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Abstract

The aim of this thesis is to study the theory of Finsler spaces by considering the

following main objectives.

(@)

(if)

(iif)

(iv)

To present the basic concepts of Finsler geometry including connections, flag
curvature, projective changes, Randers spaces and Finsler spaces with other

types of (o, B)-metric, where o is a Riemannian metric and f is a one-form.

To introduce a Riemannian space of non-zero constant sectional curvature by
considering a locally projectively flat Finsler space. The requirement for the
Riemannian connection to be metric compatible gives a system of partial
differential equations. Further, we compute two standard Riemannian metrics of
non-zero constant sectional curvature by choosing two solutions of this system

of partial differential equations.

To give two examples of locally projectively flat Randers metrics of scalar
curvature by using a Riemannian metric computed in (ii) to illustrate the fact
that some locally projectively flat Randers metrics of scalar curvature do not
have isotropic S-curvature. We also prove that the scalar curvature of a Randers
metric is not necessarily a constant if the metric has isotropic S-curvature and

closed one-form by using an example.

To find necessary and sufficient conditions for Finsler spaces with various types
of (a,B)-metric to be locally projectively flat and determine whether the
conditions, a Riemannian metric (o) is locally projectively flat and a one-form
(B) is closed, can occur at the same time in the locally projectively flat Finsler

spaces with various types of (a,3)-metric.
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Notation

Throughout this dissertation the following notation is used.

M - Differentiable manifold of dimension #.

p :-Apointon M.

(xl,...,xn) : - Local coordinates of p denoted by x.
T pM : - Tangent space of M at p.

) - A tangent vector at p.

( yl,. ., ¥™) : - Vector components of .

{ g ,i} ;- Abasisin TpM.

ox!” ax"
| nd _ j0 N . :
y=y gtmty =)' — : - The Einstein summation convention.
ox ox” ox
TM = UTpM : - Tangent bundle of M.

PEM
(x,y) : -Local coordinates of a point in 7M.

3" =(M,F) : - A Finsler space of dimension 7.

F =F(x,y) : - Finsler metric on M.

I=( 1,...,1 ) : - Normalized supporting element of F, where I = yi / F.

oF : j
l; = — : - Partial derivative of I with respect to y.

ayl



gij = g,-j(x, y) : - Finsler metric tensor of F' (page 9, chapter 2).

h,-j = h,-j (x,y) : - Angular metric tensor of I (page 15, chapter 2).

G' = Gi(x, ¥) : - Geodesic coefficients of I (page 19, chapter 2).

2 ~i
I.k =G1.k(x, y)=——— : - Coefficients of the Berwald connection (page 19,
A oy’ ay*
chapter 2).

a =a(x,y) : - Riemannian metric defined on M.

r}k =r }k(x) : - Christoffel symbols of the Riemannian connection (page 17, chapter

2).

B = PB(x,y) : - Differentiable one-form defined on M.
R : - Riemann curvature (page 31, chapter 3).

K : - Scalar curvature (page 36, chapter 3).

T : - Distortion (page 40, chapter 3).

: - Cartan torsion (page 40, chapter 3).

: - Mean Cartan torsion (page 41, chapter 3).

: - S-curvature (page 42, chapter 3).

: - E-curvature (page 43, chapter 3).

SNy~ 0

: - Landsberg curvature (page 48, chapter 3).
J : -Mean Landsberg curvature (page 49, chapter 3).

R" : - n-dimensional real vector space.
All lower case Latin letters of the Einstein summation run from 1 to ».

Thatis, i, j,k,r,s...=1,...,n.
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Chapter 1

Introduction

Finsler geometry is an emerging branch of Mathematics, which appeared in 1918, after
the pioneering work done by Paul Finsler, a German, who was the founder of Finsler
geometry [Fi]. Finsler studied a geometry of a space with a generalized metric, which is
called a Finsler space. The geometry of a Finsler space is called Finsler geometry. But
Finsler did not investigate the geometric properties of the Finsler spaces very broadly.
Soon after his graduation, he changed his research work to set theory. After P. Finsler,
in the middle of 1920's L. Berwald [Bel], J. L. Synge [Sy] and J. H. Taylor [Ta]

developed the theory of Finsler spaces as a generalization of Riemannian geometry.

In 1926 L. Berwald [Be2] was the first who introduced the concept of connection in
Finsler geometry and defined a connection called the Berwald connection. In 1933, E.
Cartan introduced a connection called the Cartan connection. The relation between the
Berwald connection and the Cartan connection was given by his paper [Ca]. Next in

1943, S. S. Chern introduced a connection called the Chern connection [Ch1] [BaCh].

Since then, important contributions to Finsler geometry have resulted one after another.
However, we have only a few books referring to Finsler geometry. The following
mathematicians have published some books ([Ru] [Bu] [Mal] [BaChSh] [Sh1] [Sh2]) in
Finsler geometry by, H. Rund, H. Busemann, M. Matsumoto, S. S. Chern, Z. Shen, D.

Bao, etc. Finsler geometry has applications in many areas of Mathematics in biology,
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physics, geology, etc. (See [AIM] [AbPa] [Mi] [MiAn] [Bj]). During the past decade,
there has been further work on Finsler spaces with constant curvature, Finsler spaces

with scalar curvature and isotropic S-curvature.

In chapter 2, we introduce some basic concepts of Finsler geometry, such as Finsler
spaces and connections. There are many connections in Finsler geometry such as the
Berwald, Cartan, Rund and Chern connections. Here, I am mainly concerned with the

Berwald connection.

In chapter 3, we discuss flag curvature, for Finsler metrics. L. Berwald first successfully
extended the notion of Riemann curvature to Finsler spaces [Be3] [Be4]. The flag
curvature in Finsler geometry is an extension of the sectional curvature in Riemannian
geometry [BeS] [Be6] [BaChSh]. For a Finsler space, at each point on the manifold the
flag curvature is a function of a tangent plane and a vector in the plane called the pole
vector. We say that a Finsler metric is of scalar curvature if the flag curvature is
independent of the tangent planes containing the pole vectors. So the scalar curvature is
a function on the tangent bundle. In dimension two, every Finsler metric is of scalar
curvature. If the flag curvature is constant then the Finsler metric is said to be of
constant flag curvature. One of the important problems in Finsler geometry is to
characterize Finsler metrics of scalar curvature. In this chapter we also discuss several
important non-Riemannian curvatures, some of them are the S-curvature, E-curvature
Landsberg curvature and mean Landsberg curvature, which all vanish for Riemannian
metrics. S-curvature was defined by Z. Shen in 1996 for a volume comparison theorem

[Sh3]. Further details about S-curvature are given in [Sh1] [Sh2].

In chapter 4, we discuss projective geometry of Finsler metrics and introduce two
essential projective invariants, the Douglas tensor and Weyl tensor, which play
important roles in understanding the projective properties of Finsler metrics [Dgl]
[Dg2] [We]. A Finsler space where both of these tensors vanish is characterized as a
locally projectively flat Finsler space [Ma3]. In 1977 Z. 1. Szabo proved that a Finsler
space is of scalar curvature if and only if the Weyl tensor vanishes identically [Sz1].
The well-known problem in Finsler geometry is to study Finsler metrics with common

geodesics, which are curves that minimize the arc length. Finsler metrics in which the
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geodesics are straight lines are said to be projective Finsler metrics or locally
projectively flat (cf. page 55). The well-known Hilbert Fourth Problem in Finsler
geometry is to study and characterize metrics on an open subset in the n-dimensional
real vector space, whose geodesics are straight lines [Hi]. It is well known that every
projective Finsler metric is of scalar curvature [Be5][Be6]. In 1961, A. Rapcsak found
the necessary and sufficient conditions that a Finsler space is projective to another
Finsler space [Rap]. This theorem is called the Rapcsak theorem, which is one of the
most important theorems in projective Finsler geometry and will be used frequently

throughout this dissertation.

In the early 20" century, P. Funk discovered the projective Finsler metrics on the unit
ball in an n-dimensional real vector space, which are called Funk metrics [Fk1] [Fk2].
In 1983, T. Okada proved that the Funk metrics have constant negative flag curvature,

-1/4, [Ok]. In 2001, Z. Shen constructed a projective Finsler metric with constant
curvature zero defined on the unit ball in an »-dimensional real vector space [Sh4]. He

also classified locally projectively flat Finsler metrics of constant flag curvature [ShS].

