 

p : - A point on M. 

(x 1 , . . .  , xn) : - Local coordinates of p denoted by x. 

T pM : - Tangent space of M at p. 

y : - A tangent vector at p. 

(y1, . . .  , yn) : _ Vector components of y .  

{-; , ... ,�} : - A basis i n  TpM. 
8x 8xn 

18 n8 i8 h " . . Y = Y -1 + . . .  + y -- = y -. : - T e Emstem summation conventlOn. 
8x 8xn 8Xl 

TM = UTpM: - Tangent bundle of M. 
pEM 

( x, y) : - Local coordinates of a point in TM. 

:::sn = (M, F) : - A Finsler space of dimension n. 

F = F(x,y) : - Finsler metric on M. 

1= ( /1 , . . .  ,In) : - Normalized supporting element of F, where li = yi / F. 

I 8F . I d ' . f F . h i 
i = -. : - Partla envatlve 0 Wit respect to y . 0'1 

vi 



gij = gij(X,y) : - Finsler metric tensor of F (page 9, chapter 2). 

hij = hijex, y) : - Angular metric tensor of F (page 1 5, chapter 2). 

Gi = Gi (x, y) : - Geodesic coefficients of F (page 1 9, chapter 2). 

2 i 

vii 

Gi Gi ( ) a G . . 
jk = jk x, Y = ayj ayk : - CoeffiClents of the BelWald connectIOn (page 19, 

chapter 2). 

a = a(x,y) : - Riemannian metric defined on M. 

r)k = r)keX) : - Christoffel symbols of the Riemannian connection (page 1 7, chapter 

2). 

P = P(x,y) : - Differentiable one-form defined on M. 
R : - Riemann curvature (page 3 1 , chapter 3). 

K : - Scalar curvature (page 36, chapter 3). 

T : - Distortion (page 40, chapter 3). 

C : - Cartan torsion (page 40, chapter 3). 

1 : - Mean Cartan torsion (page 41 , chapter 3). 

S : - S-curvature (page 42, chapter 3). 

E : - E-curvature (page 43, chapter 3). 

L : - Landsberg curvature (page 48, chapter 3). 

J : - Mean Landsberg curvature (page 49, chapter 3). 

Rn : - n-dimensional real vector space. 

All lower case Latin letters of the Einstein summation run from 1 to n. 
Th�t is, i,j,k, r, s  . . . = 1, . . . ,n. 
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Chapter 1 

Introduction 

Finsler geometry is an emerging branch of Mathematics, which appeared in 1 9 1 8, after 

the pioneering work done by Paul Finsler, a German, who was the founder of Finsler 

geometry [Fi]. Finsler studied a geometry of a space with a generalized metric, which is 

called a Finsler space. The geometry of a Finsler space is called Finsler geometry. But 

Finsler did not investigate the geometric properties of the Finsler spaces very broadly. 

Soon after his graduation, he changed his research work to set theory. After P. Finsler, 

in the middle of 1920's L. Berwald [Bel ], J. L. Synge [Sy] and J. H. Taylor [Ta] 

developed the theory ofFinsler spaces as a generalization ofRiemannian geometry. 

In 1 926 L. Berwald [Be2] was the first who introduced the concept of connection in 

Finsler geometry and defined a connection called the Berwald connection. In 1 933, E. 

Cartan introduced a connection called the Cartan connection. The relation between the 

Berwald connection and the Cartan connection was given by his paper [Ca] . Next in 

1 943, S. S. Chem introduced a connection called the Chem connection [ChI]  [BaCh] . 

Since then, important contributions to Finsler geometry have resulted one after another. 

However, we have only a few books referring to Finsler geometry. The following 

mathematicians have published some books ([Ru] [Bu] [Mal]  [BaChSh] [Sh1 ]  [Sh2]) in 

Finsler geometry by, H. Rund, H. Busemann, M. Matsumoto, S. S .  Chern, Z. Shen, D. 

Bao, etc. Finsler geometry has applications in many areas of Mathematics in biology, 
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physics, geology, etc. (See [AIM] [AbPa] [Mi] [MiAn] [Bj]). During the past decade, 

there has been further work on Finsler spaces with constant curvature, Finsler spaces 

with scalar curvature and isotropic S-curvature. 

In chapter 2, we introduce some basic concepts of Finsler geometry, such as Finsler 

spaces and connections. There are many connections in Finsler geometry such as the 

Berwald, Cartan, Rund and Chern connections. Here, I am mainly concerned with the 

Berwald connection. 

In chapter 3, we discuss flag curvature, for Finsler metrics. L. Berwald first successfully 

extended the notion of Riemann curvature to Finsler spaces [Be3] [Be4]. The flag 

curvature in Finsler geometry is an extension of the sectional curvature in Riemannian 

geometry [Be5] [Be6] [BaChSh]. For a Finsler space, at each point on the manifold the 

flag curvature is a function of a tangent plane and a vector in the plane called the pole 

vector. We say that a Finsler metric is of scalar curvature if the flag curvature is 

independent of the tangent planes containing the pole vectors. So the scalar curvature is 

a function on the tangent bundle. In dimension two, every Finsler metric is of scalar 

curvature. If the flag curvature is constant then the Finsler metric is said to be of 

constant flag curvature. One of the important problems in Finsler geometry is to 

characterize Finsler metrics of scalar curvature. In this chapter we also discuss several 

important non-Riemannian curvatures, some of them are the S-curvature, E-curvature 

Landsberg curvature and mean Landsberg curvature, which all vanish for Riemannian 

metrics. S-curvature was defined by Z. Shen in 1996 for a volume comparison theorem 

[Sh3]. Further details about S-curvature are given in [Sh1 ] [Sh2] . 

In chapter 4, we discuss projective geometry of Finsler metrics and introduce two 

essential projective invariants, the Douglas tensor and Weyl tensor, which play 

important roles in understanding the projective properties of Finsler metrics [Dg1 ]  

[Dg2] [We]. A Finsler space where both of these tensors vanish i s  characterized as a 

locally projectively flat Finsler space [Ma3]. In 1977 Z. 1. Szabo proved that a Finsler 

space is of scalar curvature if and only if the Weyl tensor vanishes identically [Szl]. 

The well-known problem in Finsler geometry is to study Finsler metrics with common 

geodesics, which are curves that minimize the arc length. Finsler metrics in which the 
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geodesics are straight lines are said to be projective Finsler metrics or locally 

projectively flat (cf page 55). The well-known Hilbert Fourth Problem in Finsler 

geometry is to study and characterize metrics on an open subset in the n-dimensional 

real vector space, whose geodesics are straight lines [Hi]. It is well known that every 

projective Finsler metric is of scalar curvature [Be5] [Be6]. In 1 96 1 ,  A. Rapcsak found 

the necessary and sufficient conditions that a Finsler space is projective to another 

Finsler space [Rap] . This theorem is called the Rapcsak theorem, which is one of the 

most important theorems in projective Finsler geometry and will be used frequently 

throughout this dissertation. 

In the early 20th century, P. Funk discovered the projective Finsler metrics on the unit 

ball in an n-dimensional real vector space, which are called Funk metrics [Fk1 ]  [Fk2]. 

In 1983, T. Okada proved that the Funk metrics have constant negative flag curvature, 

- 1 14, [Ok]. In 2001, Z. Shen constructed a projective Finsler metric with constant 

curvature zero defined on the unit ball in an n-dimensional real vector space [Sh4] . He 

also classified locally projectively flat Finsler metrics of constant flag curvature [Sh5] .  

The last section of this chapter (4.3) contains my original research work. The main 

purpose of this dissertation is to study the projective changes of Finsler metrics and 

construct some examples of the locally projectively flat Finsler metrics. M. Matsumoto's 

paper, [Ma3], is mainly concerned with the projective changes of Finsler metrics and 

locally projectively flat Finsler metrics. The remark in [Ma3] says that a locally 

projectively flat Finsler space of non-zero constant flag curvature may be a Riemannian 

space of non-zero constant sectional curvature. Motivated by his remark, in Proposition 

4.3. 1 ,  we introduce a Riemannian space, which is  of non-zero constant sectional 

curvature, using a locally projectively flat Finsler space. Using the requirement for the 

Riemannin connection to be metric compatible, we introduce a new system of partial 

differential equations for a Riemannian metric of non-zero constant sectional curvature. 

By considering a special class of solutions called radially symmetric solutions, we 

construct examples of Riemannian metrics of non-zero constant sectional curvature in 

Examples 4.3. l .  
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In chapter 5, we introduce Randers metrics, which are very special Finsler metrics with 

many interesting geometric properties. Randers metrics appear in both theory and 

applications and are built from just two pieces of familiar data, a Riemannian metric and 

a differential one-form. Both are defined on a common underlying smooth manifold. 

These metrics were introduced by G. Randers in 1941 in the context of general relativity 

[Ra]. Later on these metrics were applied to the theory of the electron microscope by R. 

S. Ingarden in 1957 [AIM]. Since then, mathematicians have made efforts to investigate 

the geometric properties of Randers metrics, particularly the conditions under which a 

Randers metric is of constant curvature [VS] [SSAY] [Ma2] [BaRo] [MS]. Recently this 

problem was solved by D. Bao, C. Robles and Z. Shen using Zermelo's navigation on 

Riemannian manifolds [BaRoSh]. It is also well known that a Randers metric is locally 

projectively flat if and only if the Riemannian metric is of constant sectional curvature 

and the differential one-form is closed. This follows from a result in [BaMa2] and the 

Beltrami theorem on locally projectively flat Riemannian metrics, which says that a 

Riemannian metric is locally projectively flat if and only if it is of constant sectional 

curvature. In 2001, Z. Shen classified all locally projective1y flat Randers metrics with 

constant flag curvature [Sh8l In 2003, X. Chen, X. Mo and Z. Shen also classified 

locally projectively flat Randers metrics with isotropic S-curvature [ChMoSh]. 

This chapter also contains my original work. In Lemma 5.1.7 and Lemma 5.2.5, we use 

the Riemannian metric found in Example (i) of Examples 4.3.1 to show that the Funk: 

metrics on the unit ball in Euclidean space are locally projectively flat Randers metrics 

of constant flag curvature with constant S-curvature. In the literature, all known Randers 

metrics are of scalar curvature with isotropic S-curvature. Motivated by this, in Example 

5.3.2, we show that some Randers metrics of scalar curvature do not have isotropic S­

curvature. Finally we also give answer to the following open problem announced on the 

workshop held in Mathematical Sciences Research Institute in Berkeley, California, 

USA in 2002, by using an example given in [ChMoShl Can the scalar curvature of a 

Randers metric be a constant if it has isotropic S-curvature and one-form is closed? 

Starting with chapter 6, we study other types ofFinsler spaces with (a, B)-metric, where 

a is a Riemannian metric and B is a one-form defined on a differentiable manifold. 

Finsler spaces with (a,p)-metric were introduced by several authors in [Kr] [Ma4] 
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[Ma5] .  The projective geometry of these spaces has been studied in [Ma6] [Halc] [Sh] 
[BaMal ] [paLe] . But the classification of locally projectively flat Finsler spaces with 
(a., I3)-metric with constant flag curvature is still open [Shl0] . Therefore, in this chapter, 
we study locally projectively flat Finsler spaces with (a., I3)-metric. This chapter 
contains my original work except for Theorem 6.3 . 1 , 6.3.2 and 6.3 .3 .  In Theorem 6.2.2, 
6.2.4 and 6.2.6, we obtain necessary and sufficient conditions for each Finsler space 
with (a, I3)-metric to be locally projectively flat. In Theorem 6.2.3 ,  6.2.5 and 6.2.7, we 
find the scalar curvature of each type of locally projectively flat Finsler spaces with 
(a., I3)-metric when a is locally projectively flat .  Then in Theorem 6.2. 1 ,  we investigate 
whether the conditions, a being locally projectively flat and 13 being closed, can be 
present in the locally projectively flat Finsler spaces with (a, I3)-metric. 

Next we consider Finsler spaces with (a., I3)-metric, where a is locally projectively flat 
and 13 is closed. In Theorem 6.2. 1 0, we give necessary and sufficient conditions for 
these Finsler spaces to be not locally projectively flat. Another important problem in 
Finsler geometry is to classify Finsler metrics of constant flag curvature, which are not 
locally projectively flat. This problem turns out to be very difficult. The first step is to 
construct as many examples as possible. However, in the literature, D. Bao and Z. Shen 
have constructed some Finsler metrics with constant flag curvature, which are not 
locally projectively flat [BaSh], [Sh6] and [Sh7] .  So far all of them are of Randers type. 
Motivated by this in Example 6.2. 1 and 6.2.2, we introduce some Finsler spaces with 
(a., I3)-metric which are not locally projectively flat using the Riemannian metrics and 
one-forms given in Lemma 5 . 1 .7 and Example 5 .3.2. 

Finally in chapter 6.3, we study Finsler spaces with (a, p)-metric of Douglas type and in 
examples 6.3 . 1 , we investigate whether the not locally projectively flat Finsler metrics 
given in Example 6.2. 1 and 6.2.2 can be used to define Finsler spaces with (a, I3)-metric 
of Douglas type. In Lemma 6.3 . 4, we also introduce a Finsler space with (a,I3)-metric 
which is not locally projectively flat using a Randers metric with isotropic S-curvature. 
In Examples 6.3 .2, we also construct examples of Finsler spaces with (a, I3)-metric 
which are not locally projectively flat using Lemma 6.3 . 4. 



Chapter 1 - Introduction 6 

The final chapter gives the summary and conclusions of the research. Note that the 
following are my own original work. 

In chapter 4, 
Proof of Lemma 4. 1 . 3 (pages 55-57), Proposition 4 .3 . 1  (pages 69-76), Radially 
symmetric solutions (pages 76-77), Lemma 4.3 .2 (page 77), Corollary 4.3 .3 (page 78), 
Lemma 4.3 .4 (page 78), Theorem 4 .3.5 (page 78-79), Solutions of the equation (4-61 )  
(pages 79-80), 4.3 . 1 Examples of Riemannian metrics of non-zero constant sectional 
curvature (pages 80-81), Lemma 4.3 .6 (pages 8 1-83) and Examples 4 .3 .2 (pages 84-86). 

In chapter 5, 
Proof of Theorem 5 . 1 . 5 (pages 90-9 1), Proof of Lemma 5 . 1 .7 (pages 94-97), Proof of 
Lemma 5 .2.2 (page 99), Example 5 .3 .2 (pages 106- 1 1 5) and 5 .3 .3 Open problem (pages 
1 1 5-120). 

In chapter 6, 
6 . 1 Geodesic Coefficients of Finsler Spaces with (a,I3)-Metric (pages 122- 125), 
Theorem 6.2. 1 (pages 1 26, 1 30-1 33, 1 37- 1 39, 142), Theorem 6.2.2 (page 127), 
Theorem 6.2.3 (pages 128- 129), Theorem 6.2.4 (pages 1 34-135), Theorem 6.2. 5 (pages 
1 3 5- 136), Theorem 6.2.6 (pages 1 39-140), Theorem 6.2.7 (pages 140-14 1 ), Theorem 
6.2.8 (pages 142- 143), Corollary 6.2.9 (pages 143- 145), Theorem 6.2.10 (pages 145-
1 47), Example 6.2. 1 (pages 147-1 50), Example 6.2.2 (page 1 50), Examples 6.3 . 1  (pages 
1 52-1 54), Remark (page 1 54), Lemma 6 .3 .4 (pages 1 54-1 57) and Examples 6.3 .2 
(pages 1 57-1 58). 
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Chapter 2 

Preliminaries 

Before we go into details, we need to introduce some basic definitions, results and 
notations in Finsler geometry. The purpose of this chapter is to review the basic 
language of Finsler geometry and to provide a quick reference. Further details can be 
found in the following sources: [Shl ] [Sh2] [BaChSh] [AIM] [Mal ]  

2.1 Finsler Spaces 

The theory of Finsler spaces has its ongms In the calculus of variations. Finsler 
geometry is the geometry of integrals of the form 

b 
S = J F(xi ,(}xi IdtJit. 

a 
(2-1) 

Here, s is a generalised notion of arc length of a curve r described by 

x(t) = (xi (t), i = 1, . . . ,n), t E [a,b] on a differentiable manifold of dimension n, and 

F is a positive smooth function of the xi and (}xi Idt for i = 1, ... ,n. For any 

t • [a, b ] ,  the xi (t) correspond to local coordinates of a point p on r, and the 

(}xi I dt evaluated at p correspond to components of the tangent vector to r at p. 
Now, s must be independent of the choice of the parameter; hence, we require that F 

is a positively homogeneous function of degree one in the variables dxi I dt . 
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That is, for A> 0, 

where yi = dxi / dt . Finsler spaces are smooth manifolds equipped with a Finsler 
metric. Before we define a Finsler metric, we will give the following definitions [Shl] . 

Definition 2.1.1 

A differentiable manifold of dimension n is a set together with a family of injective 

mappings xa: U a C Rn � M of open sets U a of Rn into M such that 

(i) Ua xa(Ua) = M 

(ii) For any pair a, b with xa(Ua) n xb(Ub) = W * <l>, the sets x�l(W), 
-l(W) Rn -1 -1 xb are open sets in and the mappings xa 0 xb, xb 0 xa are 

differentiable. 
A family {(U a' xa)} satisfying (i) and (ii) is called a differentiable structure on M. 

Definition 2. 1.2 

Let M be an n-dimensional differentiable manifold. The tangent bundle 1M consists 
of all tangent vectors on M with the natural manifold structure. Let 1!: TM � M 

denote the natural projection. Let (U,rp) be a local coordinate system in M. Namely, 
U is an open subset of M and 

is a diffeomorphism onto an open subset of Rn . rpi' s are functions on U and their 

values xi = rpi (x) at a point p E  U are called the coordinates of p. Such a map rp 
is called a coordinate map on M. The coordinate map rp induces a map 

IjJ = (q31 , . . .  ,1jJ2n ): rJ:= 1! -l
(U) � Rn x Rn 

which is defined by 
"() ( 1 n 1 n) ({J Y = x , ... ,x , Y  ,···,Y , 
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i a 1 n) " "-
where y = y -. E TpM and QJ(x) = (x , ... ,x . QJ is a diffeomorphism from U 

8Xl 

onto an open subset in R2n. We call eU, (J) the standard local coordinate system in 

TM. For simplicity, we usually let (xi) stand for (U,QJ) and (xi ,yi) for (U,(J). 
The coordinate map QJ induces n linearly independent vector fields on U denoted by 

{-;}n 

, and the standard local coordinate map tj'> induces 2n linearly independent 
ax 1=1 

vector fields on rJ denoted by {�, �}
n 

. For a scalar function F on 1M, 
axl a1Jz . .T 1=1 

F (x, y) is viewed as a function of (xi, yi) in a standard local coordinate system. 

This thesis is concerned with the local geometry of Finsler spaces and standard local 

coordinate systems are used extensively. We also use the Einstein summation 

convention: repeated indices indicate the summation running from 1 to n. Now we 

define a Finsler metric on a manifold. 

Definition 2.1.3 

Let M be an n-dimensional differentiable manifold. A Finsler metric on M IS a 

function F : TM � R which has the following properties. 

(i) F(x, y) > 0, 
(ii) F(x, AY) = AF(x, y), 

(iii) F(x, y) is COO on 1M\{0} , 
(iv) The Finsler metric tensor, 

1 a2F2 
gij(x, y) = - . . 2 alayJ 

is positive definite for all (x, y) E 1M \ {O} . 

(M , F) is called a Finsler space of dimension n and is denoted by 3n. 

(2-2) 
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Since F is a positively homogeneous function of degree one 10 y,  we use the 
following theorem for homogeneous functions frequently. 

Theorem 2.1 . 1  (Euler's Theorem) 

Suppose a real-valued function H on Rn is differentiable away from the origin of 

Rn , where Rn is the n-dimensional real vector space. Then the following two 
statements are equivalent. 
(i) H is positively homogeneous of degree r, i .e. , for all A. > 0 

H(AY) = X H(y), 

where y = (yl , . . . ,yn ) . 
( .. ) i 8H(y) - H( ) II Y . -r y .  

8yl 
The proof of this result can be found in [BaChSh] . 

Defmition 2. 1.4 

For a non-zero vector y E  TpM \ {O}, F induces an inner product on TpM 

defined by 

(2-3) 

where the fundamental form g y on T pM 1S a bilinear symmetric form, 

Since the gij(X,y) are positively homogeneous functions of degree zero in y, the 

g ij (x, y) are invariant under y ---» A.y for all A > 0, and there is exactly one inner 

product for each direction. Let us show that g y is independent of the choice local 

coordinates. When we change the local coordinate system (xi ) in the base manifold 

M, to another local coordinate system (xi ), the corresp�nding standard local 
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coordinate system (Xi, yi) In 1M changes subject to the following coordinate 

transformation 

"p_"p( 1 n ) X - x X , ... ,x 

a"P "p_ !X i Y - -.y. 
ax' 

Then, we first show that gij given in equation (2-2) transforms to the following rule. 

Let g pq be the Finsler metric tensor subject to the new coordinate system. Now, 

equation (2- 2) gives 

Using the above coordinate transformation, we have 

" 1 a (ax) ap2 J gpq = 2 ayP aiq ay) 

Hence equation (2 -2) implies 

_.!. ax) �(aF2 J ayi 
- 2 aiq ayi ay) ayP 

1 ax) a2 p2 axi - ------:---:-2 aiq ayi ay) aiP 

" axi ax) g =--g . .  pq aiP aiq l). 

Now, contracting the above expression with uP and vq, we have 

" "P "q axi ax) "P "q g u v =----g··u v pq aiP aiq l) , 

where uP and vq are the vector components of u and v subject to the new coordinate 

system respectively. Then from the coordinate transformation, the above expression 

implies 
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This simplifies to 

Hence g y is independent of the choice local coordinates. 

From now on we write gij instead of gij(x,y) and F instead of F(x,y) for our 

convenience. Using equation (2-2), we now show that F2 = gijyi yi . Contracting 

gij given in equation (2-2) with yi and yi gives 

Since F2 is a homogeneous function of degree two in y and aF2 / ayi is a 
homogeneous function of degree one in y, Euler's Theorem implies 

and 

therefore, 

If u = v = y, then from equation (2-3) 

Let 
i 

Zi =L 
F' 

(2-4) 

(2-5) 
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where Zi = Zi (x, y) are vector fields on 1M \ {O}. Then equation (2-4) shows that 

g . .zifi = 1 lj , 

and hence the vector field Z = (11 , . . .  , Zn) has unit length with respect to the 

fundamental form g y. That is, IZ I = 1. The vector field Z is called the normalized 

supporting element. Note that F (x, Z) = 1. 

The absolute length I y I of a tangent vector y E  TpM is defined as I y I = F(x, y). 

The function F(x, y) is called the Minkowski norm on 1M \ {O}. 

We note here two simple results of interest. 