The last section of this chapter (4.3) contains my original research work. The main
purpose of this dissertation is to study the projective changes of Finsler metrics and
construct some examples of the locally projectively flat Finsler metrics. M. Matsumoto's
paper, [Ma3], is mainly concerned with the projective changes of Finsler metrics and
locally projectively flat Finsler metrics. The remark in [Ma3] says that a locally
projectively flat Finsler space of non-zero constant flag curvature may be a Riemannian
space of non-zero constant sectional curvature. Motivated by his remark, in Proposition
4.3.1, we introduce a Riemannian space, which is of non-zero constant sectional
curvature, using a locally projectively flat Finsler space. Using the requirement for the
Riemannin connection to be metric compatible, we introduce a new system of partial
differential equations for a Riemannian metric of non-zero constant sectional curvature.
By considering a special class of solutions called radially symmetric solutions, we
construct examples of Riemannian metrics of non-zero constant sectional curvature in

Examples 4.3.1.
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In chapter 5, we introduce Randers metrics, which are very special Finsler metrics with
many interesting geometric properties. Randers metrics appear in both theory and
applications and are built from just two pieces of familiar data, a Riemannian metric and
a differential one-form. Both are defined on a common underlying smooth manifold.
These metrics were introduced by G. Randers in 1941 in the context of general relativity
[Ra]. Later on these metrics were applied to the theory of the electron microscope by R.
S. Ingarden in 1957 [AIM]. Since then, mathematicians have made efforts to investigate
the geometric properties of Randers metrics, particularly the conditions under which a
Randers metric is of constant curvature [YS] [SSAY] [Ma2] [BaRo] [MS]. Recently this
problem was solved by D. Bao, C. Robles and Z. Shen using Zermelo's navigation on
Riemannian manifolds [BaRoSh]. It is also well known that a Randers metric is locally
projectively flat if and only if the Riemannian metric is of constant sectional curvature
and the differential one-form is closed. This follows from a result in [BaMa2] and the
Beltrami theorem on locally projectively flat Riemannian metrics, which says that a
Riemannian metric is locally projectively flat if and only if it is of constant sectional
curvature. In 2001, Z. Shen classified all locally projectively flat Randers metrics with
constant flag curvature [Sh8]. In 2003, X. Chen, X. Mo and Z. Shen also classified

locally projectively flat Randers metrics with isotropic S-curvature [ChMoSh].

This chapter also contains my original work. In Lemma 5.1.7 and Lemma 5.2.5, we use
the Riemannian metric found in Example (i) of Examples 4.3.1 to show that the Funk
metrics on the unit ball in Euclidean space are locally projectively flat Randers metrics
of constant flag curvature with constant S-curvature. In the literature, all known Randers
metrics are of scalar curvature with isotropic S-curvature. Motivated by this, in Example
5.3.2, we show that some Randers metrics of scalar curvature do not have isotropic S-
curvature. Finally we also give answer to the following open problem announced on the
workshop held in Mathematical Sciences Research Institute in Berkeley, California,
USA in 2002, by using an example given in [ChMoSh]. Can the scalar curvature of a

Randers metric be a constant if it has isotropic S-curvature and one-form is closed?

Starting with chapter 6, we study other types of Finsler spaces with (a,)—metric, where
a is a Riemannian metric and B is a one-form defined on a differentiable manifold.

Finsler spaces with (ct,)—metric were introduced by several authors in [Kr] [Ma4]
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[Ma$S]. The projective geometry of these spaces has been studied in [Ma6] [Halc] [Sh]
[BaMal] [Pale]. But the classification of locally projectively flat Finsler spaces with
(a,B)—metric with constant flag curvature is still open [Sh10]. Therefore, in this chapter,
we study locally projectively flat Finsler spaces with (a,B)—metric. This chapter
contains my original work except for Theorem 6.3.1, 6.3.2 and 6.3.3. In Theorem 6.2.2,
6.2.4 and 6.2.6, we obtain necessary and sufficient conditions for each Finsler space
with (a,B)—metric to be locally projectively flat. In Theorem 6.2.3, 6.2.5 and 6.2.7, we
find the scalar curvature of each type of locally projectively flat Finsler spaces with
(a,B)—-metric when a is locally projectively flat. Then in Theorem 6.2.1, we investigate
whether the conditions, a being locally projectively flat and B being closed, can be

present in the locally projectively flat Finsler spaces with (a,3)—metric.

Next we consider Finsler spaces with (a,B)—metric, where a is locally projectively flat
and [ is closed. In Theorem 6.2.10, we give necessary and sufficient conditions for
these Finsler spaces to be not locally projectively flat. Another important problem in
Finsler geometry is to classify Finsler metrics of constant flag curvature, which are not
locally projectively flat. This problem turns out to be very difficult. The first step is to
construct as many examples as possible. However, in the literature, D. Bao and Z. Shen
have constructed some Finsler metrics with constant flag curvature, which are not
locally projectively flat [BaSh], [Sh6] and [Sh7]. So far all of them are of Randers type.
Motivated by this in Example 6.2.1 and 6.2.2, we introduce some Finsler spaces with
(a.,B)—metric which are not locally projectively flat using the Riemannian metrics and

one-forms given in Lemma 5.1.7 and Example 5.3.2.

Finally in chapter 6.3, we study Finsler spaces with (ct,)—metric of Douglas type and in
examples 6.3.1, we investigate whether the not locally projectively flat Finsler metrics
given in Example 6.2.1 and 6.2.2 can be used to define Finsler spaces with (ct,)—-metric
of Douglas type. In Lemma 6.3.4, we also introduce a Finsler space with (ct,3)—metric
which is not locally projectively flat using a Randers metric with isotropic S-curvature.
In Examples 6.3.2, we also construct examples of Finsler spaces with (at,)—metric

which are not locally projectively flat using Lemma 6.3.4.
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The final chapter gives the summary and conclusions of the research. Note that the

following are my own original work.

In chapter 4,

Proof of Lemma 4.1.3 (pages 55-57), Proposition 4.3.1 (pages 69-76), Radially
symmetric solutions (pages 76-77), Lemma 4.3.2 (page 77), Corollary 4.3.3 (page 78),
Lemma 4.3.4 (page 78), Theorem 4.3.5 (page 78-79), Solutions of the equation (4-61)
(pages 79-80), 4.3.1 Examples of Riemannian metrics of non-zero constant sectional

curvature (pages 80-81), Lemma 4.3.6 (pages 81-83) and Examples 4.3.2 (pages 84-86).

In chapter S,

Proof of Theorem 5.1.5 (pages 90-91), Proof of Lemma 5.1.7 (pages 94-97), Proof of
Lemma 5.2.2 (page 99), Example 5.3.2 (pages 106-115) and 5.3.3 Open problem (pages
115-120).

In chapter 6,

6.1 Geodesic Coefficients of Finsler Spaces with (a,B)-Metric (pages 122-125),
Theorem 6.2.1 (pages 126, 130-133, 137-139, 142), Theorem 6.2.2 (page 127),
Theorem 6.2.3 (pages 128-129), Theorem 6.2.4 (pages 134-135), Theorem 6.2.5 (pages
135-136), Theorem 6.2.6 (pages 139-140), Theorem 6.2.7 (pages 140-141), Theorem
6.2.8 (pages 142-143), Corollary 6.2.9 (pages 143-145), Theorem 6.2.10 (pages 145-
147), Example 6.2.1 (pages 147-150), Example 6.2.2 (page 150), Examples 6.3.1 (pages
152-154), Remark (page 154), Lemma 6.3.4 (pages 154-157) and Examples 6.3.2
(pages 157-158).
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Chapter 2

Preliminaries

Before we go into details, we need to introduce some basic definitions, results and
notations in Finsler geometry. The purpose of this chapter is to review the basic
language of Finsler geometry and to provide a quick reference. Further details can be
found in the following sources: [Sh1] [Sh2] [BaChSh] [AIM] [Mal]

2.1 Finsler Spaces

The theory of Finsler spaces has its origins in the calculus of variations. Finsler

geometry is the geometry of integrals of the form

b : .
s=[F(x',ax' [yt 2-1)

a

Here, 5 is a generalised notion of arc length of a curve y» described by
x(t)= (xi(t), i=1,..,n), te[a,b] on adifferentiable manifold of dimension n, and
F is a positive smooth function of the x' and dxi/dt for i=1,...,n. For any
tafa,b], the xi(t) correspond to local coordinates of a point p on ¥, and the

dx’ / dt evaluated at p correspond to components of the tangent vector to ¥ at p.

Now, § must be independent of the choice of the parameter; hence, we require that F

is a positively homogeneous function of degree one in the variables dx’' /d l.
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That is, for A >0,
F( ) =aF(x',)"),
where yi =dxi /dt. Finsler spaces are smooth manifolds equipped with a Finsler

metric. Before we define a Finsler metric, we will give the following definitions [Sh1].

Definition 2.1.1

A differentiable manifold of dimension » is a set together with a family of injective
mappings X, : U, € R” — M of open sets U, of R” into M such that

W) Uy xa(Ug)=M

(ii) For any pair a, b with x,(U,) N xp(Up) =W # D, the sets x;l(W),

xp 1(W) are open setsin R” and the mappings x_ i °Xp, xb-l o X, are
differentiable.

A family {(U,,x,)} satisfying (i) and (ii) is called a differentiable structure on M.