(i) Let 

Euler's Theorem implies 

Relation (2-5) implies 

aF Zi = -·· 
ay' 

i aF i ZiY = -. Y =F. 
ay' 

Zi Zi = l. 

(ii) Let Yi = gijyi. Then from equation (2-2) 

(2-6) 

(2-7) 

Contracting gij with yi and using the property of homogeneity of F, we have 

. aF g .. yl = F-lj .. 
ay' 
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Since Yi = gijyJ, the above expression gives 

8F 
Yi = F-. .  ayl 

From relation (2-6), we can see that an alternative expression for li is given by 

In addition, it is clear that 

Special Cases 

1. - Yi 1 - . F 

We have the following important special cases for Finsler spaces. 
(i) If the gij ' s are independent of y, then 

and the resulting space is called Riemannian. 

(ii) If there exists a local coordinate system (x) on M such that in terms of the 

14 

corresponding local coordinates (x, y) on 1M, F ( x, y) is a function of y only 
then the resulting space is called Locally Minkowski Space. In this case 

F = �gij(y)yi yJ = 1 y 1 

(iii) If gij = tSij , then 

F = �8ijyi yJ = �(y1 )2 + . . .  + (yn )2 = .J(y,y) = 1 y I, 
where tSij = 1 if i = j and tSij = 0 if i "* j. In this case 1 y 1 is the standard 

Euclidean norm. 

Definition 2.1.5 

For a non-zero vector y E  TpM \ {O}, define 

(2-8) 
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where u = (uI , . . . ,un) E TpM, v = (vI, . . .  , vn) E TpM and 

hij(x,y) = gij - li ll" 

15 

(2-9) 

hy is called the angular metric form on TpM associated with Y, and 

�J = hij(x,y) is called the angular metric tensor. 

Lemma 2.1.2 

The angular metric has the following properties: 
(i) hy(Y,Y) = 0; 

2 
(ii) hij = F a

. 
F . , 

ay1ay} 

(iii) hf = 8{ -li zk . 

Proof: 

(i) 
If u = v = y, then (2-8) and (2-9) imply 

hy(Y,y) = hijyi yJ = gijyi yJ - li lJy
i yJ . 

Equations (2-4) and (2-6) give 

2 aF aF i . hy(y,y) = F  --.-. y y} , 
ay/ay} 

and Euler's Theorem implies 
hy(y,y) = O. 

(ii) 
Recall that (cf. page 13)  

Using the definition of li , equation (2-6), we see that 



Chapter 2 - Preliminaries 1 6  

Relation (2-9) thus shows that 

(2-10) 

(iii) 
We know that the indices on objects are lowered and raised by (gij ) and its inverse 

matrix (gij) respectively. Therefore, contracting hij given in (2-9) with gjk gives 

k k k z... .g} = g . .  g} - [,1 .g} I 'I} 1) I } , 

d . jk - s:k h s:k - 0 Of k 
. d s:k - 1 Of k - . an smce gijg - Ui , w ere Ui - 1 =t:. 1 an ui - 1 - l , 

Defmition 2. 1.6 

(2- 1 1) 

n -n -Let.3 = (M, F) and.3 = (M, F) be two Finsler spaces on a common underlying 

manifold M of dimension n. F and F are said be conform a) if there exists a factor 
If/(X,Y) such that 

(2-12) 

where gij and gij are Finsler metric tensors of F and F respectively. 

If F and F are conformal then contracting gij with yi and yj and using relations 

(2- 12) and (2-4) gives, 

(2-13) 
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Lemma 2.1.3 

(i) If a Finsler space 3n admits a conformal correspondence with a Riemannian space 

then .3n must be a Riemannian space. 

(ii) The geodesics of .3n with respect to the Finsler metric F are not, in general, 
geodesics with respect to the Finsler metric F, which is conformal to F. However, the 
conformal transformation leaves geodesics invariant if and only if lfI is a constant. 

The above results can be found in [Ru] . 

Special Case 

In the case of Riemannian metric tensors, which are conformal to each other, lfI 
depends only on x and hence equation (2- 12) reduces to 

(2-14) 

If lfI = constant, then the Riemannian metrics are said to be bomotbetic. Homothetic 
transformations were studied by S . Shanks in Riemannian geometry [Sa] . 

2.2 Connections 

To introduce geometric quantities, we need to flrst introduce connections. Various 
connections in Finsler geometry, were developed by J. L. Synge (1925), J. H. Taylor 
( 1 925), L. Berwald (1926), E. Cartan ( 1934), S. S .  Chern ( 1948), among others. In 
Riemannian geometry, there is a unique connection, called the Riemannian 

connection, which was introduced by Levi-Civita using Christoffel symbols. It has two 
remarkable properties. 
( 1 )  The connection is compatible with the metric. In other words, the covariant 

derivative gijlk of the metric tensor vanishes. This means 

(2- 1 5) 

Here r)k denote the CbristofTel symbols 
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(2- 16) 

(2) Torsion is zero. This means that r)k (X) = r4 (x). 

In Finsler geometry, a connection cannot have both these properties. There are several 
l inear connections in Finsler geometry such as the Berwald connection [Be2] [Be3], 
Cartan connection [Ca], Chern connection [ChI ]  [Ch2] [BaCh]. L. Berwald was the first 
to introduce the concept of connection in Finsler geometry. Berwald started his theory 
from the equations of geodesics to defme the Berwald connection [Be2] . The Berwald 
connection is not metric compatible, but its torsion is zero. The Cartan connection is 
metric compatible, but its torsion is non-zero. The relation between the Berwald 
connection and the Cartan connection is given by [Ca] . The Chern connection is not 
metric compatible but its torsion is zero. Before we introduce the Berwald connection, 
we give the following definition given in [Sh 1 1 ] .  

Definition 2.2.1 

A cOC! curve in a Finsler space is a geodesic if it has constant speed and is locally 
minimizing. Thus a geodesic in (M, F) is a curve c: 1 = [a, b ] � M with 

F(c(t), c(t)) = constant and for any to E I, there is a small number 8> 0 such that 

c is minimizing on [to - 8, to + 8] n 1. 

Using the calculus of variations, one can show that geodesics in a Finsler space 

:sn = (M ,F) are determined by a system of second order ordinary differential 

equations. If a geodesic is represented locally by the equations X = x i (t), i = l, ... ,n 

for an arbitrary parameter t, then the equations of a geodesic of 3n are given by 
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where V/(f) = ( �:; 
J 
/( : ) , S IS defined by the equation (2- 1 )  and 

Gi = Gi (x,y) are local functions on TM \ to} defined by 

Gi =.!. gik {( a2 F2 . Jy
j _ a F2 }. 

4 ayk axl axk 
(2- 17) 

The Gi are called the geodesic coefficients of F, and are positively homogeneous 

functions of degree two in y. 

The Berwald Connection 

Throughout this thesis we use the Berwald connection, which is easily expressed in 

terms of the geodesic coefficients and is most commonly used in the literature on 

projective Finsler geometry. Let 

and 

i i aai Gk = Gk(x,y)=-k ay 

The G�k are called the coefficients of the Berwald connection. 

Note that G� and G�k are local functions on TM \ {O} . Then from the coordinate 

transformation given in page 1 1 , the quantities G� transform according to the 

following rule given in [BaChSh]. 

8AP 8 j 8AP a2 i GP=��Gi.+� x yr. q axi Biq 1 axl Biqair 
Differentiating the above expression with respect to yr gives 

(2- 1 7a) 
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(2-17b) 

Note that the second term on the right hand side of the above expression is independent 

of (yi). Differentiating the above with respect to y! yields 

BaP BiS BiP Bxj Bxk BGik _--",-qr_ _ ______ J 

ayS Bx! Bxi Biq Bir ay! . 

BGik 
This implies that � are the coefficients of a tensor on TM \ {O} . ay 

Defmition 2.2.2 

Let q E TM \ {O} with local coordinates (x,y) = (xl , ... ,xn ,y1 , ... ,yn) and 

T(TM\ {O} ) = UTq(TM\ {O} ). 
qE1M\{O} 

Then {�1 '···'�' �1 , ... ,�} is a basis of Tq(TM \ {O} ). Bx Bxn ay ayn 
Let 

and 

where 

HTM = span { 81 , ... ,�} 
8x 8xn 

VTM =span{-;, . . . ,�}, By Byn 

(2-17c) 

(2-18) 

The above argument gives a direct decomposition of the tangent bundle of TM \ {O} . 
This means that 

T(TM \ {O} ) = HTM EB V1M. 
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The spaces HIM and VTM are called the horizontal tangent bundle and the 
vertical tangent bundle over ]M \ {O} respectively. 

We prove the following important lemmas. 

Lemma 2.2. 1 ([Sh In  
For any Finsler metric on a manifold, 

1 {Ogij I I I } 
"2 oxk 

- gilG jk - g jlGik - 2CijlGk 

_ I OCijk I I I I OCijk - 2G I + CljkGi + CilkG j + CijlGk - Y I ' (2- 19) oy OX 
where 

(2-20) 

Proof: 

Let us find Gi given in equation (2- 1 7) in terms of gij. Equation (2-4) gives 

Differentiating above expression with respect to xj , we have 

2 of oglr I r -. =-. y y  
ox} ox] 

Then differentiating this expression with respect to yk and simplifying, we have 

�(OF
2

J =
�(Oglr I r

J 2 0grk r 
k . . k Y Y  + . y . 

oy ox) ox} oy ox} 
Using equation (2-2) gives 
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Using the homogeneity of F gives 

�
(
8F�

)
=2 8 gr� yr. 8yk 8xl 8xl 

Hence equation (2-17) implies 

Gi _ 1 i/ {
2 8 g jf 8 g jk

} 
j k -- g ---- Y Y , 4 8xk 8xf 

which can be recast as 

22 

(2-21) 

(2-22) 

Differentiating (2-22) with respect to yi , using (2-20) and the homogeneity of F gives 

(2-23) 

Differentiating (2-23) with respect to yk and using (2-20) yields 

Now gi/G)k is given by (2-24) with i and j interchanged, and adding (2-24) and 

gilG)k gives (2-19). 

Lemma 2.2.2 ([Shl]) 

For any Finsler metric F on a manifold 

of =0 oxk ' 
where 8/ 8xk is given by equation (2-18). 
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Proof: 

Contracting equation (2-20) with yi gives 

i 1 ogij i CijkY = 2 flyk Y . 

Equation (2-2) and the homogeneity of F imply 

Cijkyi = O. 

Contracting equation (2-19) with yi and yJ gives 

23 

(2-25) 

(2-26) 

where we have used equation (2-25). Differentiating equation (2-4) with respect to xk 
gIves 

2F of _ ogij i J ---y y  
oxk oxk ' 

and differentiating equation (2-4) with respect to yl gives 

of ogi ' . .  1 2F-=-r.J ylyl + 2gi/Y . 
oyl oyl 

Equations (2-20), (2-25) and (2-28) imply 

Now, 

of i F-1 = gi/Y · fly 

8F _ of _G1 of - k 8xk oxk oyl '  

and equations (2-27), (2-29) and (2-26) thus yield 

5F 1 ogij i . 1 1 i -=--y yl --Gkgi/Y 8xk 2F oxk F 
1 i l l 1 i = 2F 2gi/Y Gk - F Gkgi/Y = 0, 

and hence the horizontal covariant derivative of F on ,3n is zero. 

(2-27) 

(2-28) 

(2-29) 
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In 1981, T. Okada and S. Numata established an important result about the BeIWald 
connection as follows [OkNu]. 

Theorem 2.2.3 

The BeIWald connection is uniquely determined from the Finsler metric F of 3n by 
the following five axioms. 
(i) For k = 1, . . .  ,n, 

. OGi 
where G1 = -k- and Ffk denotes the horizontal covariant derivative with respect 

ay 
to the BeIWald connection. 

. aG) 
Cii) G� = -k- . 

ay 
C···) 

kGi Gi III Y Iq =  j-

Civ) G)k = G�. 

(v) e�k = 0, 

ei ire where jk = g rjk· 

Special Cases 

(i) Riemannian Space 

We show that the G�k are the Christoffel symbols when F is Riemannian. 

Recall that if F is Riemannian then 

so that relation C2-17) becomes 
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Gi = ! ik( ){2 o g/k(x) _ O g/j(X) } / j g x . k yy. 4 ox} ox 
Differentiating equation (2-30) with respect to yr, yq we have 

hence by the definition of r)k' equation (2-1 6), 

We now show that 

Contracting equation (2-3 1 )  with yJ and yk gives 

and since Gk is a homogeneous function of degree one in y, 

25 

(2-30) 

(2-3 1 ) 

(2-32) 

Relation (2-32) thus follows from the above expression since Gi is a homogeneous 
function of degree two in y. 

(ii) Locally Minkowski Space 

Recall that for locally Minkowski space, 

F2 = gij(y)yi yJ. 
Equation (2- 1 7) thus gives 

Gi = 0; consequently, G� = 0 and G�k = O. 
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Defmition 2.2.3 

A Finsler metric F is called a Berwald metric, if in a standard local coordinate system 

(x, y ), the geodesic coefficients Gi are quadratic in yi for all P EM, that is, if 

there are local functions G�k(X) on M such that 

If F is a Berwald metric, the space 3n = (M ,F) is called a Berwald space. In other 

words, if G�k = G�k(X) then 3n is a Berwald space. 

If F is a Riemannian metric, then from equation (2-32), 

and hence F is a Berwald metric. The converse, however, is not true. There are many 
non-Riemannian Berwald metrics (we give examples in sections 5 . 1 and 6. 1 for non­
Riemannian Berwald metrics). Riemannian metrics are a special class of Berwald 
metrics. The classification of Berwald metrics was done by Z. 1. Szabo in 198 1 [Sz2]. 
We quote the following result for a Berwald metric in the two-dimensional case. 

Lemma 2.2.4 

Every positive definite two-dimensional Berwald metric is either locally Minkowskian 
or Riemannian. 

Covariant derivatives with respect to the Berwald connection 

In terms of the Berwald connection, we give the following definitions for the covariant 
derivatives of quantities on 1M \ {O} in the usual way. 
(i) For a scalar field X (x, y ), 

oX k oX 
Xli =-i -Gi k' ox ay 
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XI · = a� .  
1 ay' 

(ii) For a covariant vector field Xi (x, y), 

(iii) For a contravariant vector field Xi (X, y), 

Xi . _ axi _ axi G"- XkGi I] - . k ] + kj'  ax] ay 

Xi i = ax� . j ay] 

27 

(2-33) 

Covariant derivatives of tensor fields are natural extensions of these. For example, a 

mixed tensor field X)(x, y), 
(iv) 

( I  - aX) X] - k ' k ay 

Note that the above covariant derivatives are tensors on TM \ {O} . Here, we give the 

proof only for definition (i). Differentiating X(x, y) with respect to iP and yP by 

using the coordinate transformation given in page 1 1 , we have 

ax ax axk ax a2xk "r --=----+ -- y , 
aiP axk aiP ayk aiPair 

ax 8xk ax 
ayP 8iP ayk ' 

(2-33a) 
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Let us calculate 
ax -Gpq 

ax by using the above expressions and equation (2- 1 7a). aiP ayq 
k 2 k ax -Gq ax = oX ox + oX a x yr _ 

aiP P ayq oxk aiP ayk aiP oir 

( / aiq ax) aiq a2xl " r
J 
axk oX G} ax/ aiP + oxl aiP air y 
aiq ayk . 

. oiq axk k . . . 
SInce --I -- = 81 ' the above expreSSIOn slmphfies to 

ax aiq 

This implies that 

It is also clear from equation (2-33a) 

xl = Xl 
axi 

P i aip · 
The above two expressions show that X � and Xli transform as vectors under 

coordinate changes. Similarly, we can show that the covariant derivatives given in (ii), 

(iii) and (iv) are tensors using (2- 1 7b). 

Now, let us use (2-33)  to show that yil} = 0 on ,3n . 

Proof: 

From equation (2-33), 

yiU = ayi. _ ayi G'- + ykGi . , 
ox} ayr } kj 
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ayi 8yi i and since -- = 0 and -- = 5r , we have 
axj ayr 

Yil . _ -5iGr. + ykGi } - r } kj o  

Now, 5;Gj = G}, and hence 

The third axiom in Theorem 2.2.3 thus shows that 

Similarly, we can also show that 

and 

Remark: 

29 

(2-34) 

In contrast with the Riemannian connection, it should be remarked that the Berwald 

connection on a Finsler space is not generally metric compatible. Since 

8gij 1 1 
agij 1 gijlk = -k -gi/G jk -g jlGik - -I Gk , 

ax ay 
equations (2- 19) and (2-20) imply that 

gijlk = -2Cijklmym =t:- 0 
and 

in general. 

If F is Riemannian we know that gij = gij (x), Cijk = 0 and G�k = r5k then 
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and 

Note that when the metric is Riemannian the Berwald connection reduces to the 

Riemannian connection, which is metric compatible. 

The Rieci identities 

The commutation laws of the covariant differentiations with respect to the Berwald 

connection are called the Ricci identities. These identities can be written in the form 

. Xi Xi XrHi Xi i Rr . (1) Jjlk - Iklj = rjk - r jk ' 

(ii) xilj lk - Xi lklj =xrG�k ; 

(iii) xi i . - Xi i = 0; 
J k k j 

where the tensors H:jk , R�k and Gijk are given by 

and 

i _ aG)k Gjkr - --"--8yr 
See [Mal] for more details. 

(2-35) 

(2-36) 

(2-37) 
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Chapter 3 

Curvature 

3.1 Riemann Curvature 

Riemann curvature is the central concept in Riemannian geometry introduced by B. 
Riemann in 1 854 for Riemannian metrics. In 1926, L. Berwald extended the notion of 
Riemann curvature to Finsler spaces as a generalization of the sectional curvature of a 
Riemannian space [Be3] [Be4] . The Riemann curvature of a Finsler space, 

3n = (M ,F), is a family of linear transformations on tangent spaces defined as 
follows: 

where 

i k 8 Ry = Rkdx -. .  
8X' 

(3- 1 )  

Here, Rk = Rk(x, y )  denotes the coefficients of the Riemann curvature of F gIVen 
by 

(3-2) 
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and �/ ox1 , . . . ,0/ oxn j is a local coordinate basis of TpM. We call R the Riemann 

curvature of ,3n . The Riemann curvature depends only on the geodesic coefficients 

Gi given by the equation (2-17) . 

Lemma 3.1 . 1  

Ry has following properties: 

(i) Ry (Y) == 0; 

(ii) Ry is self-adjoint with respect to gy, i,e. , gy(Ry(u), v ) = gy(u,Ry(v)), 

where u, v E T  pM and g y is the fundamental form on T pM. 

Proof: 

(i) 
Using the linear operator defined in (3- 1 ), we have 

i k 0 Ry(Y) = Rkdx (y)-. .  
OXl 

k k · O · k k Since dx (y) = dx (yl -. ) = y1o} = Y , ox1 

Contracting (3-2) with yk gives 

. k �i k a2Gi k a2Gi k �i �} k RI _ 2_uv_ _ } 2G} y _ _  uv _ _ uv_y kY - oxk Y 
y 

ax} a)l 
y + ay} oyk oy} ayk 

(3-3) 

We know that Gi is a homogeneous function of degree two in y; therefore, 

oGi / ox} is also a homogeneous function of degree two in y. Euler's Theorem 2. 1 . 1  
implies 



Chapter 3 - Curvature 

and since aGi / ay) is a homogeneous function of degree one in y, 

Since Gi i s  a homogeneous function of degree two in  y, 

so that 

aG) k = 2Gi k Y , 
ay 

. k aci k . aGi . aci . aGi R' Y = 2-y - 2yl -. + 2G} -. - 2G} -. = 0; k axk ax} ay} ay} 
therefore, Ry (Y) = O. 

(ii) 

Equation (3-3) implies 

and hence 

It can be shown that 

(cf [Sb2], section 8-1) .  Contracting this expression with uk and vi gives 

gijRiukvi = gkjR/ukvi . 

It is clear that from equation (3-4) 

33 

(3-4) 
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3.2 Flag Curvature 

The flag curvature is an important quantity in Finsler geometry. The notion of flag 
curvature in Finsler geometry is first introduced by L. Berwald [Be3] [Be4]. One of the 
fundamental problems in Finsler geometry entails the study of Finsler metrics having 
constant flag curvature. The flag curvature, which generalizes the sectional curvature in 
Riemannian geometry, does not depend on whether one is using the Berwald, Chem, or 
Cartan connection. 

Definition 3.2.1  

Using a two-dimensional plane, we define the flag curvature as follows. Let 

3n = (M, F) be a Finsler space of dimension n and p E  M. For a tangent plane 

P = span {y, u} c TpM, 

let 

(3-5) 

where y, U E T pM. The quantity K (P , y) is called the flag curvature of {P, y} . 

The vector y is called the flagpole. The flag curvature, K (P, y) is a function of the 

tangent plane P = span {y, u} C TpM. 

Note that the denominator of the equation (3-5) is non-zero (cf page 36). Choosing a 
different vector V from T pM gives a different plane Q = span {y, v} so that, in 

general, K(P,y) =I; K(Q,y) . 

For a Finsler surface (M,F), n = 2, the tangent plane P at each point is the whole 

tangent space TpM. In this case K(P,y) = K(TpM,y) is a scalar function on 

TM \ {O} . The function K = K(x,y) is called the Gauss curvature. 
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Note that when F is Riemannian K(P, y) = K(P) is independent of y E  P, in 

which case K (P) is called the sectional curvature of the section P e T  pM. Hence 

equation (3-5) gives 

K(P) = 
g(Ry(u), u) 

, 
g(y, y)g(u, u) - g(y, u)g(y, u) 

where g is given by g(y, y) = gij(x)yi yJ .  (See [Shl] ,  [ps} for further details}. 

Let us compute the flag curvature of {P, y} . Equation (3-4) implies 

i . k gy(Ry(u), u) = gijRku1u . 

Using Definition 2. 1 . 4  gives 

and 

gy (u, u) = gijuiuJ, 
. .  2 gy (y, y) = gijyl yl = F , 

gy (y, u) = gijyiuJ , 

Hence equation (3-5) simplifies to 

g · Ri uJuk 
K(P, y) = 

2 
. Y k . h . k ' 

F gijU1U1 - gijghkyl Y u1u 

Now, equations (2-29) and (2-6) imply 

gijyi = Flf 

Therefore, equation (3-6) gives 

(3-6) 
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g'Ri ujUk K(P, y) = 2 1) k . k ' 
F (gjk - 1/k )uJu 

36 

Note that the above g jk - I/k =;t O. Since, if g jk - I/k = 0 then equation (2-9) 

gives h jk = O.  Hence equation (2- 10) shows that det(g jk ) = O. This contradicts the 

condition (iv) in Definition 2. 1 .3 . Thus, the above expression gives 
. . k 2 . k R�gijuJu = K(P,y)F (gjk - l/k )UJU . 

Defmition 3.2.2 

If, for every fixed Y E T  pM, the flag curvature is independent of the tangent plane 

P = span {y, u} c T pM, then ::sn is said to be of scalar curvature at the point p. If 

::sn has scalar curvature at all points in M then ::sn is a Finsler space of scalar 
curvature. In this case K is independent of the plane, but it does depend on where the 
flagpole starts, i .e., 

K = K(x, y). 

The scalar curvature of F is given by 
i 2 Rkgij = KF (gjk - Z/k )' (3-7) 

The above expression for K can be simplified as follows. Contracting (3-7) with gjr 

gIves 

Ri �!" - KF2(�r - I Ir ) kUz - Uk k . 

Now Rk8[ = Rk , and thus 

Rk = KF2 (8k - lkZr ) . 
Equations (2-5) and (2-6) imply 
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(3-8) 

where K is a homogeneous function of degree zero in y. 

Defmition 3.2.3 

The trace of the Riemann curvature RI is called the Ricci curvature and denoted by 

Ric( x, y). Equation (3-8) implies 

Ric(x, y) = (n - 1)KF2 . (3-9) 
Note that Ric(x, Y) is a scalar function on 1M \ {O} with the following homogeneity 
property 

Ric(x)/"y) = i2 Ric(x, y), A> o. 

Formulae for the scalar curvature 

We state the following well-known formulae for a Finsler space :sn of scalar curvature 
K for n > 2 given in [Ma3] .  

R)k = Kjhk -Kkh) . 
F2 aK Kj =--. + KYj ·  3 ayl 

Kjyj = KF2 . 

r r aKj (h[lj + hijlr )Kk r aKk (h[lk + hjklr )Kj H · k = hk --. + -h  . --. - -----""-
lj W F l W  F 

aKj 3Kjlj Hij = (n - 2)-. + + K(hij - 2ljlj ) . ayl F 

Hi = (n + l)Kj •  
aKj _ aKj = ljKj - ljKj 
ayj ayi F 

(3- 10) 

(3-1 1) 

(3-12) 

(3-1 3) 

(3-14) 

(3- 1 5) 

(3- 16) 
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The above functions h) ,  R�k and Hijk are defined in (2- 1 1 ), (2-35) and (2-36) 

respectively. Note that 

and 

provided n *- 1 .  

Defmition 3.2.4 

Ri j Ri 
jkY = k ' 

(nH · · + H· · )yj 
H. = jl lJ 

1 (n - l) , 

(3-17) 

(3- 18) 

A Finsler space is said to be of constant flag curvature if there is a constant A such 
that K(P, Y) = A, for all y E P c TpM, p E  M. 

Equation (3-8) indicates that 

R� = .(F28j -F:; /) (3-19) 

Remark 

Definitions 3 .2. 1 ,  3 .2.2 indicate that every two-dimensional Finsler space is of scalar 

curvature. We now state the formula for the scalar curvature of :sn , when n = 2. (cf 

[Ma3]). We use the Berwald frame (li ,mi), (i = 1,2), where Zi is given by the 

equation (2-5) and mi is the unit vector orthogonal to Zi . The scalar curvature of :sn 
(n = 2) is 

(3-20) 

where 
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(3-21)  

(3-22) 

mimi = 1 = ZiZi ' (3-23) 

R�k is given by (2-35) and K is the Gauss curvature of ,3n , when n = 2 .  

We can simplify the right hand side of (3-20). Contracting (3-20) with mj , ZJ and mk 

and using (3-22) and (3-23) gives 

and equation (2-5) implies 

Equation (3- 1 7) indicates that 

. . k RjkmjZ}m = KF, 

where K is also a homogeneous function of degree zero in y. 

3.3 Non-Riemannian Curvatures 

(3-24) 

Besides the flag curvature, there are other important quantities in Finsler geometry, 

which are S-curvature, E-curvature and Landsberg curvature. These quantities vanish 

for Riemannian metrics, and hence they are called non-Riemannian curvatures. Before 

discussing these quantities, however, we need to introduce a few definitions. 

Defmition 3.3.1 

Let B� be the unit ball in a Finsler space centered at p E  M, i .e., 

B� = {y E Rn, 1  y 1= F(x, y) < I} 

and Bn be the unit ball in Euclidean space centered at the origin, i. e . ,  
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where Rn is n-dimensional real vector space and I x I = �8ijxi xi . Let 

CYF (X) = volume(Bn ) . 
volume(B� ) 

F or a Finsler space, 3n = (M, F), we define the distortion, T = T( x, y), by 

T(X,y) -ln , -
(�det(gij ) 

J CYF (x) 
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(3-25) 

(3-26) 

The distortion T(X,y) is a scalar function defined on 1M \ to} that satisfies the 

homogeneity condition 

T(X, AY) = AT(X, y), A> O. 

According to [Sh2], when F = � gij(x)yi yi is Riemannian, 

CYF (X) = �det(gij(x)) . 

Hence equation (3-26) implies that T = 0, when F is a Riemannian metric. 

Definition 3.3.2 

Let 3n = (M, F) be a Finsler space of dimension n, and fix a local frame 

'''la 1 / n I r x , . . . ,a, ax J for TpM. The Cartan torsion Cy on TpM is a trilinear 

symmetric form defined by 

where 

Cy(�,�, ak J = Cijk , ax' axJ ax 

1 a3F2 
Cijk = 4 ayiayJayk . 

In terms of the gij ' equation (2-2) implies 
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Note that if F is Riemannian, then gij = gij (x); consequently, 

Definition 3.3.3 

The mean Cartan torsion I y is a linear form on TpM defined by 

(3-27) 

Note that if F is Riemannian, then Cijk = 0, and hence I y = o. 

We show that the vertical covariant derivative of '[ is also equal to the mean Cartan 

torsion. Now, 

=� (ln�det(gi · )  )-� (ln((JF(X)) 
ayl Y Byl 

It can be shown (cf [Sh2]) that 

therefore, 

where we have used (3-27). 
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We are now in a position to define S-curvature. 

Defmition 3.3.4 

Let ,3n = (M, F) be a Finsler space and y E TpM \ {O}, the function S = Sex, y) 
is defined by 

S = (!!..-{'f(y(t), dY )}) , 
dt dt t=O 

where y(t) is the geodesic with x = y(O) and y = (dY) . S is called S-
dt 1=0 

curvature of F [Sh l ]  [Sh2] .  Note that this quantity is also called the mean covariation 

in [Sh3] and mean tangent curvature in [Sh9]. The S-curvature measures the rate of 

change of the distortion along geodesics. 

It can be shown (cf [Sh2]) that in a standard local coordinate system in TM ,  the S-

curvature is given by 

S = aG� _ yi 8aF(x) 
ayl aF(x) 8xi 

(3-28) 

where Gi denote the geodesic coefficients and a F (x) is given in (3-25). The S­

curvature satisfies the homogeneity condition 

S(x, AY) = AS(x,y), 

If F is Riemannian, then 'f = 0, and therefore 

8 = 0. 
It can also be proved that S = 0, if F is a Berwald metric [Sh3 ] .  

Defmition 3.3.5 

Let ,3n = (M, F) be a Finsler space. If there is a scalar function c = c( x) on M 
such that 

S = (n + l)cF 
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then F is said to have isotropic S-curvature. If c = constant then F is said to have 

constant S-curvature. 

The relationship between the scalar curvature and S-curvature of Finsler metrics was 

studied by X. Chen, X. Mo and Z. Shen [ChMoSh] . 

Theorem 3.3.1 ([ChMoSh]) 

Let :sn = (M , F) be a Finsler space of dimension n with scalar curvature K. Suppose 

that the S-curvature is isotropic. Then there is a scalar function 8( x) on M such that 

c . (x)yi 
K = 3 Xl 

F 
+ 8(x), 

where C i = ocloxi . Further, c = constant if and only if K = K (x) is a scalar x 
function on M. 

Definition 3.3.6 

Let :sn = (M , F) be a Finsler space. For a non-zero vector y E TpM \ {O} , define 

Ey = Eij (x, y)dxi ®dxJ : TpM x TpM 4 R  by 

1 o3Cm 
Eij = 2 oym8)iayJ (x, y) . (3-29) 

The E-curvature of the Finsler space E = {E y } YE1M\{O} ,  is a symmetric bilinear 

i . i 0 i 0 
form on TpM, Ey (u,v) = Eiju vi , where U = U  -. and V = V -. E TpM. 

Note that from (2- 17c), Eij is a tensor on ]M \ {O} . 

We show that E y (y, v) = O. Now, 

oxi oxi 
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d · ( a2Gr J .  h fu . f . an smce . IS a omogeneous nctIon 0 degree zero m y, 
aylayr 

Ey(Y, v) = 0, 
for any v E TpM. Thus, Ey(Y,Y) = 0. 

Note that E y has the homogeneity property 

44 

If F is Riemannian, then Gb = rb (x); therefore G;ij = 0, and hence Ey = 0. 

The E- curvature is also called the mean Berwald curvature. Clearly, for any Berwald 

metric, E y = 0. In general, the converse is not true. Finsler metrics with vanishing E-

curvature are called weakly Berwald metrics. 

We now find a relationship between the E-curvature and S-curvature. Differentiating 

equation (3-28) with respect to yJ gives 

and differentiating equation (3-30) with respect to yk gives 

where we have used (3 -29). Thus, 

l .e., 

1 E· · - -S · . 
1J - 2 yl yl '  

(3-30) 

(3-3 1 ) 
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1 i . 
Ey(u,v) = -S i j U  vi . 

2 y y 
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Note that equation (3-3 1 ) is independent of ()p(x), and hence the E-curvature is 

independent of the volume form even though the S-curvature depends on the volume 

form. 

Definition 3.3.7 ([Sh8]) 

F is said to have constant E-curvature p, denoted ·by E = (n + 1)J1F-1h, if for 

any p E  M and any non-zero vector y E TpM, 

where u, v E TpM, hy is an angular metric form on TpM associated with y given 

by (2-8) and p is a constant. 

Relationship between the Constant E-Curvature and Constant S­

Curvature 

Suppose that F has constant S-curvature, 

S = (n + l)cF, 

where c is a constant. Differentiating (3-32) with respect to yi and yJ , we get 

S i j = (n + 1 )cF i j 
y y  y y  

and equations (2- 1 0) and (3-3 1 ) imply 

l .e., 

2Eij = (n + 1)cF-1hij ' 

1 E y(u, v) = -en + l)chy(u, v). 
2F 

. 1 
We thus see that If S = (n + l)cF, then E = -en + l)ch. 2F 

(3-32) 
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X. Chen and Z. Shen proved that a Randers metric has constant E-curvature if and only 

if it has constant S-curvature [ChSh2] . Further details about S-curvature and E­

curvature are given in [Shl ] and [Sh2]. 

Well-known examples for constant S-curvature and constant E-curvature are the Funk 

metrics [Fk l ]  [Fk2] on the unit ball, Bn . These metrics are defined by 

� 2 2 2 2 
F(x, y) =  I y l -(I x l I y l -(x,y) ) ± (x,y) , 

l- l x l2 l- l x l2 
(3-33) 

where Y E T  p
Bn == Rn, p is a point on Bn , the local coordinates of p are 

x = (xl , . . .  ,xn ), Rn is the n-dimensional real vector space, and I . I and ( , ) denote 

the standard Euc1idean norm and inner product, respectively. Funk metrics have the 

following properties: 

(i) These metrics are locally projectively flat Randers metrics with K = -1 / 4. 
where K is the constant curvature; 

1 
(ii) S = ±-(n + I)F; 2 

1 
(iii) E = ±-(n + l)h; 4F 

1 
(iv) J ±-FI = O. 

2 
We prove these relations in chapter 5 .  

Motivated by the results for Funk metrics, in  2001 Z. Shen proved that Finsler metrics 

of the form 

F = �I Y 12 -(I x 12 1 y f _(x, y)2 ) + (x, Y) + (a, Y) 
1- 1 X 12 1- 1 X 12 - 1 + (a, x) 

, 

where y E TpRn and a E Rn is a constant vector with I a 1 < 1, have the same 

properties as Funk metrics [Sh8] . He thus classified all locally projectively flat Randers 
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metrics with constant curvature. (See chapter 5. 1 of this dissertation for the definition of 

Randers metrics). 

In 2002, Z. Shen also proved that the Finsler metric on the cylindrical domain 

n := {p = (x, y,p) E R2 x Rn-2 / x2 + y2 < I} defined by 

F(y) = �(-yu + xv)2+ 1 Y 12 (l -x2 - y2 ) - (-yu + xv) , 
l - x2 _ y2 

where y = (u, v,y) E Tpn = Rn , n � 2 and p = (x,y, p) E n, has zero flag 

curvature, zero S-curvature and zero E-curvature [Sh6]. 

Once given a connection on a manifold, one can define the covariant derivatives of 

tensor fields along a curve. 

Definition 3.3.8 

Let 3n = (M, F) be a Finsler space and c :  [a, b ] � M be a COO curve. We define 

the covariant derivatives of a vector field u = u(t), t E [a,b], along c by 

Dc(t)u(t) = {dui 
(t) + uJ (t) aG� (c(t)' C(t))}�, 

dt ay} axl 

where u(t) = ui (t)� and c(t) = ci (t)�. 
axl axl 

DefInition 3.3.9 

A vector field v = vet) along c is said to be parallel if 

Dc(t) v(t) = o. 

Note that if c is a geodesic then 

Dc(t)c(t) = O. 
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Defmition 3.3. 10 

Let ,3n = (M ,F) be a Finsler space. For a non-zero vector y E  TpM \ {O} define 

Ly(u, v, w) = [�(Cy(t) (U(t), vet), w(t))l , dt Jt=o 
where yet) is the geodesic with y(O) = x, f(O) = y, and u(t), vet), wet) are 

parallel vector fields along yet) with u(O) = u, v(O) = v, w(O) = w and Cy(t) is 

the Cartan torsion. We call Ly the Landsberg curvature of the Finsler space. The 

Landsberg curvature measures the rate of change of the Cartan torsion along �eodesics. 

Thus in a standard local coordinate system (x, y) in TM, the Landsberg curvature 

4jk = Cijklmym 
(cf [Shl l ]). This implies that 

I aCijk I I I I aCijk Lijk = 2G I + CljkGi + CilkG j + CijlGk - Y I ' (3-34) 
ay ax 

It can be shown (cf [Shl l ]) that from above equation 

1 r a3G1 Lijk = -2'y grl ayiayjayk ' 

Hence from the equations (2-17c) and (3-35), 4jk is a tensor on TU \ {O} . 

(3-35) 

A Finsler metric is called a Landsberg metric if L = 0 [Lal ] [La2]. The Cartan 

torsion is thus constant alon� geodesics in a Landsberg space. 

Defmition 3.3. 1 1  

Let ,3n = (M, F) be a Finsler space. For a non-zero vector y E T pM \ {O} and 

define · 
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Jy(U) = [�(1r(t)u(t))l , dt Jt=O 
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where yet) is the geodesic with x = y(O) Y == y(O) and u(t) is a parallel vector 

field along yet) with u(O) = u. We call J y the mean Landsberg curvature of the 

Finsler space. The mean Landsberg curvature measures the rate of change of the mean 

Cartan torsion along geodesics. In a standard local coordinate system (x, y) in ]M, 

the J y == Jjdxi 
is given by 

(cf. [Shl l ]) . This gives 

J . = yJ a1i - 1 . aG} - 2G} a1i 
1 . } . . . ax} ayl ay} (3-36) 

By a direct computation (from equations (3-27), (3-34) and (3-36» , one can show that 

"k Jj == g) Lijk · 
Then equations (3-35) and (3-37) imply 

Ji = _.!. Fg}k aF �3a.r . 
2 ayr al ay} ayk 

Hence from the equations (2-17c) and (3-38), Jj is a tensor on ]M \ {O} . 

A Finsler metric is called a weak Landsberg metric if J == O. 

(3-37) 

(3-38) 

The ratio, J / 1 is the relative rate of change of the mean Caftan torsion along 

geodesics. There are many examples that satisfy J / 1 = -cC x)F, where c( x) is a 

scalar function on M. The Funk metrics are two of them. In these cases c == +1 1 2. X. 
Chen and Z.  Shen showed that for a Randers metric on an n-dimensional manifold M, 

J + c( x )F1 = 0 if and only if S = (n + 1 )c( x)F and the one-form of the Randers 

metric is closed [ChSh2] . 
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The next two theorems give interesting relationships between the scalar curvature and 

non-Riemannian curvatures of a Finsler space. The proofs of these results can be found 

in [ChMoSh] .  

Theorem 3.3.2 

Let 3n = (M, F) be an n-dimensional Finsler space of scalar curvature. Suppose that 

the mean Landsberg curvature satisfies 

J + c(x)FI = 0, 
where c = c(x) is a scalar function on M. Then the flag curvature K = K(x, y) and 

the distortion , = ,(x, y) satisfy 

--K . + K + c(x) - x 't . = 0 n + 1 [ 2 C j y
j J 3 y' F y' , 

where K i = aK/ ayi , c j = ac/ axj and 't i = a,/ a;i . y x y 

(a) If C = constant, then there is a scalar function p(x) on M such that 

3r 
K = _c2 + p(x)e 

-
n+l . 

(b) Suppose that F is non-Riemannian on any open subset of M. If K = K (x) is a 

scalar function on M, then c(x) = c is a constant, in which case K = _c2 :S O. 

Theorem 3.3.3 

Let 3n = (M, F) be an n-dimensional Finsler space of scalar curvature. Suppose that 

the S-curvature and the mean Landsberg curvature satisfy 

S = (n + l)c(x)F 
and 

J + c(x)FI = 0, 
where C = c(x) is a scalar function on M. Then the flag curvature K = K(x,y) can 

be written in the form 
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i 2r 
C i (X)y 3c(x)2 + O"(x) --

K(x, y) :::: 3 x 
F 

+ O"(x) = -

2 + ,u(x)e n+l , 

where 0"( x) and ,u( x) are scalar functions on M. 

5 1  

(a) Suppose that F is non-Riemannian on any open subset of M. If c(x) = c is a 

constant, then K :::: _c2 , O"(x) :::: _c2 and ,u(x) = O. 

(b) If c( x) * constant, then the distortion is given by 
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Chapter 4 

Proj ective Finsler Geometry 

4.1 Projective Change 

In projective Finsler geometry, we have a remarkable theorem called Rapcsak theorem, 

which plays an important role in the projective geometry of Finsler spaces. This 

theorem gives the necessary and sufficient conditions that a Finsler space is projective 

to another Finsler space and will be presented in this section. By considering two 

Finsler spaces on a common underlying manifold of dimension n, we give the definition 

of the projective change as follows. 

Defmition 4. 1 . 1  

A projective change is a mapping from ::sn = (M,F) to ::sn = (M,F), which i s  a 

diffeomorphism and maps geodesics of ::sn to geodesics of ::sn . If any geodesic of 

::sn is a geodesic of ::sn and the converse is also true, then the change F � F of the 

metric is called a projective change and ::sn is said to be projective to ::sn . 
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Let c :  x(t) = {xi (t), i = l, . . . ,n} be a curve in M which is a geodesic of both .:sn 

and :::l . In page 1 8  in chapter 2, we know that the geodesic c on 3n satisfies 

d2xi .( dx) dxi 
--+2G' X, - =tjI(t)-, 
dt2 dt dt 

and the geodesic c on 3n satisfies 

(d2S
J 
lI(dS) - -

where lfI(t) = 
dt2 / I dt ' 

S = f F(x(t),dx/dt)dt, and 

Equations (4- 1 )  and (4-2) show that 

and hence 

2G ' x,- - 2G' x,- = (lfI (t) -lf/(t))-, _.( dx) . ( dx) dxi 
dt dt dt 

Gi (x,y) = Gi (x, y) +  P(x,y)yi , 

(4- 1 ) 

(4-2) 

where P(x, y) is a positively homogeneous function of degree one m y. This 

establishes one part of the following theorem. 

Theorem 4.1 . 1  ([KnD 

A Finsler space .:sn is projective to another Finsler space .:sn if and only if there exists 

a positively homogeneous scalar field of degree one in y, P( x, y); such that 

Gi (x,y) = Gi (x, y) + P(x, y)/ . (4-3) 
The scalar field P = P(x, y) is called the projective factor of the projective change. 

The proof of the converse of the above theorem is given in [Shl ] .  
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In 1 96 1 , A. Rapcsak [Rap] proved that 

Gi _ Ci F/kyk i F _il{OFjk k Fi } - + y +-g -y - 1I 2F 2 ayl ' 
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(4-4) 

where F1k denotes the horizontal covariant derivative of F on :sn = (M, F) given 

by 

Note that equation (4-4) holds in general and does not require (4-3). Then Rapcsak 

theorem follows from relation (4-4). 

Theorem 4.1.2 CRapcsak Theorem [Rap]) 

-n -
Let ,3n = CM ,F) and ,3 = CM , F) be two Finsler spaces on a common underlying 

manifold M of dimension n. The change F � F of the metric is a projective change 

if and only if F satisfies 

(4-5) 

where " I "  denotes the horizontal covariant derivative of F on ..:sn . We say that ,3n is 

projective to ..:sn with the projective factor given by 

Defmition 4.1.2 

- k 
P = _Fi.:...-Ik_y_ 

2F 
(4-6) 

If there exists a projective change F � F of a Finsler space ,3n = CM , F) such that 

the Finsler space ,3n = (M,F)  is a locally Minkowski space, then ..:sn is called 

locally projectively flat. 
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If :sn i s  a locally Minkowski space then recall that G i = 0, and equation (4-3) thus 

implies that 

(4-7) 

where P is the projective factor of the projective change F --» F. 

According to [Shl l ], a Finsler metric F on a differentiable manifold M is locally 

projectively flat if any point P E M, there is a local coordinate system (xi ) in M 

such that every geodesic e = e(t) is straight, i .e., xi (t) = J(t)ai + bi , where J(t) 

is a COO function, ai and bi are constants. Hence locally projectively flat Finsler 

spaces are important to us. 

The following lemma is very important in Finsler geometry, which gIves the 

requirement for any Finsler metric to be locally projectively flat and will be used to 

establish our main results in chapter 6. Here the proof given by my self is rather long 

and the author could not find a shorter proof, which fits into this chapter. 

Lemma 4.1.3 ([Ha]) 

A Finsler space .:sn = (M, F) is locally projectively flat if and only if 

of 
(4-8) 

Proof: 

Let .:sn = (M ,F)  be a locally Minkowski space. Assume that :sn is locally 

projectively flat. Hence, according to Definition 4. 1 .2 .3n is projective to :sn . From 

Definition 4. 1 . 1 , we know that the inverse map F --» F of a projective change is a 

projective change and :sn is also projective to :sn . Hence, Theorem 4 . 1 .2 implies 

(4-9) 
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where FIk denotes the horizontal covariant derivative of F on =s n = (M, F) given 

by 

Since =sn is a locally Minkowski space we have G i = 0, and hence the above 

expression reduces to 

aF Fjk = k · ax 
Substituting equation (4- 10) into (4-9) gives equation (4-8) . 