Definition 2.1.2

Let M be an n-dimensional differentiable manifold. The tangent bundle 7M consists
of all tangent vectors on M with the natural manifold structure. Let 7: TM — M

denote the natural projection. Let (U,@) be a local coordinate system in M. Namely,

U is an open subset of M and
1 ny . n
o=(@ ,..0") :U—>R
is a diffeomorphism onto an open subset of R". ¢i's are functions on U/ and their

values x' = (oi (x) atapoint p € U are called the coordinates of p. Such a map ¢

is called a coordinate map on M. The coordinate map ¢ induces a map

6=",..0*"):U:=1" (U)> R" xR"
which is defined by

A(y)= (L, x", ¥, ™),
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. a = A
where y =y’ —€ TpM and @(x)= (xl,...,xn). @ is a diffeomorphism from U
Ox

onto an open subset in R2n. We call (U ,) the standard local coordinate system in

TM. For simplicity, we usually let (xi) stand for (U,®) and (xi,yi) for (U ,0).

The coordinate map ¢ induces n linearly independent vector fields on U denoted by

n
0 A
{_1} , and the standard local coordinate map @ induces 2n linearly independent
Oox i=1

A o 0
vector fields on U denoted by {— —} . For a scalar function ' on TM,
i=1

ox' 3y

F(x,y) is viewed as a function of (x' R y') in a standard local coordinate system.

This thesis is concerned with the local geometry of Finsler spaces and standard local
coordinate systems are used extensively. We also use the Einstein summation
convention: repeated indices indicate the summation running from 1 to #. Now we

define a Finsler metric on a manifold.

Definition 2.1.3

Let M be an n-dimensional differentiable manifold. A Finsler metric on M is a

function F': TM — R which has the following properties.
() F(x,y)>0,
(i) F(x,Ay)=AF(x,y), 4>0,

(i) F(x,y) is C* on TM \ {0},

(iv) The Finsler metric tensor,

gij(x,¥) ) O°F”

is positive definite for all (x, y) € TM \{0}.

(2-2)

(M, F) is called a Finsler space of dimension n and is denoted by .
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Since F is a positively homogeneous function of degree one in ), we use the

following theorem for homogeneous functions frequently.

Theorem 2.1.1 (Euler's Theorem)

Suppose a real-valued function /' on R" is differentiable away from the origin of

Rn, where R is the n-dimensional real vector space. Then the following two
statements are equivalent.

(i) H is positively homogeneous of degree 7, i.e., forall A >0
H(Ay)= X H(y),
where Y =(y1,...,y”).

.. i0H
Gy ¥ D oy,
Oy
The proof of this result can be found in [BaChSh].

Definition 2.1.4

For a non-zero vector y € TpM \{0}, F induces an inner product on 7' M

defined by
g, (u,v) = gi(x, y)u'v/, (2-3)

where the fundamental form g, on T,M s a bilinear symmetric form,

u=@,. " e TpM and v = o, v")e TpM.

Since the g,-j(x,y) are positively homogeneous functions of degree zero in y, the
8;j(x, y) areinvariant under y — Ay for all 2> 0, and there is exactly one inner

product for each direction. Let us show that 8y is independent of the choice local

coordinates. When we change the local coordinate system (xl) in the base manifold

M, to another local coordinate system (J?I), the correspohding standard local
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coordinate system (xl, ¥') in TM changes subject to the following coordinate

transformation

P =3P (x!,.. x"
&P
A
Ox

Then, we first show that 8ij given in equation (2-2) transforms to the following rule.

7P =

Let g pq be the Finsler metric tensor subject to the new coordinate system. Now,
equation (2-2) gives

. _1 8°F°

5 =3 P
Using the above coordinate transformation, we have

g 10 ox’ oF?
P2 597 | 27 oy

_1ax) 8 (oF%) oy
2029 0y' | 3y’ | opP

_lax) &°F% &
2 0%9 oy'oy’ oxP

Hence equation (2-2) implies

g ooxaxd
PL ozP 031V

Now, contracting the above expression with 2P and ﬁq, we have

I ax/
gpqﬁp;,q=5x 0% o aPpd.

ozP oz oV

where #¥ and v7 are the vector components of # and v subject to the new coordinate
system respectively. Then from the coordinate transformation, the above expression

implies
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&pq P ~cd SV Ak Ll
oxt ox ox ox

This simplifies to
- ~ -~ ! j
8 pgt?V? = gyu'v/.

Hence g,, is independent of the choice local coordinates.

From now on we write g;; instead of g;;(x, ) and F instead of F'(x,y) for our
convenience. Using equation (2-2), we now show that 2 - &ij yiyj . Contracting
8ij given in equation (2-2) with yi and yj gives

;i 10%F% ;
gy-y’y”=§a,. =y
V' Oy

Since F ¢ is a homogeneous function of degree two in ) and OF 2/ ayj is a

homogeneous function of degree one in ), Euler's Theorem implies

_z[a_Fi}yf _ar?

'\ ] o
and
2
ok Ji-ar?,
ayj
therefore,
F? =g;y'yl. (2-4)

If u =v =y, then from equation (2-3)

g,(v,y)=gzy'y! =F~.
Let

(2-5)
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where ' =1 i(x, y) are vector fields on 7M \ {0}. Then equation (2-4) shows that

gljlllj = 1,

and hence the vector field /=(/ 1,...,1 ) has unit length with respect to the

=1. The vector field / is called the normalized

fundamental form g,,.

supporting element. Note that F'(x,/)=1.

The absolute length | y| of a tangent vector y € T’ pM is defined as | y | = F(x, p).

The function F'(x, y) is called the Minkowski norm on 7M \ {0}.

We note here two simple results of interest.

(i) Let
= % 2-6)
Euler's Theorem implies
l; y = Q}i y' =F.
o'
Relation (2-5) implies
'L =1, 2-7)

(i) Let y; = 8ij yJ . Then from equation (2-2)

= 10°F% 10 (8F?)_8 (. 0F
"“2a/ 20/ a7 ) o' oy
_OF oF . O*F
Byayj oy’ oy’

Contracting 8ij with yj and using the property of homogeneity of F', we have

oF

b _
&ijy =F— ay,
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Since y; = 8ij yj , the above expression gives

oF
yi=F—.
oy
From relation (2-6), we can see that an alternative expression for /; is given by
=2
' F
In addition, it is clear that
i 2
yiy' =F°.

Special Cases
We have the following important special cases for Finsler spaces.

(i) If the 8jj' s are independent of y, then

F=\gi®x)y'y =yl

and the resulting space is called Riemannian.

(i) If there exists a local coordinate system (x) on M such that in terms of the
corresponding local coordinates (x,y) on TM, F(x,y) isa function of y only

then the resulting space is called Locally Minkowski Space. In this case

F=\g;(»y'y =1y

(i) If g;; = 5ij then

F =6,y =Y +..+ ™2 =y =1y,
where 5,-1- =1ifi=jand 6;; =0 if i # j. In this case | y | is the standard

Euclidean norm.

Definition 2.1.5
For a non-zero vector y € T, M \ {0}, define

hy (u,v) = by (x, yyu' v/ (2-8)
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where u=(u1,...,u”)eTpM, v=(v1,...,v")eTpM and

hii(x,y) = gij —lil j. (2-9)
hy is called the angular metric form on T pM associated with ), and

hij = h,-j(x, y) is called the angular metric tensor.

Lemma 2.1.2

The angular metric has the following properties:

@ hy(y,y)=0;

2
Gi) h;; = a—F
oy’ oy’

i) hF =% —14%.

Proof:
@
If u=v =y, then (2-8) and (2-9) imply
hy (. ) =hyy'y! =gy’ vl -1 ;y' .
Equations (2-4) and (2-6) give
OF OF ;

hy(7,9)=F? = ———y'y/
oy’ oy’

2

and Euler's Theorem implies

(i)

Recall that (cf. page 13)

oF OF .. o*F
o' o/ ey

Using the definition of /;, equation (2-6), we see that

&=
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2
o°F
g ij = lll j +F j =
oy'oy’
Relation (2-9) thus shows that
2
hij =F ai Fj : (2-10)
oy oy

(iii)

We know that the indices on objects are lowered and raised by (g,-j) and its inverse
matrix (gij) respectively. Therefore, contracting /;; given in (2-9) with gjk gives

ik ik ik
g’ =gyg -1Ll,87,

and since gijgjk =§,-k, where 5,-k =0if k#i and 51';& =1ifk=i,

nk =k ~11%. @2-11)

Definition 2.1.6

Let 3" =(M,F) and I” =(M,F) be two Finsler spaces on a common underlying

manifold M of dimension n. F and F are said be conformal if there exists a factor

w(x,y) such that
gij =V (X,Y)8ij> (2-12)

where 8ij and g,-j are Finsler metric tensors of ' and F respectively.