(4- 1 0) 

For the converse, assume that (4-8) holds. Then we show that =sn is projective to =sn . 
According to Theorem 4. 1 .2, we have to show that F satisfies the equation (4-5). 
Now, F = F (y); hence 

and similarly 

- ",r aF R, · = -G· -1 1 r ' ay 

Differentiating the above expression with respect to yi and contracting with yk gives 

Since Gi is a homogeneous function of degree two in y, the above expression implies 

Hence. 
- 2 - aFjk k _ r a F Fj; - ayi Y - 2G 

ayra/ · 
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and from equation (4-8), 

Gr = 1.. gri { o� of yk } . 
2 oyl oxk 

Using equation (2-29), we have 

consequently, 

1 . . of k Gr = _ grl g . . yJ _y 
2F Jl oxk 

_ _ 1_8'. j of k 
- 2F }y oxk Y 

1 of r k = 
2F oxk Y Y , 
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where we have used the property of homogeneity of F.  Hence ,3n is projective to 

,3n . That is, ,3n is locally projectively flat. The proof is complete. 

We now find the projective factor P of the projective change F -)- F, where F is 

locally projectively flat. Equation (4-3) yields the relation 
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-i Since G = 0, we have 

Gi = pyi , 
Equations (4-6) and (4- 1 0) imply 

P =_1_ 8F yk 2F 8xk 
Equations (4-7) and (4- 1 1) also give 

P = -P. 
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(4- 1 1 )  

(4- 12) 

Relationship between the projective factors of any three projective 

changes 

Let 3n = (M,F), 3n = (M,F) and 3n = (M ,F) be three Finsler spaces on a 

common underlying manifold M of dimension n and Gi , G i , (ji be the geodesic 

coefficients of F, F, F respectively. Let P, P and P be the projective factors of 

the projective changes F � F, F � F and F � F respectively. Equation (4-3) 

yields the relations 

which imply 

Gi = Gi + pyi , 
(ji = G i + pyi , 

Gi =(ji +pyi , 

Differentiating both sides of the above expression with respect to yk gives 

- � i ( 8P 8P 8P 
J i (P + P + P)8k + -k + -k + k y = 0. 

8y 8y ay 

Let k = i, then of = n, and therefore 
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(P +P +P)n + -. +-. +-. y = 0. - � ( oP oP oP 
J i oyl oyl oyl 

Since P, P and P are homogeneous functions of degree one in y, 

4.2 Projectively Invariant Tensors 

In projective Finsler geometry, there are two important projectively invariant tensors, 

namely the Weyl tensor and the Douglas tensor. These tensors provide us with some 

important information about the projective properties of Finsler metrics. For example, it 

is shown that these tensors vanish simultaneously in a locally projectively flat Finsler 

space. Z. I. Szabo [Szl ]  proved that the condition for a Finsler space to be of scalar 

curvature is that the Weyl tensor vanishes. In this section, we show that these tensors 

are invariant under any projective change. 

Defmition 4.2. 1 

The Douglas tensor is defined in terms of Gi as follows. 

where 

and 

h h 
Dh -Gh _ (y Gijk + 8(ijk) {bi Gjk }) 
ijk - ijk (n + l) , 

h aG\ G - } 
ijk - oyi 

aG· ·  1) Gijk =-k- ' oy 
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Theorem 4.2.1  

The Douglas tensor is invariant under any projective change. 

Proof: 

Let 3n = (M, F) and 3n = (M,F) be two Finsler spaces on a common underlying 

manifold M of dimension n and .3n be projective to 3n . We denote quantities of 

3n by putting a bar over the symbol. Differentiating equation (4-3) with respect to 
. k h yl , Y and y , we obtain 

G) = G� +Pjyi +Pb5 , 

G5k = G�k +Pjkyi +Pjbk + Pkb5, 

G�k = Ghjk +Pjkhyi +Pjkbh + Pjhbk +Pkhb5, 

(4- 14) 

(4- 1 5) 

where � = ap / ayi , Pij = a� / ayj and Pijk = aPij / ayk . Substituting i = k = r 

into (4- 1 5) gives 

G/Yr = Ghjr + Phjr yr + Phj8; + Phr8} + Pjrbh ' 
- -r and Gij = Gijr ' Since 8; = bl + . . .  + b� = 1 + . . .  + 1 = n, 

Now, P is a homogeneous function of degree one in y; hence, 

and therefore 

Ghj = Ghj + (n + l)Phj '  (4- 1 6) 

Differentiating (4- 1 6) with respect to yk yields 

Ghjk = Ghjk + (n + l)Phjk , (4- 1 7) 
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where Ghjk = 8Ghj / ayk and Ghjk = 8Ghj / ayk . 

Let £(ijk) {t5jh Pjk } = t5F Pjk + t5j Pki + t5; �j. Then equation (4- 1 5) is 

-h h h h Gijk = Gijk + Y Pijk + £(ijk) {bj Pjk } · 
Equations (4-1 6), (4-17) and (4-1 8) imply 

-h h h (Gijk -Gijk ) { h (Gjk -Gjk)} Gl)· ·k = Gl)· ·k + Y + £(ijk) bj . 
(n + l) (n + l) 

The above expression can be recast as 

Let 

and 

then 

-h h D· ·k = D· ·k l) l) . 
The above equation shows that DOk is a projectively invariant tensor. 

Defmition 4.2.2 

6 1  

(4- 1 8) 

If the Douglas tensor is equal to zero, a Finsler space is called a Douglas space and its 

metric is called a Douglas metric. 

Definition 4.2.3 

The Weyl tensor is defined as follows. 

i i (Hjk -Hkj)yi +8�Hk -8iHj Wjk = R jk + (n + 1) , 
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where R�k is given in equation (2-35), 

h h aRjk Hijk =--. , al 

and 

Theorem 4.2.2 

The Weyl tensor is also invariant under any projective change. 

Before giving the proof, however, we state some formulae given in [FuYa] and [Ma3] .  

where 

and 

where 

and 

Qij = }j1J -Pjli · 
Htk = Htk + yhQjk li +8ihQjk + 8jQk li -8fQj li ' 

Q I .  = aQ� .  k 1 . 1 ay 
Qij = Qj li -Qi lj " 
H(k - Hki . . - Hi.ki lj - gl J ' 

RF,. = H kiyk , 

(4- 1 9) 

(4-20) 

(4-2 1)  

(4-22) 

(4-23) 
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where 

(4-24) 

Let us show that the Weyl tensor is invariant. 

Proof: 

Substituting h = i = r into equation (4-20) gives 

H;k =H;k + yrQjk lr +8;Qjk + 8jQk lr -8fQj lr ' 

Since Q jk is a homogeneous function of degree zero in y, Q jk Ir y
r = 0; therefore, 

-r r I I Hrjk = Hrjk + nQjk + Qk j -Qj k ' 
Equation (4-2 1 ) implies 

-r r Hrjk = Hrjk + (n + l)Qjk ; 
and equations (4-22) and (4-24) give 

Hkj - Hjk = Hkj -Hjk + (n + l)Qjk ' 

Contracting equation (4-25) with yk we get 

(4-25) 

- k - k k k k HkjY -HjkY = HkjY -HjkY + (n + l)QjkY . (4-26) 

Substituting i = k = r to equation (4- 19) gives 

Since 0; = n and yr Q jr = ykQ jk, using equation (4-23), the above expression 

glves 

Substituting for ykQ jk from (4-26) gives 

so that 
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Using equation (3- 18) and putting k (n - l)Hj = (nHki + Hik )Y 

(n - l)Hi = (nHki + Hik )yk into (4-27), we have 

Hj = Hj - en + l)Qj o 
Replacing j by k from (4-28), 

Hk = Hk - (n + l)Qk o 
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(4-27) 

and 

(4-28) 

(4-29) 

Substituting for Qjk from (4-25), Qj from (4-28) and Qk from (4-29) into (4- 19) 

yields 

-i _ i i (Hjk -Hkj) - (Hjk -Hkj) i (Hk -Hk ) i (Hj -Hj) Rjk - Rjk + Y (n + l) + OJ (n + l) 
-Ok (n + l) , 

and therefore 

- - i i - i - i i i 
R i. + (Hjk -Hkj)Y + OjHk -OkHj = Ri. + (Hjk -Hkj)Y + OjHk -OkHj 
Jk (n + l) Jk (n + l) 

Let 

and 

The above calculations show that 

i .e . , WJk is another projectively invariant tensor. 

Special Cases 

(i) Locally Minkowski space 

(4-30) 

We know that Gi = 0 in a locally Minkowski space, and therefore equation (2-35) 

indicates that 
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Hence 

h h Then equation (4-24) implies HU = O. Hence DUk = 0 and Wij = 0 in a locally 

Minkowski space. 

(ii) Locally projectively flat Finsler space 

By definition a locally projectively flat Finsler space is projective to a locally 

Minkowski space and the Douglas tensor and Weyl tensor are invariant under any 

-h h -h h projective change. Therefore, DUk = DUk = 0 and Wu = Wfj = O. Hence both the 

Weyl tensor and Douglas tensor are equal to zero in a locally projectively flat Finsler 

space. 

Theorem 4.2.3 ([Szl]) 

A Finsler space .3n = (M, F) is of scalar curvature if and only if its Weyl tensor is 

zero. 

Proof: 

Consider a Finsler space .:sn of scalar curvature K, where n > 2. Since .:sn is of 

scalar curvature, equation (3- 10) and equation (2-1 1 )  can be used to show that 

k k k k R· ·  - K ·8 · - K  ·8· - t (K.f · - K  I ) lj - 1 ] ] 1 I ]  ] 1 · 
Equation (3- 14) implies 

(OKj OKi J 
3 H· · - H · · = (n - 2) -. --. +-(K.f · -K I) lj jl I ]  F 1 ]  ] 1 , ay ay 

and hence equation (3- 16) gives 

(n + l) H · ·  -H · · - (K·t · -K I )  . lj ]1 - F 1 ] ] 1 . 

(4-3 1 ) 

(4-32) 
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Multiplying (4-32) with yk yields 

k (n + l) k (Hij -Hji )y = 
F 

(Ki1j -K}i )Y , 

and using equation (2-5) gives 

k (Hij -Hji )Y - (K./ . - K .f . )Zk 
n + l - I ] ] 1 . 

Now, equation (3- 1 5) implies 

H jOi
k = (n + l)K jol , 

and similarly 

hence, 

l .e., 

k k k k o· H ·  - 0  · H · - (n + l)(o· K ·  - 0  · K · ) 1 ] ] 1 - 1 ] ]  l '  

k k o· H · - O ·H· k k _1 ---=;]_--=]�_1 - is.  K . - is . K. 
n + l  - 1 ] ] 1 

Adding (4-3 1), (4-33) and (4-34) thus gives 

i .e., 

k k k 
R� + (Hij -Hji )Y +Di Hj -DjHi = 0, lj (n + 1) 

k Wij = O. 
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(4-33) 

(4-34) 

A proof of the converse can be found in [Ma3] .  If n = 2, then every two-dimensional 

Finsler space is of scalar curvature and the Weyl tensor is equal to zero [Ma3] .  

Scalar curvature of a locally projectively flat Finsler space 

Note that Theorem 4.2.3 implies that locally projectively flat Finsler metrics are of 

scalar curvature (cf [Be5] [Be6]). In this section, we determine the scalar curvature of a 

locally projectively flat Finsler space in terms of the Finsler metric and the projective 

factor. Let .3n = (M, F) be a locally projectively flat Finsler space and Gi be the 
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geodesic coefficients of P. Substituting equation (4- 1 1 )  to equation (3-2) and taking 

i = k, gives 

Ri p 2 ( 1 8P i i = (n - l) - n - )-. y ,  
8Xl 

(4-35) 

where P is the projective factor given by equation (4- 12). For r = k = i, equation (3-

8) implies 

where K is the scalar curvature of ,:sn . Equations (4-35) and (4-36) thus imply 

K = _l_(p 2 _ ap yk ) . p2 axk 

We give three well-known theorems for the Finsler spaces of scalar curvature. 

Theorem 4.2.4 ([FuYa]) 

(4-36) 

(4-37) 

A Finsler space of scalar curvature is a space of constant curvature if and only if one of 

the following conditions holds: 

(i) H ij = H ji ; 

(ii) H . .  yl - H · .yl . jl - lj , 

(iii) Hi is proportional to Yi ' 

Theorem 4.2.5 ([Ma3]) 

A Finsler space 3n = (M, F) is locally projectively flat if and only if 

(i) n > 2 :  W;k = ° and DSk = 0, 
h (ii) n = 2 :  Dijk = ° and Kij = 0, 

where 

K· ·  - F{3KI mr - (p aK m1J /k }fz.m . -m .z . \ lj - r 1 �l J J l ), ay Ik 
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K is the Gauss curvature given in (3-24) and " I " denotes the horizontal covariant 

derivative in 3n. 

Theorem 4.2.6 ([BaD 

A Finsler space 3n = (M, F) is a projectively flat Berwald space if and only if it 
belongs to one of the following classes. 
(i) n � 3 

(a) locally Minkowski spaces, 
(b) Riemannian spaces of constant curvature, 

(ii) n = 2 

(a) locally Minkowski spaces, 
(b) Riemannian spaces of constant curvature, 

2 
( c) one-form metric spaces with F = L, where f3 and r are independent one­

r 
c. . i lorms m y . 

(See [AIM] for further details about one-form metric spaces). 

4.3 Examples of Locally Projectively Flat Finsler Spaces 

This section contains my original research work. One of the remarks in [Ma3] is that a 
locally projectively flat Finsler space of non-zero constant curvature may be a 
Riemannian space of constant curvature. Motivated by this remark, we introduce a 
system of partial differential equations for some Riemannian spaces of non-zero 
constant sectional curvature by using a locally projectively flat Finsler space. From the 
solutions of this system of partial differential equations we obtain two particular 
examples of locally projectively flat Finsler spaces, which are Riemannian spaces of 
non-zero constant sectional curvature. 
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Proposition 4.3. 1 • 

Let ,:sn = (M, F) be a Finsler space having geodesic coefficients of the form 

Gk r k 0 = PrY Y "* , where 

Pr = 8p /8xr . Then: 

P = p(x) 

(a) 3n is locally projectively flat; 

(b) The projective factor is - Pr yr ; 

(c) ,:sn is of constant curvature; 

is a scalar function on M 

(d) 3n is a Riemannian space of non-zero constant sectional curvature given by 
1 . . 

K = 
p2 (PiP) -Pij)/ yl ; 

(e) P satisfies the following system of partial differential equations. 

2(pij Pk + P )k Pi + Pik p) ) = Pijk + 4 Pi p) Pk , 

where Pij = 8Pi /8x) and Pijk = 8pij /8xk . 

Proof: 

(a) 

and 

(4-38) 

(4-39) 

Using Theorem 4.1.2, we first show that ,:sn with Gk 
= pryr yk is a locally 

projectively flat Finsler space. Let ,:sn = (M, F )  be a locally Minkowski space. We 
have to show that 

where 

Since F = F (y), we know that 
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consequently, 

Now, we know that 

Differentiating (4-41) with respect to yi gives 

Gk k r s:k i = Pi Y + PrY vi , 

where have used Pr8[ = Pi . Substituting (4-42) into (4-40) gives 

l. e. > 

- ( k rgk ) of 
Fji = - Pi Y + PrY i -k '  

oy 

Using the property of homogeneity of F, we have 
- - r oF 
Fji = -PiF -PrY -. . 

oyl 

Replacing i by k in equation (4-43) gives 

F1 - r of 
flk = -PkF -PrY k· ay 

Differentiating equation (4-44) with respect to yi and contracting with yk gives 

Using the property of homogeneity of F, we have 
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(4-40) 

(4-41) 

(4-42) 

(4-43) 

(4-44) 

(4-45) 
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Equations (4-43) and (4-45) show that 

- OFjk k Fji --. Y = 0  
oyl 
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so that by Theorem 4. 1 .2, 3n is projective to 3n . Since 3n is a locally Minkowski 

space, from Definition 4. 1 .2, 3n is a locally projectively flat Finsler space. 

(b) 

We use relation (4-6) to find the projective factor. Contracting equation (4-44) with yk 

gIves 

- k - k r of k FjkY = -PkFy -PrY -k Y oy 
Using the property of homogeneity of F, we have 

and substituting this expression to (4-6) (replacing k by r )  gives 
p = -pryr . 

(c) 

We show that .3n is of constant curvature, for n > 2. For n = 2 see part (d). Let wj 
be the Weyl tensor of 3n. Since 3n is locally projectively flat, from Theorem 4.2.5, 

we have �j = O. Hence, Theorem 4.2.3 indicates that 3n is of scalar curvature. We 

use Theorem 4.2.4 (i) to show that .3n is of constant curvature. We need to show that 

H ij = H ji . Let us calculate H ij in terms of p. We know that H ijk = oRik / ayi , 

where Rik is given by (2-35) (with r = i) . We use equation (4-42) to calculate Rik . 
Let us find the first two terms of Rik . Equation (4-42) implies 

Gr r i s:r j = P j Y + Pi Y U j (4-46) 
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Differentiating equation (4-46) with respect to xk gives 

BGi Bp j r apI I s:r -- =-y +-y U ' 
Bxk Bxk axk J ' 

and interchanging j and k in equation (4-47) gives 

BGk _ BPk r BPi I �r --. - -. y +-. y uk ·  BxJ BxJ BxJ 

Differentiating equation (4-46) with respect to ym , we have 

Gim = P j8Jn + Pm8i ; 
and from equation (4-46). 

Gm m ism k = Pk Y + Pi Y U k . 

Multiplying Gim and Gf gives 

GimGf =- (pj8Jn + Pm8i )(Pkym + Piyi8J:' ) 

( r I s:r s:r m i s:r �m ) = PjY Pk + PjY PiUk + PmPkU jY + PmPiY U jUk . 
Interchanging j and k in equation (4-50) yields 

Gr Gm ( r i s:r �r m I s:r �m ) km j = PkPjY + PkPiY U j + PmPjUkY + PmPiY uku j . 
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(4-47) 

(4-48) 

(4-49) 

(4-50) 

(4-5 1 )  

Substituting equations (4-47), (4-48), (4-50) and (4-5 1 )  into equation (2-35), with 
r = i, we get 

r (BPj BPk J r ( BPt s:r BPi �r ) i ( s:f �f) i R k = - - -. Y + -U · --. Uk Y + P 'uk -Pku ' PlY , J Bxk BxJ Bxk J BxJ J J 

Bp · Bp and since __ J = �, 
axk axJ 

Rr ( BPi s:r BPi �r) i ( �r s:r ) i jk = kUj --. uk Y + PjUk -PkUj PiY '  
Bx BxJ 

Differentiating (4-52) with respect to yi yields 

(4-52) 
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oR)k = H!'.k = 
( BPi 8r. _ BPi 8kr) + (p ·8kr - Pk8r. )p . 

Byi lj Bxk ] oxj ] ] 1 , 

which for taking k = r, gives 

op · op· Hi) =_'. - n-I. + (n - l)PiPj . ox] Bx] 

73 

r r op· 
Here we have used the relations br = n and Hi) = Hi)r . Since __ I. = Pi) the above 

ox] 
expression reduces to 

H · ·  - (n - l)(p ·p . _ p . .  ) - H · ·  lj - 1 ] lj - ]1 . (4-53) 

Theorem 4.2.4 shows that 3n is a locally projectively flat Finsler space of constant 

curvature. 

(d) 

We first show that K *- O. Suppose that K = O. We know from equation (4-49) that 

G�k = G�k (X); hence from Definition 2.2.3,  we can say that F is a Berwald metric. 

It is known that every Berwald metric with zero curvature must be locally Minkowski 

space [AIM] [BaChSh]. Therefore, 3n is a locally Minkowski space, which indicates 

that Gi = O. This contradicts a hypothesis of Proposition 4.3 . 1 .  Hence, K *- O. 

To establish the formula for K we consider two cases. 

Case (i): n > 2.  

Equation (3- 1 8) and equation (4-53) imply 

Hi == (n + l)(PiPj - Pi) )yj , 
and equation (3- 1 5) thus shows that 

K · - (p.p . - p  . . )yj 1 - 1 ./ lj . 

Contracting the above expression with yi and using equation (3- 12) gives 
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Since K :I=  0, 
2 1 i . i . 

F = K (PiP j -Pij)y yl = gij(X)Y yl . 

Hence the metric tensor is 
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(4-54) 

Recall that if gij = gij(x), then F is Riemannian. Hence 3n is a Riemannian space 

of non-zero constant sectional curvature given by 

Case (ii): n = 2 .  

From Definition 3 .2. 1 ,  we know that any two-dimensional Finsler space i s  of scalar 

curvature. Contracting equation (3-20) with mi , lj , mk and using (3-22) and (3-23) 

gives 
. . k KF = Rjkmi11m , 

and equation (4-52) yields 

KF = { (Prk8) - pry8k )yr + (Pj8k - Pk8) )Pryr }miljmk , 
which simplifies to 

. k . k . k . k KF = (Prkm /lm -Prjmkflm )yr + (pjmkflm - Pkm/1m )Pryr . 
Relations (3-22) and (3-23) further simplify this expression to 

KF - -P .fjyr + P .fjp yr - lJ 1 r . 

The I j can be eliminated from the above expression by use of equation (2-5) so that 

i .e . ,  
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where i ,} = 1,2 . 

1 . . 
K = 2 (PiP j - Pij) / yl , 

F 
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Now we show that :sn is a Riemannian space of non-zero constant sectional curvature 

when n = 2 . Since F is a Berwald metric, Lemma 2.2.4 shows that F is either locally 

Minkowskian or Riemannian. Recall that if F is locally Minkowskian then Gi = 0, 
which contradicts a hypothesis of Proposition 4.3 . l .  Hence F is a Riemannian metric. 

Further in part (a), we have proved that F is locally projectively flat, which implies 

that F is a locally projectively flat Berwald metric. Hence from Theorem 4.2.6, F is a 

Riemannian metric of non-zero constant sectional curvature. 

(e) 

Since :sn is a Riemannian space, it must be metric compatible with the Riemannian 

connection. This means that 

agij r r -k- - grjrik - girrjk = ° 
OX 

(4-55) 

(equation (2- 1 5» , and the coefficients of the Berwald connection coincide with the 

Christoffel symbols of the Riemannian connection. Equation (4-49) thus implies 

r)k = G�k = PkO) + Pjok . 
Equation (4-55) can thus be written 

i .e. ,  

agij r r ( r r _ -k -grj(Pibk + PkOi ) - gir Pkbj + P jOk ) - 0, 
ax 

ag· ·  lj -k -2gijPk - gkjPi - gikPj = 0. ax 
Differentiating equation (4-54) with respect to xk , 

ag· · 1 1) ( ) -k = K PikPj + PjkPi -Pijk , 
ax 

(4-56) 
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where Pijk = 8pij / axk . From equation (4-54), we can also write 

1 gkj = K (PkPj -Pkj), 

1 gik = K (PiPk - Pik ), 
so that in terms of P equation (4-56) can be written as 

The proof of Proposition 4.3 . 1 is complete. 

RadiaUy Symmetric Solutions 

Proposition 4.3 . 1  can be used to construct examples of Riemannian metrics of constant 

sectional curvature. Specifically, we can obtain such examples from solutions P to the 

system of partial differential equations (4-39). In this section we consider a special class 

of solutions called radially symmetric solutions. 

Let 

(4-57) 

and it is assumed that P has continuous partial derivative of at least third order. Now, 

we seek solutions to 

Tijk [P] = 0 
of the form P = p(fjJ), where 

1 i · 1 2 fjJ = 2 t5ijx xl = 2" ' X '  , 

(4-58) 

i. e., radially symmetric solutions. We thus seek radially symmetric solutions P to a 

system of third order partial differential equations (4-58) such that P is a smooth 

function of fjJ and equation (4-58) is satisfied for all values of i, j, k  E {1 ,2, . . .  ,n} . 
Now, 
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Pij = p"((J)8imxm 8j/x/ + p'(fjJ)8ij , 

= p"(fjJ)xi xj + p'((J)8ij, 
. .  k . . k Pijk = p"'((J)xl xl x + p"(fjJ) {xI8 jk + xl8ik + x 8ij} ,  

where p'(fjJ) denotes dp/dfjJ, so that 

Tijk[P] = xi xj xk {p"'(fjJ) + 4 p'((J)3 - 6p"(fjJ)p'(fjJ) } 
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+ (XiOjk + Xj8ik +xk8ij) {p"(fjJ) - 2p'(fjJ)2 } . (4-59) 

Lemma 4.3.2 

If p(fjJ) is a solution to (4-5 8) for all i,j,k E {1,2, . . .  ,n} then p is a solution to the 

third order ordinary differential equation 

p"'(fjJ) + 4 p'(fjJ)3 -6p"((J)p'(fjJ) = O. (4-60) 

Proof: 

. .  k . . k We know that the coefficients of Xl xl x and (xl8jk + xl8ik + x 8ij ) in (4-59) are 

invariant under index permutations. If n > 2 then we make the special choice 

i -::1= j -::1= k so that 8 jk = oij = 8ik = 0 and hence equations (4-59) and (4-58) imply 

Xi xj xk {p"'(fjJ) + 4 p'(fjJ)3 - 6p"(fjJ)p'(fjJ) } = 0 

for all xi xj xk in some neighbourhood of Xo E Rn . Since p is a smooth function 

of fjJ, the above expression gives 

p"'(fjJ) + 4p'(fjJ)3 - 6p"(fjJ)p'(fjJ) = O. 
For n = 2, we take i = j = k = 1 .  Then equations (4-59) and (4-58) imply 

(XI )2 {p"'(fjJ) + 4 p'(fjJ)3 - 6p"(fjJ)p'(fjJ)} + 3{p"(fjJ) - 2p'(fjJ)2 } = O. 
Similarly, taking i = j = 1 and k = 2 gives 

(XI )2 {p"'(fjJ) + 4p'((J)3 - 6p"(fjJ)p'(fjJ)} + {p"(fjJ) - 2p'(fjJ)2 } = O. 
The above two expressions yield (4-60). 
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Corollary 4.3.3 

If p(t/J) is a solution to (4-58) for all i ,j,k E {1,2, . . .  ,n} then 

p"(t/J) - 2p'(t/J)2 = 0. (4-61 )  

Proof: 

The differential equation (4-61 )  immediately follows from (4-60) since equation (4-59) 

reduces to 

and we can choose i,j,k such that i = j * k as a special case exploiting the 

invariance of the coefficients. 

Lemma 4.3.4 

Let p be a three times differentiable solution to equation (4-6 1) .  Then p is also a 

solution to equation (4-60). 

Proof: 

Equation (4-61 )  implies 

p"(t/J)p'(t/J) = 2p'(t/J)3 , 
and since p is three times differentiable we have also that 

p"'(t/J) - 4p"(t/J)p'(t/J) = 0, 
by differentiating both sides of (4-6 1 )  with respect to t/J. Therefore, 

p"'(t/J) + 4p'(t/J)3 - 6p"(t/J)p'(t/J) 

= 4p"(t/J)p'(t/J) + 2p"(t/J)p'(t/J) - 6p"(t/J)p'(t/J) = 0. 
In summary, we have the following result: 

Theorem 4.3.5 

If p(t/J) is a solution to equation (4-58) for all i, j, k E {1,2, . . .  ,n} then p(t/J) is a 

solution to equation (4-61) .  Moreover, if p(t/J) is a solution to equation (4-61 )  then 

p(t/J) is a solution to equation (4-58). 
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Note that the final statement follows immediately since the coefficients are identically 

zero. 

Solutions of the equation (4-61) 

We now solve equation (4-61). Evidently p'(tjJ) = 0 is a solution, though it will not 

lead to a useful metric for our problem. Suppose that p'(tjJ) '* O. Then equation (4-61 ) 
can be recast in the form 

consequently, 

p"(tjJ) = 2p'(tjJ) "  
p'(tjJ) 

, 

lnlp'(tjJ)1 = 2p(tjJ) + c, 
where c is a constant of integration. The above relation implies 

p'(fjJ) = ce2p(t/J) , 

� c 0 where c = e '* and hence 

l .e., 

� e -2p dp = dtjJ, c 

1 -2p tjJ --e = + c1 2e ' 

where Cl is a constant of integration. Solving the above equation for p gives 

1 P = --In(AtjJ + B), 
2 

(4-62) 

where A( '* 0) and B are constants of integration. Substituting 2tjJ =1 x 12 and 

differentiating (4-62) with respect to xi , we also have 

where A = 2B / A. Note that since p is a smooth function of tjJ, from equation (4-62) 
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Now we calculate F using equation (4-38). We have 

PiP j -Pij = p'(t/J)2 0imXm b jlxl -�"(t/J)OimXm OjlX1 + p'(t/J)Oij) 
= �'(t/J)2 -P"(t/J)�imXmbjlXl - p'(t/J)8ij , 

so that from equation (4-61 )  we see that 

and hence 

PiPj -Pij = _p'(t/J)20imXmOjlxl - p'(t/J)Oij, 

F2 = -Pit/J) {bij + p'(t/J)bimXm8jlx1 }yi yj 

= -p'(fjJ) { l y l2 +p'(fjJ)(x, y)2 } . K 
Differentiating (4-62) with respect to fjJ gives 

Hence 

2 where we have used 2fjJ =1 x l . 
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4.3. 1 Examples of Riemannian metrics of non-zero constant sectional 

curvature 

Example (i) 

If K = -1 and A. = -1 then we have 

I .e. ,  

2 2 
F2 = I y l + (x, y) 

l- l x l2 (l- l x I2 )2
' 
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where Y E T  pBn == Rn. This i s  the Klein metric defined o n  the unit ball Bn in Rn 

stated in [Sh2]. 

Example (ii) 

If K = 1 and A. = 1 then we have 

I .e., 

2 2 
F2 = l y l _ (x,y) 

1 + 1 x 12 (1 + 1 x 12 )2 ' 

where y E  TpRn == Rn This is the Riemannian metric given by [Sh2]. 

The next lemma provides an alternative method of calculating geodesic coefficients of 

some Riemannian metrics of non-zero constant sectional curvature rather than using (2-
1 7), which involves finding the inverse Finsler metric tensor. 

Lemma 4.3.6 

Let 3n = (M, F) be a Riemannian space defined on a underlying manifold M of 

dimension n and let 

(4-63) 

where J.1 is a non-zero constant, and p = p( x) is a scalar field defined on M that 

satisfies equation (4-39). Then 

(4-64) 

and the curvature of 3n is 1/ f.J . 
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Proof: 

Recall that 

(equation (2- 1 7» . Equation (4-63) shows that 

and 

Now, 

8Jf2 . . 
-k- = f.1(PikP j + PiP jk -Pijk ) y' yl , 
8x 

= 2f..l(PkP . - pin )yj . .I ":1 

and contracting this expression with yr gives 

Replacing i by r in (4-66) then subtracting (4-66) from (4-67) gives 

a (8Jf2 ] r aJf2 . r -r -k- Y --k- = f..l(PkrPj + 2PkPjr - PrPjk -Prkj)yJy 
ax ay ax 

Substituting (4-68) into (4-65) yields 

. 1 ·k . 
G1 = 4 f.1g

1 (2PkP jr - Prkj )yl yr . 

82 

(4-65) 

(4-66) 

(4-67) 

(4-68) 
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The function Prkj can be eliminated from the above expression by use of equation (4-

39). We thus get 

. P k . G1 = "2 gl (2PrPkP j -P jkPr = PrkP j )yl yr 

ik( ) j r = pg PrPkPj - PjkPr Y Y . 

We know that the metric tensor of :sn is given by 

gkr = P(PkPr -Pkr ), 

and contracting gkr with gik gives 

hence, 

ik 1 i ik PkPrg = -8r + Pkrg f.J 
The above expression and equation (4-69) imply 

d = Jl{PjG 0; + ik Pier )_gik PjkPr }yjyr 
. .  k . 

= Pjyl yl + pgl (PjPkr _ PjkPr )yl yr 
= pryr yi . 

Hence equations (4-38) and (4-63) imply 

K =!. 
f.J 

(4-69) 

We use Lemma 4.3 .6 to find geodesic coefficients of the Riemannian metrics found in 

Examples 4.3 . l .  
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Examples 4.3.2 

Example (i) 

84 

We consider the Riemannian metric found in Example (i) of Examples 4 .3 . 1 ,  where 

2 2 
F2 = I y l + (X,Y) . 

l- l x l2 (1- l x I2 )2 
. . k ' . 

8ij yl yl 8 JdbrjX x
r yl yl 

- + --�-------
1- 1 X 12 (1- 1  X 12)2 

For this example, note that 

Now, 

so that 

8· · 
- lj Pij - 2 + 2PiPj, I- I x I 

2 i . 
F = (Pij - 2 Pi P j + PiP j)Y yl 

= -(PiPj -Pij)yi yj . 
Lemma 4.3 .6 implies f.1 = -1, and 

therefore, 

b xk r i 
Gi = Pr yr yi = rk Y Y ; 

l- I x f 

Gi = (x,y)y
i 

I- l x l2 
. 

1 
The sectional curvature is K = - = -1 .  

f.1 

(4-70) 

(4-71)  
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Example: (ii) 

Similarly, the Riemannian metric in Example (ii) of Examples 4 .3 . 1  gives 

2 i . F = (PiP) -Pij)y yJ , 
where 

Lemma 4.3 .6 implies J..l = 1, and 

Gi = _ (x, y)y
i 

1+ 1 x 12 ' 
and the sectional curvature is K = 1 . 

Example: (iii) 

Consider the following Riemannian metric. 

F = �I Y I2 -&(l x f 1 y I2 _(x, y)2 ) 
1 - & 1 x 12 ' 

where & > 0 and 1 x 12 < 1/ & .  Then 

For this example, 

and 
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(4-72) 
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&8· · 
Pij = lj 2 + 2PiPj · I - & I x l 

Then 

Using Lemma 4 .3 .6, we have 

. 1 
Smce Jl = - - , & 

. &8 . xjykyi G1 = -=l,--k __ _ 
1 - &  I x  12 

1 K =-= -& , 
Jl 

&(x, y)/ 
1 -& I x  12

. 

where K is the non-zero constant sectional curvature of F. 

86 
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Chapter 5 

Randers Space 

5.1 Randers Metric 

The Randers metric is a special Finsler metric that arises in general relativity. This 

metric was introduced by G. Randers in 1 941  [Ra] . The Randers metric has the 

following form 

F = F(x,y) = a(x,y) +  P(x, Y), 

where a(x, y) = �aij(x)yi yi is a Riemannian metric on the n-dimensional 

differentiable manifold M, and P(x,y) = bi (x)dxi 
is a one-form on M. Here, 

bi (x) is a covariant vector field defined on M. We also need to have the following 

condition for Randers metric tensor to be positive definite. 

�aijb.b . < 1 1 } ' (5- 1 )  

where (aij) i s  the inverse of (aij )' The space ,3n = (M, F = a + P) is  called a 

Randers space of dimension n, and the space (M, a) is called its associated 

Riemannian space. The Funk metrics on the unit ball given by (3-33) are examples of 

Randers metrics, where a is the Klein metric given by example (i) of Examples 4.3 . 1 .  

Further details are given in [BaChSh], [Shl ], [Sh2] and [AIM]. 
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Defmition 5.1 . 1  

The one-fonn P is  said to b e  parallel with respect to a if 

where rb denote the Christoffel symbols of a. 

In 1 979, S. Kikuchi proved that a Randers metric F = a + P is a Berwald metric if 

and only if P is parallel with respect to a [Ki]. This characterization is useful for 

determining the Randers metrics that are also Berwald metrics. 

Definition 5. 1 .2 

The one-fonn P is said to be closed if bil} - b }Ii = O. In other words, P is closed if 

(5-2) 

In 1 997, S. Bacso and M. Matsumoto proved that a Randers metric F =a  + P is a 

Douglas metric if and only if P is closed [BaMa2]. 

Relationship between the geodesic coefficients of the Randers space 

and its associated Riemannian space 

Let G i and Gi be the geodesic coefficients of F = a + f3 and a respectively. Then 

equation (4-4) gives the general relation between Gi and Gi as follows. 

-i i Fikyk i F l) 
. . {aFjk k } G =G  + y + -g -. Y -Fj ' 2F 2 ay} } , (5-3) 

where Fik denotes the horizontal covariant derivative of F on the Riemannian space 

(M,a). 
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Now, taking the horizontal covariant derivative of F with respect to a gives 

According to Lemma 2.2.2, alk = 0 on (M,a); moreover, equation (2-34) shows that 

i Y �=O . 

Since p == bi yi , we thus have 

Differentiating (5-4) with respect to yj and contracting with yk gives 

BFjk k k -. Y = b 'lkY By} } 
Replacing k by j and i by k in (5-4) gives 

Fjj = bkljyk , 
and subtracting (5-5) and the above expression yields 

BFjk k k k k -. Y - Fjj = bj lkY - bk ljY = (bj� - bk lj )Y . ay) 

Hence, the relationship between G i and Gi is 

. k . . b 'Ik y} Y . F . .  k G 1 =G1 + } / +-glJ(b 'Ik - bk l ' )Y . 2F 2 } } 

Special Cases 

(i) 

(5-4) 

(5-5) 

(5-6) 

(5-7) 

If P is closed, i.e. ,  b jlk - bk lj == 0, then from equation (5-6) and Theorem 4. 1 .2, 

(M, a) is projective to (M, F), and equation (5-7) implies 

. k 
G i == Gi + b jlk;:} Y yi . 

2F 
The projective factor of the projective change a � F is thus 

(5-8) 
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(ii) 

. k b 'lkyJy p = J . 
2F 

If P is parallel with respect to a, i.e., bi1j = 0, then 

-i _ i _ I i j k G - G - 2
rjkY y , 
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(5-9) 

where r.�k are the Christoffel symbols of a. Definition 2.2.3 shows that in this case 

F = a + P is also a Berwald metric. 

In 1 980, M. Hashiguchi and Y. Ichijyo found the following necessary and sufficient 

conditions that a Randers space is projective to its associated Riemannian space [Halc] . 

Theorem 5.1.3 ([Halc]) 

For a Randers metric F = a + p, P is closed if and only if (M ,F) is projective to 

(M,a) . 

Theorem 5.1.4 ([BaMa2]) 

A Randers metric F = a + P is a Douglas metric if and only if f3 is closed. 

The next theorem is a direct consequence of Theorem 5 . l .4 .  Note that the proof is 

provided by the author. 

11!eorem 5.1.5 

A Randers metric F = a + f3 is locally projectively flat if and only if P is closed and 

a is locally projectively flat. 

Proof: 

Suppose that F = a + P is locally projectively flat. Equation (4-8) implies 
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Now, 

and similarly 

2 a F k - O  -
Bx
-i - a/axk 

y 
- . BF 

BF a Ba ab)· . -. =-. (a + p) =-. +-. yJ , Bx1 ax1 Bx1 Bx1 

Differentiating the above expression with respect to yi gives 

and equations (5- 1 0), (5-1 1 )  and (5- 12) thus imply 

Ba. + ab� yk _( a�a + Bbi Jyk = 0, 
ax1 ax1 ayl Bxk axk 

Ba _ a2a yk + (abk _ abi )yk = 0 
Bxi a/ axk axi axk 

. 
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(5- 10) 

(5- 1 1) 

(5- 12) 

(5- 1 3) 

By hypothesis F is locally projectively flat; consequently, the Douglas tensor of F is 

equal to zero by Theorem 4.2 .5 .  Therefore F is a Douglas metric, and Theorem 5 . 1 .4 

shows that P must be closed so that equation (5- 13)  reduces to 

aa 

hence Lemma 4 . 1 .3 shows that a is locally projectively flat. The converse also follows 

easily. 

Remark: In Riemannian geometry, Beltrami showed that a Riemannian metric is 

locally projectively flat if and only if it is of constant sectional curvature. Combining 

this with Theorem 5 . 1 . 5 we can conclude that a Randers metric is locally projectively 

flat if and only if the Riemannian metric is of constant sectional curvature and P IS 
closed. 
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Notation 

The following notation will be used frequently in our discussion ofRanders metrics: 

ab · k b ·1 . = _1 - b,.f' . . I J axJ /(, lj '  

where rj are the Christoff'el symbols of a; 

sj = aik skj ' 

where (aik ) is the inverse of (ajk ); 
1 rij = 
2 
(bilJ + b Jld, 

eij = rij + bjsJ + bJsj , 

11 b 1 1= �aijbjb J < 1 .  

Theorem 5. 1.6 ([Si]) 

Let 3n = (M , F  = a + fi) be a Randers space of dimension n � 2. Then, 

( a) ::In has constant negative flag curvature K and S j = 0 if and only if 

( 1 )  The Riemannian space (M, a) is of negative constant sectional curvature 

J.i = _A2 , where A is a non-zero constant, 

(2) b ·1 . - A(a · ·  - b·b . ) I J - lj I J " 

A2 
In this case we have K = - - and the Randers space is called an RCG-space. 

4 

(b) ::In is flat (i.e., K = 0 )  and Si = 0 if and only if it is a locally Minkowski space. 

92 
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( c) 3n has constant positive flag curvature K and si = 0 if and only if 

( 1 )  The Riemannian curvature tensor R of the associated Riemannian space 

(M ,a) satisfies the relation 

2 Rhijk = K(l- II b 1 1  )(aijahk - aikahj ) + K(aijbhbk - aikbhb j ) 

- K(ahjbibk - ahkbib j ) - biljbhlk + bilkbhlj + 2bhlib jlk · 
(2) 1 1  b 1 1  is a constant. 

(3) b = bi (x) is a non parallel Killing vector field. 

In this case Randers space is called an RCT -space. 

Remark: 

The " RCG " stands for Randers space of constant curvature with gradient� the " RCT " 

stands for Randers space of constant curvature with translation. 

As we mentioned in chapter 3 .3, the Funk metrics on the unit ball in Euclidean space 

are Randers metrics with constant flag curvature [Sh8]. However the author could not 

find the proof in there. Therefore we prove this result using example (i) of Examples 

4 .3 . 1  and Theorem 5 . 1 .6, 

Lemma 5.1.7 

Let 

and 

13 = + (x,y) 
- I- I x 12 ' 

Then :sn = (M ,F  = a ± 13) are locally projectively flat Randers spaces of constant 

flag curvature defined on the unit ball Bn = {x E Rn , I x 1< I} . 
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Proof: 

Now, recall that a is the Riemannian metric with constant sectional curvature, - 1  (cf 

example (i) of Examples 4.3 . 1 ). Hence the equation (4-70) gives the Riemannian metric 

tensor 

where 

It is also clear that 

k 8 'kx p ' _ ---=.:1-,,--_ 1 - 1- 1 x 12 . 

(5- 14) 

(5- 1 5) 

Let us show that 3n is of constant flag curvature using the part (a) in Theorem 5 . 1 .6 .  

Since a is the Riemannian metric with constant sectional curvature, J.i = -1, the 

condition ( 1 )  of (a) in Theorem 5 . 1 .6 implies 

A = ±1 .  
We first consider the case, where A = 1 and bi = Pi ' We now show that the condition 

(2) of (a) in Theorem 5 . 1 .6 is valid. The bili can be expressed as 

ab· k b · l · = _1 - bkr . . I J  " l) ' ax' 
k where rij are the Christoffel symbols of a. From (4-71 ), we have geodesic 

coefficients of a given by 

Differentiating this expression with respect to yi and yi gives (cf equation (2-3 1 )) 

Hence 

k k k k Gij = PiOi + P/Si = rij '  

bili = Pij - 2PiP j ­

Since A = 1 and bi = Pi , from (5- 14), 

A(a · ·  - b·b . ) - p . .  - 2p · p · l) 1 J - l) 1 J ' 

(5- 1 7) 
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and we thus have condition (2) of (a) in Theorem S . 1 .6 .  Note that for 2 = -1 and 

bi = Pi , the condition (2) of (a) in Theorem 5 . 1 .6 is not valid. Therefore we next 

consider the case A = -1  and bi = -Pi ' Similarly, for A = - 1  and bi = -Pi , 
k k b· , · - -p . .  + P'k (p·5 · + P ·5· ) I ) - 1] 1 ) ) 1 , 

= 2PiPj - PiJ ' 
Since 2 = -1 and bi = -Pi , from (5- 14), 

A(a· · - b·b . ) - 2p·p . -p . .  1] 1 )  - 1 )  1] '  

Then from equation (5- 18) and the above expression give 

b·, . - A(a · ·  - b·b . ) 1 ) -
1] I ) ' 

(5- 1 8) 

Since conditions ( 1 )  and (2) hold in (a) of Theorem 5 . 1 .6, this shows that .:sn is of 

1 
constant flag curvature, K = -- ,  and 

4 
(5- 19) 

8p' 8p ' 
\Ve know that from (S-I5) __ I. - � = 0, hence (S-2) shows that f3 is closed. Since 

8x) 8Xl 
a has constant sectional curvature and f3 is closed, the remark of Theorem 5 . 1 . 5 

indicates that F is locally projectively flat given by 

(5-20) 

We now consider the condition (5- 1 )  for a Randers metric tensor to be positive definite, 

namely, 

(5-2 1)  

To simplify the above condition first we need to find aiJ . Equation (S- I4) gives 

Differentiating (5- 1 5) with respect to xj gives 
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and therefore 

Equation (5- 1 5) yields 

Let 

- I [ bribmjXr xm 

J ai) - 2 bi) + 2 '  I- I x l I- I x l 
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(5-22) 

where (bi) ) is the inverse of (bi) ) . We show that (ai) ) given by (5-22) is the inverse 

of (ai) )' i.e., 

M 1 ·  1 . b ik .  u tIp ymg ai) y a gIves 

l .e., 

= b� . } ' 

hence, (ai) ) is the inverse of (aij )' Using equations (5- 1 5) and (5-22), we see that 
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and since oiJ Ori = 0/ and 0/ xr = xi , this expression simplifies to 

k . . k · . . Okjx xl -0 ·x' X10k·X xl lj _ . n g a PiPi - 2 I- I x l  

In addition, Okjxk xi = 0riX' xi =1 x 12 , so that the above expression reduces to 

Hence from equation (5-21), we require that 

�aiJ PiP) = 1 x 1 < 1 . 
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The resulting Randers metric, F IS thus defined on the unit ball 

Similarly, for P = -Pi/' we can show that F = a - p, is also defined on the unit 

ball Bn. 