If F and F are conformal then contracting g,-j with yi and yj and using relations
(2-12) and (2-4) gives,

F? =y(x,y)F?. (2-13)
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Lemma 2.1.3

(1) If a Finsler space 3" admits a conformal correspondence with a Riemannian space
then 3" must be a Riemannian space.

(i) The geodesics of 3" with respect to the Finsler metric F are not, in general,
geodesics with respect to the Finsler metric F, which is conformal to . However, the

conformal transformation leaves geodesics invariant if and only if { is a constant.
The above results can be found in [Ru].

Special Case
In the case of Riemannian metric tensors, which are conformal to each other,

depends only on x and hence equation (2-12) reduces to
8ij(x) =y (x)g;(x). (2-14)
If  =constant, then the Riemannian metrics are said to be homothetic. Homothetic

transformations were studied by S. Shanks in Riemannian geometry [Sa].
2.2 Connections

To introduce geometric quantities, we need to first introduce connections. Various
connections in Finsler geometry, were developed by J. L. Synge (1925), J. H. Taylor
(1925), L. Berwald (1926), E. Cartan (1934), S. S. Chemn (1948), among others. In
Riemannian geometry, there is a unique connection, called the Riemannian
connection, which was introduced by Levi-Civita using Christoffel symbols. It has two
remarkable properties.

(1) The connection is compatible with the metric. In other words, the covariant

derivative g;jx of the metric tensor vanishes. This means

ik = % ~ 8 ()T (x) — i () (x) = 0. (2-15)
X

Here I' ;k denote the Christoffel symbols
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(2-16)

. . (0g,; Hor..
M (x) =g (x)[ 8(x) | ra(x) 8k (")].

Ox ox/ ox’

(2) Torsion is zero. This means that I’ ;'k (x)=T ]Ig (x).

In Finsler geometry, a connection cannot have both these properties. There are several
linear connections in Finsler geometry such as the Berwald connection [Be2] [Be3],
Cartan connection [Ca], Chern connection [Ch1] [Ch2] [BaCh]. L. Berwald was the first
to introduce the concept of connection in Finsler geometry. Berwald started his theory
from the equations of geodesics to define the Berwald connection [Be2]. The Berwald
connection is not metric compatible, but its torsion is zero. The Cartan connection is
metric compatible, but its torsion is non-zero. The relation between the Berwald
connection and the Cartan connection is given by [Ca]. The Chern connection is not
metric compatible but its torsion is zero. Before we introduce the Berwald connection,

we give the following definition given in [Sh11].

Definition 2.2.1

A C® curve in a Finsler space is a geodesic if it has constant speed and is locally
minimizing. Thus a geodesic in (M,F) is a curve c:I=[a,b]> M with
F(c(t),é(t)) = constant and for any 7 € I, there is a small number £ >0 such that

¢ is minimizing on [ty — &, o+ €] N 1.

Using the calculus of variations, one can show that geodesics in a Finsler space

3" =(M,F) are determined by a system of second order ordinary differential
equations. If a geodesic is represented locally by the equations x = x' (), i=1,.,n

for an arbitrary parameter f, then the equations of a geodesic of 3" are given by
d?*x’
dr*

( dx dx’
+2G x.— |=w () —
(x’drj vl
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2
where (1) = d—; [
dt

ds

E), s is defined by the equation (2-1) and

G =G (x,y) are local functions on 7M \ {0} defined by

2,2 2
i 1 0°F i OF
G =—'glk =y yj =B [ (2-17)
4 oy ox’ Foe
The Gi are called the geodesic coefficients of F, and are positively homogeneous

functions of degree two in .

The Berwald Connection

Throughout this thesis we use the Berwald connection, which is easily expressed in
terms of the geodesic coefficients and is most commonly used in the literature on
projective Finsler geometry. Let

i

G;, =G;,(X,J/) =y
and

;i 8%G’
Gi =G (x,y)=——.
VO ayligt

The G;-k are called the coefficients of the Berwald connection.

Note that Gj- and G;k are local functions on 7M \ {O}. Then from the coordinate

transformation given in page 11, the quantities G;- transform according to the

following rule given in [BaChSh].

A . N
oxP ox’ Gi.+6xp o°x' o

GP == . by
T o ox? ! o' odar”

(2-17a)

Differentiating the above expression with respect to )A/r gives
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op Pl et o aP o
T o ata” o a5

Note that the second term on the right hand side of the above expression is independent

(2-17b)

of ( yi ). Differentiating the above with respect to yl yields

oGk o35 7P oxJ ax* 9GTy

1 — == 0 2-17¢)
o> ox'  ox' ox?ox” oy
9G'y
This implies that —— are the coefficients of a tensor on M \ {0}.
oy
Definition 2.2.2
Let g € TM \ {0} with local coordinates (x,y) = (xl yeres xn,yl,...,yn) and
T(TM\{0})= UTq(TM\{O}).
qeTM\{0}
Then 81 ooy g | 81 yens % is a basis of Tq(TM\ {0}).
o " oy o

Let

H7M=span{—§T, ,i}

ox &

and

VTM =span —1,...,i )

oy oy
where
5k= ak_ }{ a‘, (2-18)
ox° Ox oy’

The above argument gives a direct decomposition of the tangent bundle of 7M \ {0}.

This means that

T(TM \{0}) = HTM ®VIM .
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The spaces HTM and VIM are called the horizontal tangent bundle and the
vertical tangent bundle over 7M \ {0} respectively.

We prove the following important lemmas.

Lemma 2.2.1 ([Sh1])

For any Finsler metric on a manifold,

1 |0g;
{a y ~ 8ilG'y — 8j1Gh - 2Cyle}

2 [oxk
=2G! =8¢ Cijk +CljkG +C,1kG +Cjj le -y a;{k > (2-19)
where
Cije(%,) -lag};’ (2-20)
29y
Proof:

Let us find G given in equation (2-17) in terms of 8ij- Equation (2-4) gives
2 I r
F=gpy'y .
Differentiating above expression with respect to xj , we have

aF aglr 1) r
6xj o/

Then differentiating this expression with respect to yk and simplifying, we have

2
ak aF_ i a. 6g2,y1yr +2ag,ky
o\ ox) | ax/\ oy ox”’

Using equation (2-2) gives

o (oF*) 10 | o[ d* % )1 ,|. 08k »
A - |= . 7 A yy »+2—=2=y".
v lax! ) 2ac/ |oy' | oy oy” o/
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Using the homogeneity of F' gives

0 [ﬂ} =9 O8rk )

k| ax/ oxt T
Hence equation (2-17) implies
. ( dgq Oo.: .
G =1 g {2g—f— g—’,k}y’ w*, (2-21)
4 ox ox
which can be recast as
1(.92r @
g ﬁG’ = _{211’_&} y' y’ : (2-22)
41 ox ox’

Differentiating (2-22) with respect to yi , using (2-20) and the homogeneity of F' gives

i ; _1|08; 084 ogy| »
7Gi +2C;4G" == +— -2y 2-23
g1Gi +2C;G 2{ax’ o ol (223)

Differentiating (2-23) with respect to yk and using (2-20) yields

o0Cii
giGhi =-2CiG} —2CyGh —2G' =2 +

ayk
Oo::  Og ‘ oC;;
1 { gg . S8k _ag;f_c} + 5 __'J;’i. (2-24)
2 | ox ' oxt ox

Now g,-lij is given by (2-24) with 7 and j interchanged, and adding (2-24) and

l .
gilGji gives (2-19).

Lemma 2.2.2 ([Sh1])

For any Finsler metric ' on a manifold

where & / &k s given by equation (2-18).
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Proof:
Contracting equation (2-20) with y' gives

i1 agy
Cy' =5—V'.
2 6y

Equation (2-2) and the homogeneity of F' imply

Ciiey' =0. (2-25)

Contracting equation (2-19) with yi and yj gives

ogi
”yy’zngb (2-26)

where we have used equation (2-25). Differentiating equation (2-4) with respect to xk

gives

oo . .
2F§% ;%yW% (2:20)
X X

and differentiating equation (2-4) with respect to yl gives

OF _Ogij ; ;
2F — = '{y y +2g,-1yl. (2-28)

¥ oy
Equations (2-20), (2-25) and (2-28) imply
oF j
F—=gyy'. (2-29)
oy

Now,

OoF OF ] OF
k- G 1’
&k axk 5y
and equations (2-27), (2-29) and (2-26) thus yield
SF 1 0gj

- iy =G gqy
dxk r'F axk Yy iz kglly

1 il 1
=2—Fzgily Gk—kag,-ly =0,

o o S S n .
and hence the horizontal covariant derivative of ' on 3" is zero.
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In 1981, T. Okada and S. Numata established an important result about the Berwald

connection as follows [OkNu].

Theorem 2.2.3

The Berwald connection is uniquely determined from the Finsler metric F' of 37 by
the following five axioms.