5.2 Non-Riemannian Curvatures of Randers Metrics 

The non-Riemannian curvature properties of Randers metrics were studied by Z. Shen 

and X. Chen in [Sh1] [Sh2] [ChSh1] [ChSh2]. Throughout this dissertation we use the 

following notations. E, J, 1 denote the E-curvature, the mean Landsberg curvature, 

the mean Cartan torsion respectively, which are defined in chapter 3 .3 ,  and h is the 

angular metric of F given in Definition 2. 1 .5 .  According to [Sh1 ], the S-curvature of 

F = a + P is given by 

(5-23) 
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where 

(5-24) 

We summarize some key results that relate non-Riemannian curvatures of Randers 

metrics in this section. The proof of these results can be found in [ChSh2].  

Theorem 5.2. 1 

Let F = a + P be a Randers metric on an n-dimensional manifold M, and let 

e = e(x) be a scalar function on M. The following are equivalent: 

(a) J + eFI = 0; 
(b) S = (n + l)eF and P is closed. 

1 
(c) E = -en + l)ch and P is closed. 2F 

. .  
2 2 (d) eij yl yl = 2e( a - P ) and P is closed. 

As we mentioned in chapter 3 .3, the Funk metrics are well-known examples for 

constant S-curvature and constant E-curvature. We prove this result by using above 

Theorem. Note that the following proof is provided by the author. 

Lemma 5.2.2 

The Funk metrics defined in (5-20) have the following properties: 

. 1 (1) S = ±-(n + l)F; 2 
1 

(ii) E = ±-(n + l)h; 
4F 

1 
(iii) J ± -FI = O. 2 
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Proof: 

We first show these results for the case 

Let us show that the condition (d) in Theorem 5.2. 1 is valid for the above F. Using the 

notation of chapter 5 . 1 , recall that 

eij (x) = 'lj + bisj + bjsi , 
where 

1 r, . . --(b·, ' + b ·, · )  ij - 2 I J ) 1 · 

Equations (5- 1 7) and (5-19) imply 

eij = Pij - 2 Pi P j - (5-25) 

Now, 

2 2 i · i . 
2e(a - p ) = 2e{aijY yJ - biy bjyJ } .  (5-26) 

Substituting (5- 14) and (5- 16) into (5-26) gives 

2 2 i · i . 
2e( a - p ) = 2e{ (Pij - PiP j ) Y yJ -Pi Y P j yJ } 

= 2e(Pij - 2PiPj )yiyj ; 
hence equation (5-25) implies 

eijyi yj = 2e(a2 - p2 ) 

if and only if e = 1 / 2 . Recall that p is closed (ef Lemma 5 . 1 . 7) and we thus have the 

condition (d) in Theorem 5.2. 1 .  Therefore, Theorem 5.2. 1 shows that 

and 

1 S = - (n + l)F, 2 
1 E =-(n + l)h 
4F 

1 J + -FI = 0. 2 
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Similar arguments can be used to show these relations with negative sign for the other 
Funk metric. 

5.3 Projectively Flat Randers Metrics with Isotropic S­

Curvature 

It is well known that all locally projectively flat Finsler metrics have scalar curvature 
[Be5] [Be6]. Since Randers metrics are special Finsler metrics, all locally projectively 
flat Randers metrics also have scalar curvature. In Lemma 5 . l .7 and Lemma 5 .2.2, we 
proved that the Funk metrics are locally projectively flat Randers metrics with constant 
flag curvature and constant S-curvature. It has been proved that all Randers metrics of 
constant flag curvature have constant S-curvature [BaRo] . However, not all locally 
projectively flat Randers metrics are of constant flag curvature. Some of them are of 
scalar curvature with isotropic S-curvature. This problem was studied by X. Chen, X. 
Mo and Z. Shen in 2003 . They classified locally projectively flat Randers metrics with 
isotropic S-curvature [ChMoSh] . But locally projectively flat Randers metrics with 
scalar curvature may or may not have isotropic S-curvature. Example 5 . 3 .2 illustrates 
such a metric that has scalar curvature but does not have isotropic S-curvature. 

Scalar curvature of a locally projectively flat Randers metric 

Let F = a + P be a locally projectively flat Randers metric and K be the scalar 
curvature of F. Since F is locally projectively flat, from the remark of Theorem 5 . 1 .5 , 
we know that a is a Riemannian metric with constant sectional curvature and P is 

closed. Let Gi and Gi be the geodesic coefficients of F and a respectively. Using 

the equation (3-2) and replacing Gi by Gi , we have 

Since P is closed, using equation (5-8) the above expreSSIOn simplifies to the 
following result given in [Sh l ] . 
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where 
k . 

tjJ = bklJY yl , 
. .  k f// = bilJlk yl yl Y , 

hi = 81 - zkzi , 

TJk = -(brIJlk - brlk lJ )y
r yJ . 

Substituting k = i into (5-27), since hf = n - 1 and TJiyi = 0, gives 

Equation (3-8) with r = k = i yields 
-i 2 Ri = (n - l)KF , 

. 2 Ri = (n - 1),ua , 
and relation (5-28) thus gives 

provided n "* 1 .  
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(5-27) 

(5-28) 

(5-29) 

Scalar curvature of a locally projectively flat Randers metric with 

isotropic S-curvature 

Consider a locally projectively flat Randers metric F with isotropic S-curvature, i .e., 
S = (n + l)c(x)F, 

where c(x) is a scalar function on M. We determine tjJ and If/ in terms of a, p 
and c. Theorem 5 .2. 1 indicates that 

(5-30) 

where 
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(5-3 1) 

Since P is closed, bill = b l!i ; therefore, si} = 0 and hence si = 0 and S 1 = O. In 

addition, 

Consequently, equation (5-3 1 )  implies 
ei} = bill ' 

so that 

e - _yiyl - b.! _yiyl 
Y - 1 J . 

Equation (5-30) implies 

and therefore 

(5-32) 

Taking the horizontal covariant derivative of t/J with respect to a and contracting with 

yk we get 
k i - k �kY = bi!J!kY yJ Y = fjI. 

From equation (5-32) we also have 

so that 

where 

and 

Since c = c(x), 

ri J ri 
/gy = k · 

(5-33) 
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Now, 

8c Clk =-k = C k · 8x x 

2 
fJ

2 2 2 (a - )Ik = a Ik - P Ik = 2aaVc - 2fJ/3jk > 
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(5-34) 

and since " I " is the horizontal covariant derivative with respect to the Riemannian 
metric a, 

so that 

(5-35) 

Substituting (5-34) and (5-35) into (5-33) yields 
k k 2 2 i k �kY = 2Cxk Y (a -fJ  ) + 2c(�2fJbilkY Y ), 

and relation (5-32) gives 

Equation (5-29) now enables us to determine the scalar curvature of a locally 
projectively flat Randers metric with isotropic S-curvature in terms of a, p, C and 
J.1. Substituting (5-32), (5-36) and F = a + fJ into (5-29) gives 

KF2 = J.1a2 + 3c2 (a -fJ)2 - C k yk (a -fJ) + 4c2 pea - fJ). (5-37) x 

X. Chen, X. Mo and Z. Shen used equation (5-37) to give explicit expressions for fJ 
and K in terms of c. They determined the function C according to the sign of the 
sectional curvature of a. A key result is the following classification theorem. 

Theorem 5.3. 1 ([ChMoShD 
Let F = a + fJ be a locally projectively flat Randers metric on an n-dimensional 
manifold M and let J.1 denote the constant sectional curvature of a. Suppose that the 
S-curvature is isotropic so that S = (n + 1 )c( x)F. Then F can be classified as 
follows. 
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(a) If ,u + 4e(x)2 = 0, then e(x) = constant and the flag curvature is K = _e2 . 
( 1 )  if e = 0, then F is locally Minkowskian with flag curvature, K = 0; 
(2) if e ,*  0, then after a nonnalization, F is locally isometric to the following 

Randers metrics on the unit ball Bn c Rn 

F( ) = �I Y 1
2 -(I X 12 1 y 12 _(x,y)2 ) ± (x,y) + (a,Y) x, y  2 - , 

I- I x l I + (a, x) 

n 1 where a E R with I a I < 1 ,  and K = - - . 4 

(b) If ,u + 4e(x)2 '* 0, then F is given by 

2e k (X)yk F(x, y) = a(x,y) - x 2 ' ,u + 4e(x) 

and the scalar curvature of :Jn is given by 

K(x,y) = 3 x + e(x)2 + f.1. 
(e k (x)yk J F(x,y) 

( 1 )  if ,u = -1, then 

_ �I y 12 _(I X 12 1 Y 12 _(x, y)2 ) a(x, y) - 2 '  I- I x l 

In this case, 

e(x) = ..1, + (a,x) 
2�(}" + (a,x»)2 ± (1- 1 X 12 ) 

, 

where A E R and a E Rn with I a 12 < ..1,2 ± 1 .  
(2) if ,u = 0, then 

a(x,y) =1 y I, 

1 04 
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In this case, 
+ 1 c(x) = - , 

2�k + (a, x)+ I x 12 
where k > O and G E Rn with l a I 2 < k. 

(3) if J.i = 1 , then 

a(x, y) = �I y 12 +(1 x 12 1 y 12 _(x,y)2 ) , 
1+ l x 12 

In this case, 

c(x) = & + (a,x) 
2�1+ l x I2 -(& + {a,x»)2 ' 
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The following example of a locally projectively flat Randers metric with isotropic S­
curvature is given in [ChMoSh] . 

Example 5.3. 1 

Let F = a + P and for an arbitrary number & with 0 < & � 1 ,  define 

a = �(1 - &2)(xu + yv)2 + &(u2 + v2 )(1 + &(x2 + y2 )) 
1 + &(x2 + y2 ) 

p = �1 - &2 (xu + yv) 
1 + &( x2 + y2) 

, 

where (u, v) is a vector on R2 at any point p = (x,y) E R2 . Now, 

and hence F is a Randers metric on R2. The scalar curvature of F is 
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The isotropic S-curvature of F is 
S = 3cF, 

where 

106 

So far all known Randers metrics with scalar curvature have isotropic S-curvature 
[Sh1 1 ] .  Motivated by this we define the following Randers metrics to show that some 
Randers with scalar curvature do not have isotropic S-curvature. 

Example 5.3.2 

Let 

and 

P(x,y) = ± (x, y) . 
I-r 1 x 12 

Let us show that F = a ± P are locally projectively flat Randers metrics of (non­
constant) scalar curvature without isotropic S-curvature defined on unit ball 

Bn = {x E Rn , 1 x l < I} . Recall that a is the Riemannian metric with constant 
sectional curvature, 1 (cf Example (ii) of Examples 4 .3 . 1 .  Then (4-72) gives the 
Riemannian metric tensor 

ai) = (PiP) - Pi) )' (5-38) 

where 

(5-39) 
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It is also clear that 

(5�40) 
and i,j, r . . .  = 1, . . .  ,n . Now, 

(5-4 1 )  

and it is clear that Pij = pp . Therefore, P is closed. Equations (5-39) and (5-4 1 )  

indicate that 

(5-42) 

We now show that F is defined on the unit ball Bn using condition (5- 1 ) .  
l .e . , 

(5-43) 

Let 

(5-44) 

where (oij) is the inverse of (Oij). As in Lemma 5 . 1 .7, we can also show that (aij) 

given in (5-44) is the inverse of (aij) by showing that aijaik = oj . Then equations 

(5-39) and (5-44) give 
. .  I x  12 + I x  14 

alJ PiP} = =1 X 12 
1+ l x 12 (5-45) 

Condition (5-43) thus reduces to l x 1 < 1 . Hence, the resulting Randers metric IS 

defined on the unit ball Bn c Rn. 

Using the remark of Theorem 5 . 1 . 5, we know that F is locally projectively flat since 
a has constant sectional curvature and P is closed. It is well known that locally 
projectively flat Finsler metrics have scalar curvature [Be5] [Be6]. We can thus 
conclude that F has scalar curvature. 
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We now find the scalar curvature of F in terms of a and f3. Recall that 

where 

P =_1_ of yk 
2F oxk 

(ef equation (4-37)). We first calculate P in terms of a and p. Now, 

of k oa k 013 k -y =-y +-y ,  
oxk oxk oxk 

and, from equation (5-38) 

so that 

thus, 

Ba . . 
2ak = (PikPj + PjkPi -Pijk )yl yl ; ox 

i . k i . k Since PikP jY yl Y = P jkPiY yl Y , 

oa k i . k 2ak y = (2PikPj -Pijk)y yl y . ox 
Contracting (4-39) with yi , yj and yk gives 

. .  k . . k 6pijPkyl yl Y = (Pijk +4PiP jPk )yl yl Y . 
Equation (5-50) and the above expression imply 

Ba k . .  k aky = 2(PiPjPk -PijPk )ylyly 
Bx 

i ' k = 2(PiPj -Pij )y yl PkY . 
Equations (5-49) and (5-40) simplify the above expression to 
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(5-46) 

(5-47) 

(5-48) 

(5-49) 

(5-50) 



Chapter 5 - Randers Space 

8a k 
-k Y = 2ap. 
8x 

109 

(5-5 1) 

Differentiating p with respect to xk , contracting with yk and using (5-38) and (5-
40) gives 

8� yk = Pikyi yk = p2 _a2 . 
8x 

Equations (5-48), (5-5 1) and (5-52) imply 

(5-52) 

8F yk = 2ap + p2 _a2 , 
8xk 

(5-53) 

and hence equation (5-47) yields 
_ 2ap +  p2 _a2 P = ---''------'-----

2(a + P) 

Differentiating P with respect to xk gives 

_ ( (a + P) 8 
k (2ap + p

2 - a2 ) - (2ap + p2 - a2 ) 8 
k (a + P) 8P _ I I  8x 8x 

8xk - 2 (a + p)2 

Contracting the above expression with yk and using (5-5 1 ) and (5-52), we have 

( 8a 813 8p 8a ) k p-+a-+p--a- y 
& k fuk &k fuk fuk 
-y = 
8xk (a + 13) 

(2ap + p2 _a2 )2 
2(a + p)2 

(2ap + p2 _ a2 )2 
2(a + p)2 

Substituting the above expression and P 2 to equation (5-46) yields 

(5-54) 
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Let us show that K cannot be a constant. Differentiating K with respect to yi gives 

6a2/32 - /34 + 7a4 - 4a/33 + 4a3/3 B - 5 . (a + /3). 
(a + /3) B/ 

. B 2 2 4 4 3 3 Smce, -. (6a /3 - /3 + 7a -4a/3 + 4a /3) 
Byl 

= (12a/32 + 28a3 + 1 2a2/3 - 4/33 ) Ba. 
Byl 

+ (12a2/3 - 4p3 - 12a/32 + 4a3 ) B� 
Byl 

Expanding gives 

and 

(12ap2 + 28a3 + 12a2/3 - 4/33 )(a + p) Ba. 
B/ 

= (24a2/32 + 28a 4 + 40a3 p + 8a/33 - 4/34) Ba. , 
Byl 

(12a2 p - 4/33 - 12ap2 + 4a3 )(a + /3) B� 
ayl 

= (16a3/3 - 16a/33 + 4a4 - 4/34) BP' . ayl 
By a direct computation, 

6a/3(a2 + /32 ) Ba. - 6a2(a2 + p2 ) B� 
BK ayl ayl -

4(a + p)5 

which simplifies to 
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' . aa ap 2 a (a ) SInce p 
ayi 

-a 
fJyi = P 

ayi p 
, 

Now, let us find �(a) . Using a and p given in above we can calculate 
ayl p 

a2 1 y 12 (1+ 1 x 12 ) -= - 1 
p2 (x,y)2 

. 

Differentiating the above expression with respect to yi gives 

a (a ) 1 y 1 a ( 1 y 1 ) 
ayi p = -;; ayi (x,y) . 

1 1 1  

(5-55) 

Now, since 1 y I:;t: 0, if �(a ) = ° then �( 1 y 1 ) = 0. This implies that there 
ayl p ay' (x.y) 

is a function A,(x) such that 1 y 1= A(X)(X,y) . In this case, a = p.J fLeX) , for 

fLeX) > 0, where fLeX) = A,2(1+ 1 x 12) - l . Therefore, 

F = (l + J;wJa. 
fLeX) 

Hence, according to Definition 2. 1 .6, F and a are conformal. Thus from Lemma 2. 1 .3 
(i) F is a Riemannian metric. This gives a contradiction, as a Randers space is 
Riemannian if and only if p = ° [BaChSh] . Therefore, 

Since �(a ) :;t: 0, equation (5-55) shows that 
oyl p 

aK -. :;t: o. 
ay' 

(5-56) 
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This implies that K "*  K(x) or a constant. That is, K = K(x,y). Hence F is of 
(non-constant) scalar curvature. 

We now find the S-curvature of F using equations (5-23) and (5-24). Since f3 IS 

closed, bilj = b jli ; therefore, sij = 0 and hence si = 0 and S j = O. Hence, 

where k r. . 1J are the Christoffel symbols of a. 

k k k k rij = Gij = Pit5j + P jt5i , we have 

8Pi k k e · ·  - b ·l · ---Pk(p·8 · + P ·8· ) 1) - 1 } - 8xj 1 } } 1 , 

where Pi is given in (5-39). Therefore, 

Contracting the above expression with yi and yj gives 

eijyi yj = (Pij - 2PiP j )yi yj . 
Equations (5-39) and (5-41) imply 

Since bi = Pi and bj = Pj' equations (5-24) and (5-45) give 

1 8 I. 2 ) Yi = --. \,ffi(l- I x l ) 2 8Xl 
The above expression simplifies to 

-8·kXk y . _ 1 1 - (1- 1 x 12 ) 
. 

Equations (5-58), (5-59) and (5-23) yield 

Since bi = Pi and 

(5-57) 

(5-58) 

(5-59) 
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S = (n + 1) (x,Y) - I y I . { 
2 } 

1- 1  x 12 2F(I+ I x 12 ) 

1 13 

We now show that F does not have isotropic S-curvature. Recall that if F has 
isotropic S-curvature then 

S = (n + l)c(x)F, 
and hence Theorem 5.2. 1 indicates that 

Equation (5-57) and the above expression imply 
i . 2 2 (Pi) - 2PiPj )y yl = 2c(x)(a -p ). 

. . 2 2 . . 
Since p = Piyl = Pjyl and p -a = pi}yl yl (cf equation (5-52)), we have 

l .e . , 

1 (a2 + p2

J c(x) = - 2 2 ' 2 P - a 

Differentiating c( x) with respect to yi , since c = c( x), gives 

1 .e . , 

( aa ap ] ap p 
ayi 

-a 
ayi = 0 . 

- . (p aa ap ] p2 a (a J Now, 
ayi -a 

ayi = ayi P and thus 
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Since a '# 0 and p '# 0, the above expression implies that 

We have already shown that this leads to a contradiction (cf equation (5-56»). Therefore 
F does not have isotropic S-curvature. 

Similarly, for P = -Piyi , we have the following locally projectively flat Randers 

metric defined on unit ball Bn. 

Replacing P by (-.P) in (5-54) gives the scalar curvature of F as follows. 

_ 6a2 p2 _ p4 + 7 a 4 + 4ap3 - 4a3 p K = --�--�--------�------� 
4(a -p)4 

. 

Replacing p by (-P) in (5-55) gives, 
8K -. '# 0. 
8yl 

This implies that K '# K (x) or a constant. That is, K = K (x, y). Hence F is of 
(non-constant) scalar curvature. 

U sing the same process, as above we can calculate the S-curvature of F. Since 
hi = -Pi , we have 

and hence 
2 e . .  i j - I y I 

ljY Y - 2 . l+ l x l 
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Therefore, the S-curvature of F is 

As before, we can show that F does not have isotropic S-curvature. 

Next we are going to give the answer to the open problem which appeared from a 
theorem in [ChShl ], using an example given in [ChMoShl We first state the theorem in 
[ChShll  

Theorem 5.3.2 

Let F = a + P be a Randers metric on a differentiable manifold M of dimension n. 
Suppose that 
(i) flag curvature, K = K (x) is independent of Y E T  pM. 

(ii) S = (n + l)c(x)F and P is closed. 

Then F is locally projectively flat and K = constant = _c2 � o. 

5.3.3 Open Problem 

The flrst condition in Theorem 5 .3 .2 requires that the flag curvature is independent of 
y. Chen and Shen have raised the question as to whether this condition can be relaxed 
to scalar curvature K (x, y). In other words, let F = a + P be a Randers metric on a 
differentiable manifold M of dimension n. Suppose that K = K(x,y), 
S = (n + 1 )c( x)F and fJ is closed. Does this still imply that K = constant? 

We show that the condition (i) is essential in Theorem 5 .3 .2 by providing a 
counterexample using a Randers metric given in [ChMoSh]. 
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Solution: 

Consider the following Randers metric given in [ChMoSh] . 

where y E TpRn . It is easy to verify that F satisfies equation (4-8). Thus it is a 

locally projectively flat Randers metric on Rn . Hence F has scalar curvature. We first 
calculate the scalar curvature. Since F = a + p, we know that 

and 
a =  I y l, 

p = (x, Y) 
�1+ l x I2 

. 

Since F is locally projectively flat, equation (4-12) gives 

P =_1_ 8F yk 2F 8xk 
Since F = a + p, and a = 1 y I, the above expression reduces to 

Differentiating p with respect to xk and contracting with yk gives 

bijXi yi bkrXr yk 

�(1+ 1 x 12 )3 

Since 1 y 12 = Okjyk yi and (x,y) = Oijxi yi , the above expression implies 

In terms of a and f3, we have 

(5-60) 

(5-61) 
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and hence 

Differentiating P with respect to xk gives 

Contracting the above expression with yk and using (5-6 1 ), we get 

Substituting the above expression and P into equation (4-37), we have the scalar 
curvature of F. 

K = 3(a -13) 
4(1+ 1 x 12 )(a + 13) 

. (5-62) 

We now find the S-curvature. Since 13 is closed, recall that the S-curvature of F is 

i 1 Let us calculate YiY using equation (5-24). Since a = y I , 
hence 

Therefore, the inverse of aij is 

(5-63) 

I .e., 
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Now, 

ijb -b _ _  s:ij 6ikXk 8 jrXr a I ] - U --;===== 
�1+ l x I2 �1+ l x I2 - -

s:ij s: s: j s: J s: _ s: s: r k _ I 12 Since U uik = uk ' UkUjr - urk and urkx x - x , we get 

Hence, 

Contracting the above expression with yi and simplifying, we get 

Next we calculate bi1j/ yj _ Now, 

ab - k b -I - = _1 - bIer- -I ] ,- l) ' ax' 

1 1 8 

(5-64) 

where rb are the Christoffel symbols of a. Since aij = 8ij ., equation (2- 16) gives 

Hence, 

k rij = O. 

ab-b - I iIJ --- -axi 
Contracting the above expression with yi and yJ gives 
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Using (5-6 1 ), we have 

2 2 i . a -f3 biliy yl = 
� 

. 
1+ I x l2 

Relations (5-63), (5-64) and (5-65) imply 

s = (n + l){ (a - f3) + (X, y) } . 
2�1+ l x I2 1+ l x 12 

Using equation (5-60) the above expression simplifies to 

Since F = a + 13, 

s = (n + l){ (a + 13) }. 
2�1+ I x 12 

s = (n + l)F 
2�1+ I x 12 . 

1 19 

(5-65) 

Hence from Defmition 3 . 3 . 5  the above expression implies that F has isotropic S­
curvature, where 

1 c(x) = . 2�1+ I x l2 
Therefore, F is a Randers metric of scalar curvature with isotropic S-curvature and 
hence the conditions in open problem are satisfied by F. Let us investigate whether or 

not K = constant. Differentiating K given in (5-62) with respect to yi gives 
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aK 3p2 a (a J 
ayi 

= 
2(1+ I x 12 )(a + p)2 ayi f3 . 

120 

Since �(a J 
*' ° and f3 *' 0, then a� *' 0 .  This implies that K *' K(x) or a 

ay' P ay' 
constant. That is, K = K(x, y) . Hence, according to this counterexample, the 
conditions in open problem do not imply that F has constant flag curvature. 
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Chapter 6 

Finsler Spaces with (a,fJ)-Metric 

Besides the Randers metrics, there are several Finsler metrics that can be calculated 

from a(x, y) = �aij(x)yi yJ and P(x, y) = b; (x)yi , where a is a Riemannian 

metric and P is a one-form defined on the n-dimensional differentiable manifold M. 

a2 
(i) F = - is called a Kropina metric introduced by V. K. Kropina [Kr] . P 

2 
(ii) F = a was introduced by M. Matsumoto [Ma4]. a -p 

2 
(iii) F = a + L was also introduced by M. Matsumoto [Ma5] .  a 
Each ;:sn = (M, F) is called a Finsler space with (a,,8)-metric. 

The projective changes between a Finsler space with (a,fJ)-metric and its associated 
Riemannian space with the metric a have been studied by several authors [Ma6] 
[Halc] [Sh] . The projective changes between two Finsler spaces with (a,fJ)-metric have 
been studied by [BaMal] [paLe] . However, the classification of locally projectively flat 
Finsler spaces with (a,fJ)-metric of constant curvature is still open [ShlO] .  In this 
chapter, we find necessary and sufficient conditions for each Finsler space with (a,fJ)­
metric to be locally projectively flat and calculate scalar curvature of each locally 
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projectively flat Finsler space with (a,fJ)-metric when a is locally projectively flat. 
Finally we give examples of not locally projectively flat Finsler spaces with (a,fJ)­
metric using the Riemannian metrics and one-forms defined in Lemma 5 . l .7 and 
Example 5 .3 .2. 

6.1 Geodesic Coefficients of Finsler Spaces with (a,fJ)-Metric 

Here we obtain the relationship between the geodesic coefficients of F and a by 

considering each Finsler space with (a,fJ)-metric separately. Let Gi and Gi be the 
geodesic coefficients of F and a respectively. Equation (4-4) implies that 

-i i Fjkyk i F ii( 8Fjk k J G = G + Y + _ g:J -. y - RI ·  
2F 2 ay) } , (6- 1) 

where Fjk denotes the horizontal covariant derivative of F on (M ,a). 

We now find the relationship between Gi and Gi for each Finsler space with (a,fJ)­
metric when P is closed since we will require this condition in section 6.2. 

a2 
Case: (i) F =- .  

P 
Taking the horizontal covariant derivative of F on (M ,a) gives 

Recall that f1Jk = bilkyi and alk = 0 on (M,a) . 
Hence, 

and similarly 
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Differentiating F/k with respect to yj and contracting with yk gives 

Subtracting F/j from from the above expression yields 

If P is closed then equation (6-2) implies 

and hence equation (6-1) shows that 
. k 2 

G i = Gi _ bj1kyly i _ F iJb k r �(a J 2P y 
2 g rlkY Y ayj P 

Special Case: 

1 23 

(6-3) 

If P is parallel with respect to a then from equation (6-2) and Theorem 4. 1 .2, 
(M,a) is projective to (M,F), and equations (6-3) and (2-32) imply 

G i = Gi = � r�k(x)yj yk , 
where r�k are the Christoffel symbols of a. Hence Definition 2.2.3 shows that in this 

case F is a Berwald metric. 
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2 
Case: (ii) F = _a __ a - fJ 
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Taking the horizontal covariant derivative of F on (M,a) and simplifying, we have 

where we have used fJlk = bilkyi and ali = O. Replacing k by j in F!k gives 

a2 i Fjj = 2 biljY . (a - fJ) 
Differentiating Fjk with respect to yj and contract�g with yk gives 

aFjk k k a2 2a i k a ( a ) -. Y = bjlkY 2 + bi lkY Y -. . 
ay} (a -fJ) a - f3 ay} a -fJ 

Subtracting Fjj from the above expression gives 

aFjk k k a i k a a ( )2 ( )2 -. Y -FIJ = (bj/k -bklJ )Y + bi /ky Y -. ay) a -fJ ay} a -fJ 
If f3 is closed then the above expression reduces to 

aFjk k i k a ( a ) -. Y -Fjj = bilkY Y -. ay} ay} a -fJ 
2 

Hence equation (6- 1 )  implies 
. k 2 

c i = ci + bjlkY}Y i + F iJb r k �( a ) 
(6-4) 2(a -fJ) Y 2 g r/kY Y ayj a - fJ 

Special Case: 

As in case (i), it can be shown that if fJ is parallel with respect to a then (M ,a) is 

projective to (M , F) and F is a Berwald metric. 
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2 
Case: (iii) F = a + L . a 
Taking the horizontal covariant derivative of F on (M, a) and simplifying gives 

Replacing k by j in Fjk , we have 

213 i FjJ = -bilJY . a 
Differentiating Fjk with respect to yJ and contracting with yk gives 

aFjk k a (f3J i k f3 k -. Y = 2-. - bilkY Y + 2-b ·lkY . ay) ay} a a } 

Subtracting FjJ from the above expression yields 

aFj� yk _ RI . = 2�(f3Jbilkyi yk + 2 f3 (b .Ik - bk l . )yk . ay) } ay} a a } }  
If 13 is closed then equation (6-5) shows that 

aFjk k a (f3J i k -. y -FjJ = 2-. - bilkY Y , ay) ay} a 
and hence equation (6- 1 )  implies 

Gi = Gi + 13 b . yJ yk yi + Fgij �(f3Jb yr yk 
a2 + 132 }Ik ayJ a rlk . 

Special Case: 
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(6-5) 

(6-6) 

As in case (i) and (ii), if 13 is parallel with respect to a then (M, a) is projective to 

(M,F) and F is a Berwald metric. 
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6.2 Locally Projectively Flat Finsler Spaces with (a,fi}-Metric 

In Riemannian geometry, the Beltrami theorem says that a Riemannian metric is locally 
projectively flat if and only if it is of constant sectional curvature. It was mentioned, in 
the remark of Theorem 5 . 1 .5, that a Randers metric F = a + J3 is locally projectively 
flat if and only if the Riemannian metric a is of constant sectional curvature and the 
one-form J3 is closed. Is this true for other Finsler spaces with (a,fJ)-metric? Can a 
Riemannian metric be of constant sectional curvature and J3 be closed in locally 
projectively flat Finsler spaces with (a,fJ)-metric? In other words, can a Riemannian 
metric be locally projectively flat and J3 be closed in locally projectively flat Finsler 
spaces with (a,fJ)-metric? Motivated by these questions, we prove the following results. 

Theorem 6.2. 1 

Let 3n = (M, F) be a locally projectively flat Finsler space with (a,fJ)-metric, where 

a2 2 13
2 

(a) F = -, (b) F = 
a , (c) F = a + - .  If a is locally projectively flat and 

J3 a - J3  a 

J3 is closed then 3n is either a locally Minkowski space or a Riemannian space of 

non-zero constant sectional curvature given by KF2 = pa2 , where K and p are the 
constant sectional curvature of F and a respectively, F and a are homothetic, 

Ric = Ric and P is parallel with respect to a, where Ric and Ric are the Ricci 
curvatures of F and a respectively. 

We defer the proof, which will be given in three separate parts. First we need necessary 
and sufficient conditions for each Finsler space with (a,fJ)-metric to be locally 
projectively flat. These are presented first as theorems. 
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Theorem 6.2.2 

a2 
Let F = - be a Kropina metric on an n-dimensional differentiable manifold M, 

P 
where a is a Riemannian metric and /3 is a one-form defined on M. Then F is 
locally projectively flat if and only if 

Proof: 

Suppose that F is locally projectively flat Kropina metric. Equation (4-8) implies 

Now, 

�( 8F )yk _ 8F = 0 
8yi 8xk 8xi · 

Differentiating (6-9) with respect to yi and contracting with yk gives 

�( 8F Jyk = 2�(�J 8a yk + 2a �( 8a Jyk 
8yi 8xk 8yi /3 8xk ,/3 8yi 8xk 

(6-8) 

(6-9) 

_ 2a �(a ) 8/3 yk _ a2 8bi yk . (6- 10) 
/3 ayl /3 8xk p2 8xk 

Replacing k by i in (6-9) and substituting /3 = bk (x)yk gives 

8F 2a 8a a2 8bk k -=------y 
8xi P 8xi /32 8xi 

(6- 1 1 )  

Equations (6-8), (6- 10) and (6- 1 1 )  thus imply equation (6-7). The converse also follows 
easily. 
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Theorem 6.2.3 

Let F be a locally projectively flat Kropina metric. Assume that a IS locally 
projectively flat. Then 

�(P)(p _Q) =_1 (ab� _ Bbi )yk , By' a 4a ax' Bxk 

where 

and 

And the scalar curvature of F is given by 

where f..i is the constant sectional curvature of a. 

Proof: 

Since a is locally projectively flat, equation (4-8) implies 

and equation (4-1 2) gives the projective factor 
p = _l_ Ba yk 2a Bxk 

(6- 12) 

Since F is locally projectively flat, we have equation (6-7). Hence equations (6-7) and 
(6- 12) imply 

2�(a ){ Ba _� BP }yk = _ a2 (Bb� _ Bbi )yk . 
ay' P Bxk 

P 
Bxk p2 BX' Bxk 

Using the definitions of P and Q gives 
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We now calculate the scalar curvature of F. 

Since F is locally projectively flat, equation (4- 12) gives the projective factor 

Using equation (6-9), we see that 

P = (! 8a __ 1_ 8f3 Jyk = 2P -Q. a 8xk 2f3 8xk 
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(6- 13) 

(6- 14) 

Since F is locally projectively flat, equation (4-37) gives the scalar curvature of F as 
follows. 

Equation (6- 14) and the above expression thus imply 

KF2 = (2P _Q)2 _�(2P _Q)yk . 
8xk 

= 4p2 _ 4PQ +Q2 - 2  8P yk + 8Q yk . 
8xk 8xk 

(6- 1 5) 

Since a is locally projectively flat, equation (4-37) gives the constant sectional 
curvature of a as follows. 

2 p2 8P k f..1a = --y 
8xk 

The above two expressions show that 

The proof is complete. 

We are now in a position to prove Theorem 6.2. 1 (a). 

(6- 16) 

(6- 17) 
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Proof of Theorem 6.2.1 (a): 
If P is closed then equation (6- 1 3 )  implies 

�(PJ(P - Q) = O. al a 

For this we consider the following two cases. 

Case (i) 
Suppose that P = Q.  Hence equation (6-1 4) shows 

Since F and a are locally projectively flat, equation (4-1 1 )  gives 

G i = pyi , 

and 
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(6- 1 8) 

where G i and Gi are the geodesic coefficients of F and a respectively. Since 
P = P, we have 

This implies that F is a Berwald metric (cf case (i) in section 6. 1 ). Hence F IS a 

locally projectively flat Berwald metric. By Theorem 4.2.6, 3n is either a locally 
Minkowski space or a Riemannian space of constant sectional curvature. 

If 3n is a locally Minkowski space then recall that G i = 0, and hence Gi = O. This 

shows that P = P = O. Therefore, equations (6- 1 5) and (6- 16) imply K = f.1. = O. 

If 3n is a Riemannian space then using equation (6- 1 7) and P = Q gives 

Hence equation (3-9) implies that 
Ric = Ric, 

where Ric and Ric are the Ricci curvatures of F and a respectively. 

(6- 19) 
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2 
Since F = �, from equation (6- 1 9) we have 

p 

Since K is a constant, differentiating K with respect to yi gives 
8� = 

2f.lp �(P) = o. 
8/ a 8yl a 

Since f.l * 0, a * 0 and p "# 0, we have 

�(p) = o. 
8yl a 

Hence if P = Q then �(p ) = O. 
8/ a 

Remark: 

l 3 1 

If f.l = 0 then from equation (6- 1 9) K = O. That is, F is a Riemannian metric of zero 
curvature. It is known that every Berwald metric with zero curvature must be locally 
Minkowskian (cf [AIM] [BaChSh)). Since Riemannian metrics are special Berwald 

metrics, we can say that ,3n is a locally Minkowski space. This gives a contradiction. 
Therefore, f.l * O. 

Case (ii) 

Assume that � (p) = O. That is, there is a function 2( x) such that p = .,1,( x )a. 8yl a 

Then, 

a2 1 F =-=--a 
p 2(x) 

, 

and hence according to Definition 2. 1 .6, F is conformal to a. Let 
F = 'f/(x)a. 
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Since �(f3J = 0, we have 
Byl a 

The above expression implies that 
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Now, f3 is closed and �(a ) = 0; hence equation (6-2) and Theorem 4. 1 .2 implies 
By} f3 

that (M,a) is projective to (M,F). Therefore, Lemma 2. l .3 shows that 'I' is a 
constant and F must be Riemannian. 
l .e . , 

F = lfIa. 
Since F is locally projectively flat, equation (4- 12) gives 

P _ _ 1_ BF k - 2F oxk Y 

Substituting (6-20) into the above expression gives 

Therefore, equation (6- 14) implies 
P = Q. 

Hence if �(f3J = 0 then P = Q. 
Bl a 

Thus from case (i) and (ii), we have both �(f3J = 0 and P = Q. 
Byl a 

Further, using relations (2-2) and (6-20) gives 

gij( x) = '1'2 gij( X), 

(6-20) 
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where gij and gij are metric tensors of F and a respectively, and hence relation (2-
1 4) indicates that F and a are homothetic. 

We now show that P is parallel with respect to a. 

Since Gi = d and a;j (; ) = 0, equation (6-3) implies 

. k . bJ1ky} Y yl = O. 

Contracting the above expression with Yi gives 

S · i F2 mce Y Yi = , 

l .e . , 

Differentiating the above expression with respect to yi , we have 

l. e. , 

The above expression can also be written as 

Since P is closed, we have 
k 2bi1ky = O. 

Differentiating the above expression with respect to yJ , 

Hence P is parallel with respect to a. 
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Theorem 6.2.4 

2 
Let ,3n = (M, F) be a Finsler space with F = a , where a is a Riemannian a -fJ 
metric and fJ is a one-form defined on a differentiable manifold M of dimension n. 

Then ,3n is locally projectively flat if and only if 

Proof: 

Assume that ,3n is locally projectively flat. Equation (4-8) implies 

Now, 

Differentiating equation (6-22) with respect to yi and contracting with yk gives 

Replacing k by i in equation (6-22) gives 

of 2a oa a2 ( oa ofJ ) 
oxi 

= a -f3 oxi 
-
(a -fJ)2 oxi 

-
oxi . 

(6-21 ) 

(6-22) 

(6-23) 

(6-24) 
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Equations (6-21 ), (6-23) and (6-24) thus give the proof The converse also follows 
easily. 

Theorem 6.2.5 

a2 
Let ,3n = CM, F) be a locally projectively flat Finsler space with F = -­a - f3 
Assume that a is locally projectively flat. Then 

�( a )Cp _Q) = a ( Bbj _ Bbk )yk (6-25) 
Byi a -f3 4f3(a - 13) Bxk Bxi 

. 

And the scalar curvature of F is given by 

4 2 BQ k Ka = pa (a - 2f3)Ca -f3) - Ca - f3)f3� y Bx 
+ f32(4P2 - 4PQ _Q2) - af3(3p2 - 6PQ + 2Q2), (6-26) 

where P and Q are given in Theorem 6.2 .3 and p is the constant sectional curvature 
of a. 

Proof: 

Since F and a are locally projectively flat, then from Theorem 6.2.4 implies 

Using the definitions of P and Q gives 

�( a )(P _Q) = a ( Bbi _ Bbk )yk 
Byi a -13 4f3(a -13) Bxk Bxi 

. 

We now calculate the scalar curvature of F. Since F is locally projectively flat, 
equation (4-1 2) gives the projective factor 

Using equation (6- 22), we have 
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P 
a - P { 2a Ba a2 ( Ba BP J} k ::;: 
2a2 a - P Bxk - (a - p)2 Bxk - Bxk Y 

= _1 {a - 2P Ba 
+ 

a BP }yk 
2a a - P Bxk a - P Bxk . 

In tenus of P and Q the above expression simplifies to 

1 36 

p ::;: 
(a - 2p)p + fJQ

. 
a - p  

(6-27) 

Differentiating P with respect to xk gives 

BP 
(a - P) -�-k (aP - 2PP + fJQ) - (aP - 2PP + fJQ) -

a
:-k (a - P) 

- ----�=---------------�--------��------Bxk (a - p)2 

Contracting the above expression with yk , and using P and Q we get 

(2aP - 4fJQ)P + 2fJQ2 + (a _ 2P) B� yk + P 
B� yk 

BP k Bx ox -y -----------
--

--------
--

--�------
�

--

-
fuk � - m  

S· BP k p2 2 a1 I ·  . Id mce � y ::;:  - pa , c cu atlOns Yle 
ox 

2{(a - 2p)p + /K2}(aP - fJQ) 

(a _ p)2 

(a - 2p)(p2 _ pa2 )(a - p) + (a - p)p 
B� yk + 2ap(P - Q)2 

BP k Bx -y -------------------------�--==--------------Bxk (a _ p)2 

Since P is locally projectively flat, from equation (4-37) we have 

Kp2 = p 2 _ oP 
yk 

oxk 

Then by a direct computation, we can get equation (6-26). 

We are now in a position to prove Theorem 6.2. 1 (b). 
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Proof of Theorem 6.2.1 (b): 

If P is closed then equation (6-25) implies 

�( a )(P -Q) = O . 
ayl a- p 

i .e . , either �( a ) = 0 or P = Q. We know that 
ayl a - p 

�( a ) = 1 (
a

ap 
_ p

aa

J oyi a -p (a _ p)2 flyi flyi ·  

Smce a -. - p -. = a -. - ,  the above expreSSlOn gIves . ap aa 2 a (PJ . . 
flyl flyl ayl a 
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Hence, if P i s  closed then either �(PJ = 0 or P = Q. Here we also consider the 
ayl a 

following two cases. 

Case: (i) 
Assume that P = Q. Hence equation (6-27) shows that 

and hence we can prove that 3n is either a locally Minkowski space or a Riemannian 
space of constant sectional curvature by the same process as in the proof of Theorem 

6.2 . 1 (a). If 3n is a locally Minkowski space then we also have K = p = o. 

If 3n is a Riemannian space then equation (4-37) shows 

and hence equation (6-26) implies 

Ka4 = pa2 (a2 - 3ap + 2p2 ) + pa2 p(a -{3). 

= p(a - p)2 a2 . 
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Therefore, 

Hence equation (3-9) implies that implies that Ric == Ric, where Ric and Ric are the 
Ricci curvatures of F and a respectively. Since K is a constant, differentiating K 

with respect to yi gives 

Since f.l "*  0 and a "* p, 

�(a-PJ == o . 
a/ a 

We know that 

and hence 

�(f3J == o  
ayi a . 

We have shown that if P == Q then �(PJ == o. 
ay' a 

Case: (ii) 

Assume that �(f3J == O. That is, there is a function 2(x) such that f3 == 2(x)a. ay' a 
Then 
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and hence according to Definition 2. 1 . 6, F is confonnal to a. As in the proof of 

Theorem 6.2. 1 (a), we can show that if �(P) = ° then P = Q. Thus from case (i) 
ayl a 

and case (ii), we have both �(P) = 0 and P = Q, and hence F and a are 
ayl a 

homothetic. Further, we can show that f3 is parallel with respect to a. 

Since �(P) = 0, we have 
ayl a 

a:i (a:p ) = 0 
S· G i Gi P i d a ( a ) 0 . (6 . }flce = = y an --. = , equatIOn -4) gIves 

ay} a - p 
. k . 

bj1kyJ Y yl = o. 

This implies 

That is, P is parallel with respect to a. 
Theorem 6.2.6 

2 
Let ,3n be a Finsler space with F = a + L, where a is a Riemannian metric and a 
P is a one-form defined on a differentiable manifold M of dimension n. Then ,3n is 
locally projectively flat if and only if 

Proof: 

Assume that ::sn is locally projectively flat. Equation (4-8) implies 
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(6-29) 

Now, 

of oa 2p op .p2 oa -- = -- + - -- - - --
oxk oxk a oxk a2 oxk ' (6-30) 

Differentiating equation (6-30) with respect to yi and contracting with yk gives 

Replacing k by i in equation (6-30) gives 

of oa 2P op p2 oa 
- = - + - - - - -
oxi oxi a oxi a2 oxi 

. 

Substituting the above two expressions to equation (6-29) implies equation (6-28). The 
converse also follows easily. 