(i) For k =1,...,n,

oF ; OF
Fa= 2 =Gh =0,
ox oy
i i
where G,l( = — and Fik denotes the horizontal covariant derivative with respect

k
oy
to the Berwald connection.

. 3G}
Gi) Gy, = —.
G~ Sk
oy

Giii) Y*G}j = G,

(iv) G’y = Gl

v) C;k =0,

where C'y = 8" Cjp.

Special Cases

(i) Riemannian Space
We show that the G;‘k are the Christoffel symbols when F' is Riemannian.
Recall that if F is Riemannian then
F? =gii(x)y'y/,

so that relation (2-17) becomes
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G’:lg'k(x) 598 (x) _ 81j(x) ¥yl (2-30)
4 ol axk

Differentiating equation (2-30) with respect to yr, yq we have

: ; 0 %)
gh=1 gtk(x){agrk(x) . 8qkr(x)_ gqufx)};
oxd ox ox

hence by the definition of r;k, equation (2-16),

Gl =Tl (x). -31)
We now show that
i L jok
G —Erjk(x)y Y. (2-32)

Contracting equation (2-31) with yj and yk gives
Gy =T (07,

and since G};, is a homogeneous function of degree one in ),
G ¥ =Tl 0yl .

Relation (2-32) thus follows from the above expression since Gi is a homogeneous

function of degreetwo in ).

(ii) Locally Minkowski Space
Recall that for locally Minkowski space,

” o
F*=gi(n)y'y.
Equation (2-17) thus gives

G’ =0, consequently, G;- =0 and G}k =0.
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Definition 2.2.3

A Finsler metric F is called a Berwald metric, if in a standard local coordinate system

(x,»), the geodesic coefficients G are quadratic in yi for all peM, that is, if

there are local functions G}k(x) on M such that

& :EG}k(x) vl k.

If F is a Berwald metric, the space 3" = (M, F) is called a Berwald space. In other

words, if G}k = G;-k(x) then 3” is a Berwald space.

If I is a Riemannian metric, then from equation (2-32),

G’ =Ty’ y",

and hence F is a Berwald metric. The converse, however, is not true. There are many
non-Riemannian Berwald metrics (we give examples in sections 5.1 and 6.1 for non-
Riemannian Berwald metrics). Riemannian metrics are a special class of Berwald
metrics. The classification of Berwald metrics was done by Z. I. Szabo in 1981 [Sz2].

We quote the following result for a Berwald metric in the two-dimensional case.

Lemma 2.2.4

Every positive definite two-dimensional Berwald metric is either locally Minkowskian

or Riemannian.

Covariant derivatives with respect to the Berwald connection
In terms of the Berwald connection, we give the following definitions for the covariant

derivatives of quantities on 7M \ {0} in the usual way.
(i) For a scalar field X (x, ),
oX oX
=G
Ox oy

Xj =
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oX
XL. = —éy-—’—
(i) For a covariant vector field X;(x,y)
6x1 6
x|, =21
ayj
(ii1) For a contravariant vector field X ’ (x,),
) i i
X' ——GL—Q’LG" ka> (2-33)
al ok g
x| = K
J oy

Covariant derivatives of tensor fields are natural extensions of these. For example, a

mixed tensor field X ;(X, ¥),

(iv)
. axt axt
- g } 1
ok ot
L axh
| _ J
e~k
oy

Note that the above covariant derivatives are tensors on 7M \{0}. Here, we give the

proof only for definition (i). Differentiating X (x, y) with respect to ¥ and P¥ by

using the coordinate transformation given in page 11, we have

ox ox axk L a” .
axP  oxk axP o 0xPox

ox _ax* ax

- (2-33a)
HP P oF
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o%P op?

Let us calculate by using the above expressions and equation (2-17a).

OX g dX _ax o ax % 5
osP P oyl axk oxP oy oxPor”

il al o o ok ax
Toxl 2P ax! axPoz” " ozl o

aq k
Since Qx—l G = 5lk , the above expression simplifies to
ox” ox4
X a~gdX [oX oX | &x'
-G M = |=.
axP P \ar T of arP
This implies that
5 o'
X p = X i P ’
X

It is also clear from equation (2-33a)
ox’
" oxP

The above two expressions show that JX| i and X |i transform as vectors under

X| =]
p

coordinate changes. Similarly, we can show that the covariant derivatives given in (ii),

(i11) and (iv) are tensors using (2-17b).
Now, let us use (2-33) to show that yi| =0 on =i

Proof:
From equation (2-33),

= - ’g.,
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i i
a ?
and since =0 and 2L = ), we have

ox’ oy”

Y'j =-6,G] +ykG,’g..
Now, 5;G; = G;, and hence

y'j= —Gj,— +ykGf-g-.

The third axiom in Theorem 2.2.3 thus shows that

yi| j=0. (2-34)
Similarly, we can also show that

/ i| j=0
and

I =0.
Remark:

In contrast with the Riemannian connection, it should be remarked that the Berwald

connection on a Finsler space is not generally metric compatible. Since

0gij / 1 08
8ijlk =ax—,{—gilij - 8iGik ‘ﬁGk,

equations (2-19) and (2-20) imply that

gijk = —2Cjkymy™ %0

and
ggk =2C{fk =0

in general.

If F is Riemannian we know that g;; = g;;(x), Cjjx =0 and G;’k = r;k then

0g;j(x)
gk == T~ 8 (k= & (i =0,
X
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and

_ 0g;(x) _

g,jik 3yk 0.

Note that when the metric is Riemannian the Berwald connection reduces to the

Riemannian connection, which is metric compatible.

The Ricci identities

The commutation laws of the covariant differentiations with respect to the Berwald

connection are called the Ricci identities. These identities can be written in the form

) Xiljlk —Xilklj = XrH;jk —Xierk;

where the tensors H ijk’ Rj’k and Gijr'k are given by

.G, 8G. . .
k= —a-Tf —ﬁ—G}me +G}, G7, (2-35)
X X
. oR’
i i | Tk
Hr_;k 'Rjkr PYR (2-36)
and
. Gy
Glitr = ai - (2:37)
y

See [Mal] for more details.
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Chapter 3

Curvature

3.1 Riemann Curvature

Riemann curvature is the central concept in Riemannian geometry introduced by B.
Riemann in 1854 for Riemannian metrics. In 1926, L. Berwald extended the notion of
Riemann curvature to Finsler spaces as a generalization of the sectional curvature of a

Riemannian space [Be3] [Be4]. The Riemann curvature of a Finsler space,

~

3" =(M,F), is a family of linear transformations on tangent spaces defined as

follows:
R={Ry : TyM ->T,M/yeT,M\{0},pe M},
where
’ 0
Ry = Ridx* = (-1
ox

Here, Ri = R};(x,y) denotes the coefficients of the Riemann curvature of F' given
by

i . A200 . 3251 ! ac)
aGk_y} a-Gk'*'ZGJ 3'Gk_8G‘aGk,
ox ox/ oy ov/oy® oy’ oy

R; =2 (3-2)
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|
and b/ 6x1,...,6/ ox" {is a local coordinate basis of T pM . We call R the Riemann

curvature of 3”. The Riemann curvature depends only on the geodesic coefficients

@ given by the equation (2-17).

Lemma 3.1.1

Ry has following properties:
@ Ry, (¥)=0;
(i) R), is self-adjoint with respect to g, ie., gy, (Ry,(u),v)= gy(u,Ry(v)),

where u,v €T, M and g, is the fundamental form on 7, M.

Proof:
®

Using the linear operator defined in (3-1), we have

j 0
Ry (y) = Rydx* (y) =
ox

Since dxk(y) = dxk(yj aij) = }’jé‘f = yka
X

1 0
R,(y) = R}ryk—é?. (3-3)
Contracting (3-2) with yk gives
_ f . plai A2 b ryerd
R,’cyk :Z%yk -y’ g .Gk yk+2Gfi.G—kyk o %yk.
ox ox’ oy oy’ oy oy’ oy

We know that G’ is a homogeneous function of degree two in Y, therefore,

oG’ / dx/ is also a homogeneous function of degree two in y. Euler's Theorem 2.1.1

implies

3G i o [aG"]k_2aG"

. y — 2 Sy
aloy* " ok | ox/ ox’
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and since 6Gi / ayj is a homogeneous function of degree one in ),

°G' 1 o (oG ) x G
Jak? “aklad P " aul
oy~ oy oy” oy oy

Since G’ isa homogeneous function of degree two in y,

j .
aikyk =267,
oy
so that
) i ) i ] i . i
Riy* EOSCSal W - CCRRPYCY o SV LR
oxk ox’ oy’ oy’

therefore, R),(y)=0.

(i)
Equation (3-3) implies
R, (u)= Rju" —,
3 axf
and hence
g, (Ry(u),v) = g;iRyu*v/. (3-4)

It can be shown that
&ijRe = gyR/
(cf.[Sh2], section 8-1). Contracting this expression with uk and v gives
ki e oy
g,-jR,{u v =gijiJu v,
It is clear that from equation (3-4)

gy(Ry(u),v) = gy (u,Ry,()).
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3.2 Flag Curvature

The flag curvature is an important quantity in Finsler geometry. The notion of flag
curvature in Finsler geometry is first introduced by L. Berwald [Be3] [Be4]. One of the
fundamental problems in Finsler geometry entails the study of Finsler metrics having
constant flag curvature. The flag curvature, which generalizes the sectional curvature in
Riemannian geometry, does not depend on whether one is using the Berwald, Chern, or

Cartan connection.

Definition 3.2.1
Using a two-dimensional plane, we define the flag curvature as follows. Let
3" =(M,F) be a Finsler space of dimension n and p € M. For a tangent plane
P =span{y,u} c TpM,

let

g, (R, (u),u)

K(P,y)= y
8y(¥,y)8y(u,u)— gy (v, u)gy(y,u)

(3-5)

where y,ue TPM‘ The quantity K(P,y) is called the flag curvature of {P,y}.
The vector ) is called the flagpole. The flag curvature, K (P, y) is a function of the

tangent plane P =span{y,u} c T M.

Note that the denominator of the equation (3-5) is non-zero (cf. page 36). Choosing a

different vector v from T pM gives a different plane Q) =span {y,V} so that, in

general, K(P,y)# K (0, y).

For a Finsler surface (M, F’), n =2, the tangent plane P at each point is the whole

tangent space 7, M. In this case K(P,y)=K(T »M, y) is a scalar function on

TM \ {0}. The function K = K(x, y) is called the Gauss curvature.
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Note that when F is Riemannian K(P,y)= K(P) is independent of y € P, in
which case K(P) is called the sectional curvature of the section P C T pM. Hence
equation (3-5) gives

g(R, (), )

K(P)= ,
gy, y)g(u,u)—g(y,u)g(y,u)

where g is givenby g(y,y)= g;;(x) yi yj . (See [Sh1], [Ps] for further details).

Let us compute the flag curvature of { P, y}. Equation (3-4) implies

ik
g,(R, (u),u) = g;Riulu*.
Using Definition 2.1.4 gives

gy(usu) = g{'juiuj:
g,(3,y)=gzy'y) =F?,

gy (y,u) = g;y'u’,

and

. h, k
gy(¥,1)gy (y,u) = gijy'u! g y"u".
Hence equation (3-5) simplifies to
R Juk
K(P, )= A

. — (3-6)
2 h j. k

Fogju'u) — giigpey' y"ulu
Now, equations (2-29) and (2-6) imply

Therefore, equation (3-6) gives

g,-jR;cuj uk

K(P,y)= e .
Fzgyu’uf - le.jlkukuf

Now, g,-juiuj =g jk“j uk, so that
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gij-Rl"uJuk

K(P,y)= —
F2(g 1l )ulu*

Note that the above g jx =/l #0. Since, if g —/ ;[ =0 then equation (2-9)
gives h k= 0. Hence equation (2-10) shows that det(g Jk )= 0. This contradicts the

condition (iv) in Definition 2.1.3. Thus, the above expression gives

s . |
R gijuuk = K(P,y)F (g s — 1l yu'uF.

Definition 3.2.2

If, for every fixed yeTl pM , the flag curvature is independent of the tangent plane
P =span{y,u}cT pM , then 3" is said to be of scalar curvature at the point p. If

3" has scalar curvature at all points in M then 3" is a Finsler space of scalar
curvature. In this case K is independent of the plane, but it does depend on where the
flagpole starts, i.e.,

K=K(x,y).

The scalar curvature of F’ is given by

Rigij = KF(g i~ 1jl). G-7)

The above expression for K can be simplified as follows. Contracting (3-7) with gjr

gives

Rigiig”" = KF*(g g’ - 1lxg”"),
and since g,jgjr =§] and Ij-gjr =I,

RI6T = KF*(SF —I1").
Now R,icé',-r = Ry, and thus

R} =KF?(8F - 1I,1").
Equations (2-5) and (2-6) imply
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Rl=K F25,§—F-5i1-y' , (3-8)
oy

where K is a homogeneous function of degree zeroin ).

Definition 3.2.3
The trace of the Riemann curvature Rf is called the Ricci curvature and denoted by
Ric(x, ). Equation (3-8) implies

Ric(x,y) = (n—-1)KF>. (3-9)
Note that Ric(x, y) is a scalar function on 7TM \ {0} with the following homogeneity

property

Ric(x,Ay) = A% Ric(x,y), 1>0.

Formulae for the scalar curvature

We state the following well-known formulae for a Finsler space 3" of scalar curvature

K for n>2 given in [Ma3].

Ry =K jhi, — Kh'. (3-10)
2
K; =—F——a—K.+Ky,~. G-11)
3 ]
K;y' =KF?. (3-12)
oK : (W'l.+h:INK hil, +hypl" K ;
=g Lt T SN,
dy oy
0K; 3Kil;
Hij=(n_2) ayi + I +K(hy—2lllj) (3-14)
Hi =(n +1)Ki' (3-15)
oK; OK; _hK;-LiKi (3-16)

o’ o g
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The above functions hj-, R;'k and H,-;k are defined in (2-11), (2-35) and (2-36)

respectively. Note that

R;.k ¥ =R, (3-17)
Hy = HY),
and
(nH j; + H;;)y’
et (3-18)

provided n # 1.

Definition 3.2.4
A Finsler space is said to be of constant flag curvature if there is a constant A such

that K(P,y) = A, for all yePcT,M, peM.

Equation (3-8) indicates that

Rf = ]{F25§ i % 3 J (3-19)

Remark

Definitions 3.2.1, 3.2.2 indicate that every two-dimensional Finsler space is of scalar

curvature. We now state the formula for the scalar curvature of 3", when n = 2. (cf
[Ma3]). We use the Berwald frame (li,mi), (i=1,2), where I s given by the

equation (2-5) and m" is the unit vector orthogonal to / ! The scalar curvature of 3"

(n=2)is
R}k = FKm' (1 jmy —m i), (3-20)
where

mj = gym?,

=gl
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'l +m'm; =67, (3-21)
m;l' =0=1m’, (3-22)
mm; =1=1'L;, (3-23)

R;‘k is given by (2-35) and K is the Gauss curvature of 3", when n =2,

W e can simplify the right hand side of (3-20). Contracting (3-20) with m;, [ J and mk
and using (3-22) and (3-23) gives
Riymil/m* =KF,
and equation (2-5) implies
Rj.km,-yjmk =KF?.
Equation (3-17) indicates that

F2

where K is also a homogeneous function of degree zero in . y.

K . ) (3-24)

3.3 Non-Riemannian Curvatures

Besides the flag curvature, there are other important quantities in Finsler geometry,
which are S-curvature, E-curvature and Landsberg curvature. These quantities vanish
for Riemannian metrics, and hence they are called non-Riemannian curvatures. Before

discussing these quantities, however, we need to introduce a few definitions.

Definition 3.3.1

Let B;’ be the unit ball in a Finsler space centeredat pe M, i.e.,
BY={yeR",|yl=F(x,y)<1}

and B" be the unit ball in Euclidean space centered at the origin, i.e.,
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B"={xeR"|x|1},

where R" is n-dimensional real vector space and | x | = jjx xJ . Let
volume(B™)
Op(X)=—"7-—"-. (3-25)
volume(By.)

For a Finsler space, 3" = (M, F), we define the distortion, 7 = 7(x, y), by

[det(g;
(5, =In| Y EEl)

(3-26)
oF(x)

2

The distortion 7(X,y) is a scalar function defined on 7M \ {0} that satisfies the

homogeneity condition

7(x,Ay)=A7(x,y), A>0.

According to [Sh2], when F' = \/ gij (x) yi yj is Riemannian,

o (x) = /det(g;;(x)).

Hence equation (3-26) implies that 7 =0, when F is a Riemannian metric.

Definition 3.3.2
Let 3" =(M,F ) be a Finsler space of dimension », and fix a local frame

/ ax .0, ax j for T M. The Cartan torsion C on T M is a trilinear

symmetric form defined by

0 0 0
C P2 ] = Ck:
y(ax' ox/ 6xk) 4
where
1 &F?
C,_‘,’k =———i.—k-
4 0y'oy’ oy

In terms of the &ij» equation (2-2) implies
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_1%;
gk =5 Y
Note that if /' is Riemannian, then 8ij = &ij (x); consequently,
Cik =0.

Definition 3.3.3

The mean Cartan torsion / y is a linear form on X pM defined by

a y
1 y(g} =Ii(x,y)= g’kCz;;k- (3-27)

Note that if /" is Riemannian, then Cyj3 =0, and hence /), = 0.