Theorem 6.2.7 

2 
Let 3n = (M, F) be a locally projectively flat Finsler space with F = a + L. 

a 
Assume that a is locally projectively flat. Then 

�(P)(p_Q) =_l ( Obi _ Ob�)yk . 
oy' a 2a oxk ox' 

And the scalar curvature of F is given by 

KF2 2 4(P _Q)p2 (2a2Q _p2Q _ 3a2p) = f-la + ---'-_--'=-'-0...----'-_--'=----'-----'--"'--__ _ 
(a2 + p2)2 

(6-3 1 )  

where P and Q are given in Theorem 6.2.3 and f-l is the constant sectional curvature 
of a. 
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Proof: 

Since P and a are locally projectively flat, equation (6-28) implies 

�(PJ(�- P �)yk + P ( Obi - Obk )yk = 0 
ayi a axk a oxk a oxk axi 

. 

Using P and Q given in Theorem 6.2.3, we can get the result. 

Let us calculate the scalar curvature of P. 
Since P is locally projectively flat, equation (4- 12) gives the projective factor 

Using equation (6-30), we have 

P = a ( oa + 2p ap _ p2 oa 

Jy
k 

2(a2 + f32) loxk a oxk a2 oxk . 

Using P and Q defined in Theorem 6.2 .3 the above expression implies 

Differentiating P with respect to xk and contracting with yk gives 

Since P and a are locally projectively flat, from equation (4-37), we know that 

Kp2 = p2 _ ap 
yk 

8xk ' 

and 

lla2 = p2 _ oP 
yk 

oxk 

Equations (6-32), (6-33), (6-34) and (6-35) yield the result. 

14 1  

(6-32) 

(6-34) 

(6-35) 
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Proof of Theorem 6.2.1 (c): 

From (6-3 1 ), if P is closed then either �(PJ = 0 or P = Q. Following the same 
ayl a 

process as in the proof of Theorem 6.2. 1 (a) and using (6-6) we can show that 

�n = CM, F = a + p2 / a) is either a locally Minkowski space or a Riemannian 

space of constant sectional curvature given by KF2 = pa2 , where K and p are the 
non-zero constant sectional curvature of F and a respectively, F and a are 

homothetic, Ric = Ric, P is parallel with respect to a, where Ric and Ric are the 
Ricci curvatures of F and a respectively. Thus the proof of Theorem 6.2. 1 is 
complete. 

Finally we compute the scalar curvature of a locally projectively flat Randers space in 
terms of P and Q defined in Theorem 6.2 . 3 .  

Theorem 6.2.8 

Let 3n = (M ,F  = a + P) be a locally projectively flat Randers space. Then the 
scalar curvature K of F is given by the following expression. 

where P and Q are defined in Theorem 6.2 .3 and p is the constant sectional 
curvature of a. 

Proof: 

Since F is locally projectively flat, equation (4- 12) gives the projective factor 

P =_1_ aF yk = 1 ( aa 
+ 

ap Jyk 
2F 8xk 2( a + {3) 8xk 8xk . 

Using P and Q, we have 
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- aP +  fJQ P =  . 
(a + f3) 

Differentiating P with respect to xk and contracting with yk gives 

2(aP + fJQ)2 

(a + f3)2 

1 ( BP 
f3 

aQ ) k + a -- +  -- y 
(a + f3) Bxk Bxk . 

Since F and a are locally projectively flat, equation (4-37) shows 

- -....... 2 p2 BP k Kf = - -y 
8xk ' 

and 

pa2 = p2 _ BP 
yk 

Bxk 

Using equations (6-37), (6-38), (6-39) and (6-40), we can get the result. 

Corollary 6.2.9 
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(6-37) 

(6-38) 

(6-39) 

(6-40) 

Let ,3n = (M ,F = a + f3) be a locally projectively flat Randers space. If P = Q 

then 3n is either a locally Minkowski space or a Riemannian space of constant 

sectional curvature given by KF2 = pa2 , where K and p are the non-zero constant 

sectional curvature of F and a respectively, F and a are homothetic, RiG = RiG 

and f3 is parallel with respect to a, where RiG and RiG are the Ricci curvatures of 
F and a respectively. 

Proof: 

If P = Q then equation (6-37) implies P = P. Since F is locally projectively flat, 
Theorem 5 . 1 . 5 implies that a is locally projectively flat, and hence the projective 
factor is 
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therefore 

and 

-i - i G = Py , 
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where G i and Gi are the geodesic coefficients of F and a respectively. Since 

P = P, we have G i = Gi , and hence from Definition 2.2 .3 F is a Berwald metric. 
Thus, F is a locally projectively flat Berwald metric. Therefore, Theorem 4.2.6 

indicates that .3n is either a locally Minkowski space or a Riemannian space of 
constant sectional curvature. 

If .3n is a locally Minkowski space then recall that Gi = O. 
-i - i Since G = Py , 

Since P = P, 

p = o. 
Hence, from equations (6-39) and (6-40), we have 

K = Ji = O. 

If .3n is a Riemannian space of constant sectional curvature then from equation (6-36), 

since P = Q, 

Using equation (6-40) gives 

KF4 = Jia4 + (2ap + p2)Jia2 

= Jia2 (a2 + 2ap + p2 ) = J.1a2 (a + p)2 . 

Since F = a + p, we have 

(6-4 1 )  
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The above expression also implies 
Ric = Ric) 

where Ric and Ric are the Ricci curvatures of F and a respectively. Since K ;;j:. 0, 

Using the above expression and (2-2) gives 
gij(X) = Agij' 

where Il = p / K = constant and gij and gij are metric tensors of F and a 

respectively. Hence, equation (2-14) implies that F and a are homothetic. 

Further, it is known that a Randers metric is a Berwald metric if and only if P is 
parallel with respect to a [Ki] . This result implies that P is parallel with respect to a 

since F is Riemannian. 

Remark: 

Equation (6-41 )  also follows from equation (5-29) when P is parallel with respect to 
a. We know that both ljJ and If/ are equal to zero when P is parallel with respect to 
a. Hence equation (5-29) implies 

KF2 = pa2 . 

Motivated by above theorems, now we are going to study Finsler spaces with (a,,B)­
metric, which are not locally projectively flat. 

Theorem 6.2. 10 

a2 
Let ,3n = (M ,F) be a Finsler space with (a,,B)-metric, where (a) F = p ' (b) 

a2 p2 
F = , ( c) F = a + - . Assume that a is locally proj ectively flat and P IS  

a - p  a 

closed. Then F is not locally projectively flat if and only if 
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(6-42) 

and 

�(a) :;t: O . 
ay' f3 

(6-43) 

Proof: 

We prove this theorem by considering each Finsler space with (a,p)-metric separately. 

a2 
(a) F =-. 

f3 
Assume that (6-42) and (6-43) hold. Subtracting (6- 10) and (6- 1 1 )  gives 

�( aF )yk _ aF = 2�(a ){ aa _ a af3 }yk + 
ayi axk axi ayi f3 axk f3 axk 

Since f3 is closed and a is locally projectively flat, equations (5-2) and (4-8) imply 

�( aF )yk _ aF = 2�(a){ aa _ a aj3 }yk 
ayi axk axi ayi P axk f3 axk 

. 

Thus equations (6-42) and (6-43) yield 

�( aF )yk _ aF :;t: 0 
ayi axk axi ' 

According to equation (4-8) the above expression implies that F is not locally 
projectively flat. The converse also follows easily. 

. a2 
(b) F = -­

a -f3 
Assume. that (6-42) and (6-43) hold. Subtracting equations (6-23) and (6-24) gives 
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Since 13 is closed and a is locally projectively flat, equations (5-2) and (4-8) imply 

Since �( a J = -( 13 J2 �(aJ , we have 
8yl a -13 a -13 8yl 13 

�( 8F Jyk _ 8F = -2( 13 J3 �(a J{a 8p _ 8a }yk 
8yi 8xk 8xi a -13 8yi P P 8xk 8xk . 

Since 13 ;t:; 0, equations (6-42) and (6-43) yield 

�( 8F Jyk - 8F ;t:; 0 
8yi 8xk 8xi · 

147 

According to (4-8) the above expression implies that F is not locally projectively flat. 
The converse also follows easily. 

By following the same process for F = a + 132 / a we obtain the final part of the 
theorem. 

Example 6.2. 1 

If 

and 

�I Y 12 -(I x 12 1 y 12 _(x,y)2) a = -'----"'-----::-----'-

13 = (x,y) 
l- l x l2 

l- l x l2 ' 

a2 a2 132 
Then F1 = -, F2 = and F3 = a + - are not locally projectively flat. f3 a -13 a 
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Proof: 

Note that a ± p are the Funk metrics of Lemma 5 . 1 .7 .  Recall that with J.i = -1 

(6-44) 

and 

(6-45) 

where 

From earlier work we know that a is locally projectively flat and f3 is closed, we use 
Theorem 6.2. 10  to show that F} , F2 and F3 are not locally projectively flat. We have 
to prove that equations (6-42) and (6-43) are valid for a and p. We first calculate 

Ba k d BP k D·ffi . . 2 . h k d . . h � Y an -k-y .  I erenbatmg a WIt respect to x an contractmg WIt 
Bx Bx 
k . Y gIves 

Ba k i . k 2a-k Y = (Pijk -PikPj -PjkPi )Y yl Y Bx 
. .  k = (Pijk - 2PikP j)/ yl y . 

Contracting (4-39) with yi , yj and yk implies 
. . k . .  k 6pijPkylyly = (Pijk + 4PiPjPk )y1y1y . 

Substituting the above expression to (6-46) and dividing by 2 yields 
Ba k i . k a-k y = 2(PijPk -PiPjPk )y yly 
Bx 

. ,  k = 2(Pij - PiPj)yly1pkY . 
Hence, from equations (6-44) and (6-45), we can get 

Ba k �y = 2ap. 
8x 

(6-46) 
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Differentiating /3 with respect to xk and using equations (6-44) and (6-45), we also 

have 

Hence, 

( Ba a B/3 
J k a 2 2 

- - - -- Y = 2a/3 - -(a + /3 ) 
Bxk /3 Bxk /3 

a(/32 _ a2 ) 
/3 

Substituting the expressions for a and /3, we have 

and hence the above two expressions show that (6-42) is valid. 

We now show that �(a J :;t O. 
Byl /3 

Assume that �(a J = o. 
Byl /3 

From equation (6-20), we have 

F1 = If/a, 
where If/ is a constant. Then equation (2-2) implies 

where gij and gij are Finsler metric tensors of F1 and a respectively. Notice that the 

above expression yields 

_ij _ _ 1_ ij g - 2 g · 
If/ 

The above expressions and equation (2- 17) yield 

G i = Gi 
, 
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-j i where G and G are the geodesic coefficients of Fl and a respectively and hence 
equation (6-3) gives 

Recall that the above expression yields 

and hence equation (5- 1 7) yields 

Pij = 2PiPj ' 
This implies that aij = PiP j and detaij = O. That is, a given in (6-44) is not a 

Riemannian metric. This leads to a contradiction. Hence (6-43) is valid. 

Similarly, we can show that equation (6-43) is also true for other Finsler metrics with 

a2 f32 
(a,fi)-metric, F2 = and F3 = a + - .  Therefore, F} , F2 and F3 are not a -f3 a 
locally projectively flat Finsler metrics with (a,fi)-metric. 

Similar arguments can be used to prove the following lemma. 

Example 6.2.2 

If 

and 

f3 = (x, Y) 
1+ l x 12 . 

_ a2 _ a2 f32 
Then Fl = -, F2 = and F3 = Cl. + - are not locally projectively flat. f3 a -f3 a 
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6.3 Finsler Spaces with (a,/J)-Metric of Douglas Type 

This topic has been studied by M. Matsumoto in [Ma5] .  He found the necessary and 
sufficient conditions for each Finsler space with (a,fJ)-metric to be of Douglas type. We 
use theorems of M. Matsumoto to investigate whether the Finsler spaces with (a,fJ)­
metric given in Example 6.2 . 1 and Example 6.2.2 are of Douglas type. Before that we 
state the following theorems given in [Ma5] .  

Theorem 6.3. 1 ([Ma5]) 

A Kropina space 3n = (M,F = a2/p) (n > 2) with b2 = ai) (x)bjbj ;c O  is of 

Douglas type, if and only if 
1 si} = 
b2 

(bis j -b jSj ) 

1 . . k is satisfied, where si) = 2 (bilj - b j� )' si = b JSI and si = a1 ski · 

Theorem 6.3.2 ([Ma5]) 

a2 
A Matsumoto space with the metric F = is a Douglas space; if and only if a-p 

2 ( 1 ) a � ° (mod. P): bilj = 0, 

(2) a2 '" 0 (mod. j3 ): n = 2 and b;1j = kG d; - � }J' 

where a2 = P8, o = di (x)/ and k = k(x). 

Theorem 6.3.3 ([Ma5]) 

2 
Let 3n (n > 2) be a Finsler space with F = a + L and suppose that a 
2 i "  

b = alJbjb j ;c 0, 1 . .:sn is a Douglas space, if and only if there exists a function 

k(x) such that 
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(6-47) 

Examples 6.3.1 

Example (i) 

a2 
Consider F = - and n > 2 . 

P 

Since P is closed in Example 6.2. 1 and Example 6.2.2, we know that si) = 0, si = 0 

and s} = O. Hence from Theorem 6.3 . 1 ,  FI and Fl are of Douglas type. 

Example (ii) 

a2 
Consider F = and n > 2. a -p 
Equation (5-1 7) gives 

bili = Pi} - 2PiPj - (6-48) 

If bil} = 0 then ail = PiP} and det( ai} ) = O. That is, a given in (6-44) is not a 

Riemannian metric. Hence, we have a contradiction. Therefore, bil} =t: O. Hence, 

Theorem 6.3 .2 implies F2 is not of Douglas type when n > 2 . Similarly, we can show 

that F2 is not of Douglas type when n > 2 . 

Example (lii) 

p2 
Consider F = a +- and n > 2. a 
Assume that equation (6-47) holds. That is, 

Using equation (6-48), since bi = Pi , we have 
2 Pi} - 2PiP} = k(x){(1 + 2b )ai} - 3PiP} } ,  
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Contracting the above expression with yi and yj gives 
i . 2 i . (Pi) - 2PiPj )y yJ = k(x) {(1 + 2b )ai) - 3PiPj}y yJ . 

Using (6-44) and (6-45), we can get 

a2 _ p2 = k(x) {(1 + 2b2 )a2 _ 3p2 } . 

k =  a2 _ p2 
(1 + 2b2)a2 - 3p2 . 

Since k = k(x), 

Differentiating k with respect to yi and using the above expression gives 

This simplifies to 

2a[3(l - b2 )(a 8� - P 
8�J = 0. 

8yl ayl 

Since a 8� _ P 
a� = _[32 �(a J , 

8yl al 8yl P 

2a[3(1 - b2 )p2 �(aJ = O. 
oyl P 

Since b2 * 1 , a * 0 and [3 * 0, the above expression implies that 

�(aJ = o  
a/ P 

. 
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Since F3 is not locally projectively flat, from Theorem 6 .2. 1 0, we have got a 

contradiction. Hence, (6-47) does not hold. Therefore, F3 in Example 6.2 . 1 is not a 
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Douglas metric. Similarly, we can show that F3 in Example 6.2.2 is not a Douglas 
metric. 

Remark: 

We can use these results to prove that the Kropina metrics F1 and F1 do not have 

scalar curvature. Suppose Fl and Fl have scalar curvature then from Theorem 4.2.3 

their Weyl tensors are equal to zero. From Example (i) of Examples 6.3 . 1 ,  we also know 
that their Douglas tensors are equal to zero. Then using Theorem 4.2.5, we can say that 
the above Kropina metrics are locally projectively flat. But we know that from Example 
6,2, 1  and Example 6.2.2, Fl and Fl are not locally projectively flat. Therefore, we 

have a contradiction. Hence, Fl and Fl do not have scalar curvature. It means that 

their flag curvatures depend on the planes P e T  pM containing Y E T  pM, defined 

in chapter 3.2 . 

We prove the following result for ,3 n = {A1 ,F = a + /32 / a) using a Randers metric 
with isotropic S-curvature and Theorem 6.3 . 3 .  

Lemma 6.3.4 

Let ,3n = (M , F  = a + /3), (n > 2), be a Randers space with isotropic S-curvature 
2 . .  

and /3 be closed. Suppose that b = alJ bib j * 0, 1 .  

Then 3n � ( M, F � a + � J is not locally projectively flat. 

Proof: 

Assume that 3n is a Douglas space. Hence from Theorem 6.3 .3 , there exists a function 
k(x) such that 

b· , 
. - k(x){(l + 2b2 )a . . - 3b·b . } 1 ] - lJ I ) ' 

Since F is a Randers metric with isotropic S-curvature, Theorem 5 .2. 1 implies 

(6-49) 
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where 

and 
1 n - - -(b-I - + b - 1 - )  1) - 2 I J  J l · 

Since P is closed, we know that bili = b ili ' si = 0 and si = O. Therefore, 

eij = bili" 
Substituting the above expression to (6-50) gives 

- - 2 2 bi lJyl yJ = 2c(x)(a - P ). 

Since a2 = aij(x)yi yi and p2 = bibjyi yi , equation (6-5 1) yields 

bilJyi yi = 2c(x)(aij - bibi )y
i yi .  

Differentiating (6-52) with respect to yk gives 

This simplifies to 

bklJyi +bilkyi = 2c(x){akjyi - bkbjyi +aikyi - bibkyi } 
Since p is closed, i _eo, bkli = bilk , we have 

Replacing j by i in the above expression gives 

Differentiating equation (6-53) with respect to yi implies 

This can be recast as 
b-I - - 2c(x){a - - -bob - } I J - lj I J -

Using equation (6-49), we get 
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(6-50) 

(6-5 1)  

(6-52) 

(6-53) 
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k(x){(l + 2b2 )a· ·  - 3b·b · } - 2c(x){a · ·  - b ·b . } 1) 1 ] - lj I ] · 

Contracting this with yi and yJ yields 

l.e., 

2c(x) = k(x) (1 + 2b 
2
)a � 3p . 

{ 2 2 2 } 
a -p 

Since c = c( x), we have 

Differentiating c with respect to yi and using (6-54) implies 

l .e . , 

Taking similar terms together and factorizing gives 

k = O. 

1 56 

(6-54) 
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Thus we have got a contradiction. Therefore, ,3n i s  not a Douglas space. Hence, F is 
not a Douglas metric. That is, its Douglas tensor is not equal to zero. According to 
Theorem 4 .2 . 5 ,  F is not locally projectively flat. The proof is complete. 

Examples 6.3.2 

Using the examples given in [ChMoSh] of locally projectively flat Randers metrics with 
isotropic S-curvature, we give two examples of not locally projectively flat Finsler 

spaces with (a;fJ)-metric for 3n; ( M,F ; a + �], when n > 2 . 

Example (i) 
In [ChMoSh], we have the following locally projectively flat Randers metrics with 
isotropic S-curvature. 

where y E TpBn and .,1, E Rn is an arbitrary constant. Since F = a + P; from this 

we know that 

and 

a = �(1- 1 x 12 ) I Y 12 +(x, y}2 
1- l x 12 

From Lemma 6.3 .4, we have the following not locally projectively flat Finsler metric 

for 3n; ( M , F  ;a+  �2} when n > 2. 

F = { (1- l x I2 ) l y I2 +(x, y}2 } {(1- l x I2 ) + 22 } + 22 (x,y}2 
�(1- 1 x 12 ) I Y 12 +( x, y) 2 { (1- 1 x 12 ) + 22 } (1- 1 x 12 ) 
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Example (ii) 
In [ChMoSh], we also have the following locally projectively flat Randers metrics with 
isotropic S-curvature. 

where Y E T  pRn . Since F = a + f3, we know that 

and 

Therefore, 

a =l y l, 

f3 = (x,y) 
�l+ I x l2 

. 

and Lemma 6.3 .4 implies that F is not locally projectively flat. 
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Chapter 7 

Summary and Conclusions 

We shall summanze the results obtained throughout the research as follows. 

Considering a Finsler space, 3n = (M, P) with Gk = Pr yr yk * 0, where p( x) is 

a scalar function on M and Pr = ap / axr , we discovered that 3n is a Riemannian 

space of non-zero constant sectional curvature given by K = (Pi P j - Pij ) yi yj / p2 

and p( x) satisfies the following system of partial differential equations given by the 
equation (4-39) in Proposition 4.3 . 1 .  

2(pijPk + PjkPi + PikPj ) = Pijk + 4PiPjPk · 

By considering the two solutions of the above system of partial differential equations, 
we found two standard Riemannian metrics of non-zero constant sectional curvature 
given by Example (i) and (ii) of Examples 4.3 . 1 .  Considering the Riemannian metric 
given in Example (ii) of Examples 4.3 . 1 , in chapter 5, we were able to introduce two 
new locally projectively flat Randers metrics of scalar curvature. We proved that these 
locally projectively flat Randers metrics do not have isotropic S-curvature. Hence from 
these Examples, we concluded that some locally projectively flat Randers metrics of 
scalar curvature do not have isotropic S-curvature. Further in chapter 5, we also proved 
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that the scalar curvature of a Randers metric is not necessarily a constant if the metric 
has isotropic S-curvature and closed one-form by using an example. 

In chapter 6, we studied the locally projectively flat Finsler spaces with (a,j3)-metric. 
Considering each type of locally projectively flat Finsler space with (a,j3)-metric, in 
Theorem 6.2. 1 ,  we proved that if a is locally projectively flat and fJ is closed, then all 
locally projectively flat Finsler spaces with (a,j3)-metric are either locally Minkowski 
spaces or Riemannian spaces of non-zero constant sectional curvature. Note that 
Theorem 6.2. 1 is true for any Finsler spaces with (a,fJ)-metrics which are not Randers 
type. 

In Theorem 6.2. 1 0, we found the necessary and sufficient conditions for Finsler spaces 
with (a,j3)-metric to be not locally projectively flat when a is locally projectively flat 
and fJ is closed. Then we obtained some examples of not locally projectively flat 
Finsler spaces with (a,fJ.)-metric using the Riemannian metrics and one-forms defined in 
Lemma 5 . 1 . 7  and Example 5 .3 .2 .  

Finally we studied the conditions for each type ofFinsler space with (a,j3)-metric to be 
of Douglas type. Then we proved that the not locally projectively flat Finsler spaces 
with (a,j3)-metric given in Example (i) of Examples 6.3 . 1  are Kropina spaces of 
Douglas type but the not locally projectively flat Finsler spaces with (a,fJ)-metric given 
in Example (ii) and (iii) of Examples 6.3 . 1  are not of Douglas type. Further we 
concluded that Kropina spaces given in Example (i) of Examples 6.3 . 1  are not of scalar 
curvature. 

At last we proved that if ;)n = (M ,F = a + fJ) is a Randers space with isotropic S-

-n - fJ ( 2

J curvature and fJ is closed then ;) = M, F = a + � 

flat when n > 2. 

is not locally projectively 
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However. further research has to be carried out to determine the curvatures of the 
metrics given by Example (ii) and (iii) of Examples 6.3 . 1 .  In addition, we expect to 
classify locally projectively flat Finsler spaces with (a,/1)-metric of constant flag 
curvature. 
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