We show that the vertical covariant derivative of 7 is also equal to the mean Cartan

or _ 8 ]n{\/det(gy)

o o op )
P 0
=§(m F—det(g,-j))-g(mwﬂx))

= 337 (111 det(gy))

torsion. Now,

It can be shown (cf. [Sh2]) that
a i
57'(1“ JaetCzy))= g™ Cy;
Y

therefore,

where we have used (3-27).
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We are now in a position to define S-curvature.

Definition 3.3.4

Let 3" =(M,F) be aFinsler space and y € T, M\ {0}, the function S =S(x,y)

(4 dy
S _(dt {1(7(1)3 dt )})tzoa
dy

where ¥(t) is the geodesic with x =y(0) and y=(7) . § is called S-
=0

is defined by

curvature of F' [Sh1] [Sh2]. Note that this quantity is also called the mean covariation
in [Sh3] and mean tangent curvature in [Sh9]. The S-curvature measures the rate of

change of the distortion along geodesics.

It can be shown (cf [Sh2]) that in a standard local coordinate system in TM , the S-
curvature is given by

G __ ¥ dork
ayi or(x) o'

> (3-28)

where G’ denote the geodesic coefficients and oz (x) is given in (3-25). The S-

curvature satisfies the homogeneity condition

S(x,Ay) = AS(x, ), A>0.

If F' is Riemannian, then 7 =0, and therefore
AS = 0
It can also be proved that S =0, if I is a Berwald metric [Sh3].

Definition 3.3.5

Let 3" =(M,F) be a Finsler space. If there is a scalar function ¢=c(x) on M

such that
S=(n+1)cF
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then F is said to have isotropic S-curvature. If ¢ =constant then F' is said to have

constant S-curvature.

The relationship between the scalar curvature and S-curvature of Finsler metrics was
studied by X. Chen, X. Mo and Z. Shen [ChMoSh].

Theorem 3.3.1 ((ChMoSh))

Let 3" = (M, F) be aFinsler space of dimension » with scalar curvature K. Suppose

that the S-curvature is isotropic. Then there is a scalar function &(x) on M such that

i
_ 3Cxi (x)y

+o(x),

where C i =6c/ ox' . Further, ¢ =constant if and only if K =K(x) is a scalar

function on M.

Definition 3.3.6

Let 3" = (M, F) be a Finsler space. For a non-zero vector y € T pM\ {0}, define
E), = Ej(x,y)dx' ®dx’: T,M xT,M — R by

g —l___aj_(,}l’_,_(x y) (3-29)
! " ayi y it
The E-curvature of the Finsler space £ ={E,},c7prs\(0}, is 2 symmetric bilinear

. - :
form on TpM, Ey(u,v)=E,-ju1v], where u =u' — and v=1V' —a.—ETpM.
ox’ ox’

Note that from (2-17c), Ej; is a tensor on 7M \ {0}.

We show that £ y (¥,v)=0. Now,

. 2027 ) |, .

E (y,v)zli'--ylvf=l 6. 8 G y'v/,
y y i Ja,r
2oy' /oy
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o’G”
and since | ——— | is a homogeneous function of degree zero in ),
ayloy”
E y (y > V) = O:

for any veTpM. Thus, Ey(y,y)=0.

Note that F y has the homogeneity property

Ez(uv)=A"Ey(u,v), A>0.

If F is Riemannian, then G,-’J‘- = r,-f (x); therefore ;ij =0, and hence E), = 0.

The E- curvature is also called the mean Berwald curvature. Clearly, for any Berwald

metric, £ y= 0. In general, the converse is not true. Finsler metrics with vanishing E-

curvature are called weakly Berwald metrics.

We now find a relationship between the E-curvature and S-curvature. Differentiating
equation (3-28) with respect to yj gives

i S5t
¥ g aS. _ 6. aGi __9j 60F§x)} (3-30)
Yoo oyl oy ) or(x) ox

and differentiating equation (3-30) with respect to yk gives

o%S o* (oG

S 7 k= - — - - :2E
A A L

y

where we have used (3-29). Thus,

1

=@l 3-31
=l s (3-31)

ie.,
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Note that equation (3-31) is independent of o (x), and hence the E-curvature is

independent of the volume form even though the S-curvature depends on the volume

form.

Definition 3.3.7 ([Sh8])

F is said to have constant E-curvature p, denoted by F =(n+1)uF —lh, if for

any p € M and any non-zero vector y € T’ pM R
Ey(u,v) = (n+1D)pF " by, (u,v),

where u,veT pM R hy is an angular metric form on 7 pM associated with y given

by (2-8) and 4 is a constant.

Relationship between the Constant E-Curvature and Constant S-
Curvature

Suppose that F' has constant S-curvature,

S=m+1)cF, (3-32)
where C is a constant. Differentiating (3-32) with respect to yi and yj , we get
Syiyj =(n+ l)cFy,-yj
and equations (2-10) and (3-31) imply
2E; =(n+1)cF 'y,

ie.,

Ey(u,v)= #(n +1)chy,(u,v).

We thus see that if S =(n+1)cF, then E = —217(n +1)ch.



Chapter 3 - Curvature 46

X. Chen and Z. Shen proved that a Randers metric has constant E-curvature if and only
if it has constant S-curvature [ChSh2]. Further details about S-curvature and E-

curvature are given in [Sh1] and [Sh2].

Well-known examples for constant S-curvature and constant E-curvature are the Funk
metrics [Fk1] [Fk2] on the unit ball, B". These metrics are defined by

2 2.2 2
Wy Py <m0t |, (5
I-|x|? 1-|x|*

F(x,y)= (3-33)

where yeT pB" =R", p is a point on B”, the local coordinates of p are

6= (xl,...,xn ), R" is the n-dimensional real vector space, and | . | and { , ) denote

the standard Euclidean norm and inner product, respectively. Funk metrics have the
following properties:
(i) These metrics are locally projectively flat Randers metrics with K = —1/4.

where K is the constant curvature;

() S= i%(n +1)F;
(i) E = iL(n + 1A
4F

(iv) Ji%F] =0.

We prove these relations in chapter S.

Motivated by the results for Funk metrics, in 2001 Z. Shen proved that Finsler metrics

of the form

oo BRIy E =) | o) | @)
1-|x -|x? 1+{a,x)’

where yeT pRn and a€ R" is a constant vector with |a|<1, have the same

properties as Funk metrics [Sh8]. He thus classified all locally projectively flat Randers
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metrics with constant curvature. (See chapter 5.1 of this dissertation for the definition of

Randers metrics).

In 2002, Z. Shen also proved that the Finsler metric on the cylindrical domain

Q:={p=(x,y,p) eRZxR"2/x%+ y2 <1} defined by

Fp) - N+ )+ 9 A= —y?) ~(yu+ )

1—x2— 52 ’

where P =(u,v,7)eT,Q=R", n22 and p=(x,y,p)eQ, has zero flag
Y)€ip

curvature, zero S-curvature and zero E-curvature [Sh6].

Once given a connection on a manifold, one can define the covariant derivatives of

tensor fields along a curve.

Definition 3.3.8

Let 3” = (M,F) bea Finsler space and ¢ : [a,b] > M bea C™ curve. We define

the covariant derivatives of a vector field ¥ = u(t), t €[a,b], along c by

Daa0={ %0100 0.0 2

where u(t) = u' (l‘)i and ¢(1) = ¢ (l‘)i
ox' ox’

Definition 3.3.9

A vector field v = v(¥) along c is said to be parallel if

Dé(t)v(t) =0.

Note that if ¢ is a geodesic then
Dé(t)é(t) =0.
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Definition 3.3.10

Let 3” = (M, F) be aFinsler space. For a non-zero vector y € T, M \ {0} define
Y&ip

Ly(u,v,w)= [ €y @@, v, w(r))-i

1= 0

where y(t) is the geodesic with ¥(0)=x, y(0)=y, and u(t), v(t), w(t) are
parallel vector fields along y(f) with u(0)=u, v(0)=v, w(0)=w and Cy is
the Cartan torsion. We call Ly the Landsberg curvature of the Finsler space. The

Landsberg curvature measures the rate of change of the Cartan torsion along geodesics.

Thus in a standard local coordinate system (X,y) in TM, the Landsberg curvature

Ly= Uk(x,y)dxi Qdx’/ @dx* is given by

m
Lijk = Cijkjmy
(cf. [Sh11]). This implies that

0Ciik oC; k
Lijk =2G' —I+ CpGl + Cip G + CyGy - y' —2% (3-34)
o'
It can be shown (cf. [Sh11]) that from above equation
1, &G
Ly =—— s - man- py 3-35
ij ) Y &ri ay’ayfayk ( )

Hence from the equations (2-17¢) and (3-35), Lijk is a tensor on 7M \{0}.

A Finsler metric is called a Landsberg metric if L =0 [Lal] [La2]. The Cartan

torsion is thus constant along geodesics in a Landsberg space.

Definition 3.3.11

Let 3” =(M,F) be a Finsler space. For a non-zero vector yeT »M\{0} and

define
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Jy(u){%(fmu(r))] ,

=0
where ¥(?) is the geodesic with x = ¥(0) y =»(0) and u(t) is a parallel vector
field along y(f) with #(0) =u. We call J,, the mean Landsberg curvature of the
Finsler space. The mean Landsberg curvature measures the rate of change of the mean

Cartan torsion along geodesics. In a standard local coordinate system (x,y) in TM,

the J y= J idxi is given by

Ji = Lijmy™
(cf [Sh11]). This gives
J; = yj a]l. —]j aG -2G/ 81, . (3-36)
ox’/ o' oy’

By a direct computation (from equations (3-27), (3-34) and (3-36)), one can show that
ik
Ji=8"" L. (3-37)

Then equations (3-35) and (3-37) imply

1 . % 0F &G
J’:_EFgJ T
oy’ oy oy’ oy

Hence from the equations (2-17c) and (3-38), J; is a tensor on 7M \ {0}.

(3-38)

A Finsler metric is called a weak Landsberg metric if J =0.

The ratio, J/I is the relative rate of change of the mean Cartan torsion along

geodesics. There are many examples that satisfy J /[ =—c(x)F, where c(x) is a

scalar function on M. The Funk metrics are two of them. In these cases ¢ =*1/2. X.

Chen and Z. Shen showed that for a Randers metric on an n-dimensional manifold M ,
J +c(x)FI =0 if and only if S =(n+1)c(x)F and the one-form of the Randers
metric is closed [ChSh2].
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The next two theorems give interesting relationships between the scalar curvature and
non-Riemannian curvatures of a Finsler space. The proofs of these results can be found
in [ChMoSh].

Theorem 3.3.2

Let 3" = (M ,F) be an n-dimensional Finsler space of scalar curvature. Suppose that
the mean Landsberg curvature satisfies

J +c(x)FI =0,
where ¢ = c(x) is a scalar function on M. Then the flag curvature K = K(x, y) and

the distortion 7 = 7(x, y') satisfy

n+l

j
Cyy
PRK +| Kve(x)? -], =0
3 Yy

F y

b

where K ; = OK[oy', c_j=dc/ox) and T = or/oy'.

(a) If ¢ = constant, then there is a scalar function p(x) on M such that
itk
—_ 2 n+1
K=-c"+p(x)e )
(b) Suppose that F' is non-Riemannian on any open subset of M. If K = K(x) isa

2

scalar function on M, then ¢(x) = c is a constant, in which case K =-c“ 0.

Theorem 3.3.3

Let 3" = (M ,F) be an n-dimensional Finsler space of scalar curvature. Suppose that
the S-curvature and the mean Landsberg curvature satisfy
S=mn+1c(x)F
and
J+c(x)FI =0,
where ¢ = c(x) is a scalar function on M. Then the flag curvature K = K(x, y) can

be written in the form
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3 ( )2 ( ) 27

cx) +o(x

=— n+l
5 + u(x)e ,

where o(x) and u(x) are scalar functions on M.

(a) Suppose that F' is non-Riemannian on any open subset of M. If ¢(x)=c is a

constant, then K = —cz, o(x)= —c? and M1(x)=0.
(b) If c(x) # constant, then the distortion is given by
n+l
y) 2
p(xX)F

7=In ‘
6c,i (x)y' +3F(o(x)+c(x)?)
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Chapter 4

Projective Finsler Geometry

4.1 Projective Change

In projective Finsler geometry, we have a remarkable theorem called Rapcsak theorem,
which plays an important role in the projective geometry of Finsler spaces. This
theorem gives the necessary and sufficient conditions that a Finsler space is projective
to another Finsler space and will be presented in this section. By considering two
Finsler spaces on a common underlying manifold of dimension n, we give the definition

of the projective change as follows.

Definition 4.1.1

A projective change is a mapping from 3" =(M,F) to 3" =(M,F), which is a
diffeomorphism and maps geodesics of 3" to geodesics of §n. If any geodesic of
3" isa geodesic of §n and the converse is also true, then the change ' —> F of the

N . e : . o, s =N
metric is called a projective change and 3" is said to be projectiveto I .
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Let c:x(1)= {xi(t), i=1,...,n} be a curve in M which is a geodesic of both "

=n ) . )
and S . In page 18 in chapter 2, we know that the geodesic ¢ on 3" satisfies

d*x' i dx dx’
dt2 +2Gl(x,z)=§l/(t)z, 4-1)

and the geodesic ¢ on T satisfies
d%x'
dr?

-
where 7 (1) =(%) / [%) § = [F(x(t),dx/dr)dt, and

—i dx dx’!
+2G' | x, = =7 ()= 4-2
[x,dtj w()dr, (4-2)

G =

|-

ax"oyF oxk
Equations (4-1) and (4-2) show that
dx

= i od_ ax’
2G (x,z)-zG (x,d—tj—wa) yan,

and hence

G'(x,y)=G'(x,y)+ P(x,»)y,
where P(x,y) is a positively homogeneous function of degree one in ). This

establishes one part of the following theorem.

Theorem 4.1.1 ([Kn))

~

A Finsler space 3" is projective to another Finsler space 3" ifand only if there exists

a positively homogeneous scalar field of degree one in y, P(x,y); such that

G'(x,y) =G (x,y)+ P(x,)y". (4-3)

The scalar field P = P(x, y) is called the projective factor of the projective change.

The proof of the converse of the above theorem is given in [Sh1].
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In 1961, A. Rapcsak [Rap] proved that

— k _ —
G—izGi+Fiky i F_il{aFik k —-}

= VS8V —hH (4-4)
oy

2F 2

where F| & denotes the horizontal covariant derivative of 7 on 3" =(M,F) given
by
= _OF oG" oF
i
ox" 0oy oy

Note that equation (4-4) holds in general and does not require (4-3). Then Rapcsak

theorem follows from relation (4-4).

Theorem 4.1.2 (Rapcsak Theorem [Rap])

Let 3" =(M,F) and S = (M ,_I?) be two Finsler spaces on a common underlying

manifold M of dimension 7. The change F — F of the metric is projective change

if and only if F satisfies

_ o
i o

where " | " denotes the horizontal covariant derivative of F on 3". we say that 3" is

¥ =0, (+-5)

projective to 3" with the projective factor given by

P EArs—a (4-6)

Definition 4.1.2
If there exists a projective change F' — F of a Finsler space 3" =(M,F ) such that

the Finsler space 3" =(M,F) is a locally Minkowski space, then 3" is called

locally projectively flat.
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If 3" isa locally Minkowski space then recall that G i = 0, and equation (4-3) thus

implies that
G' =-Py', 4-7)

where P is the projective factor of the projective change I — F.

According to [Sh11], a Finsler metric I on a differentiable manifold M is locally
projectively flat if any point p € M, there is a local coordinate system (xi) in M
such that every geodesic ¢ = c(t) is straight, i.e., x' O=f (t)ai +b , where f(t)

isa C® function, a' and b’ are constants. Hence locally projectively flat Finsler

spaces are important to us.

The following lemma is very important in Finsler geometry, which gives the
requirement for any Finsler metric to be locally projectively flat and will be used to
establish our main results in chapter 6. Here the proof given by my self is rather long

and the author could not find a shorter proof, which fits into this chapter.

Lemma 4.1.3 ([Ha))

A Finsler space 3" = (M, F) is locally projectively flat if and only if

oF 0°F
T kA’
ox" ox oy

=, (4-8)

Proof:

Let 3" =(M,F) be a locally Minkowski space. Assume that 3" is locally

projectively flat. Hence, according to Definition 4.1.2 3" is projective to 3. From

Definition 4.1.1, we know that the inverse map FoF ofa projective change is a

projective change and J" isalso projective to 3" . Hence, Theorem 4.1.2 implies
OFik

ayl yk = 0) (4'9)

|i
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where Fjj denotes the horizontal covariant derivative of /* on 3" =(M,F) given
by

oOF oG" oF

axk ayk ayr

Since 3" is a locally Minkowski space we have G J =0, and hence the above

Fi =

expression reduces to

Fi = —=, (4-10)
Substituting equation (4-10) into (4-9) gives equation (4-8).
For the converse, assume that (4-8) holds. Then we show that 3" is projective to 2

According to Theorem 4.1.2, we have to show that F satisfies the equation (4-5).

Now, F' = F(); hence

Fy=-G =
oy
and similarly
= r OF
Flk =-GL oF

Differentiating the above expression with respect to yl and contracting with yk gives

OF} oF o’F
l: k Gr r ~r? Gz Fa i ¥ -
oy oy oy’ oy

Since G is a homogeneous function of degree twoin y, the above expression implies

oF;, 2%
(i3 ;, G’ oF Ve ok -~
ay’ oy’ oy' oy’

Hence,
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We now find G” using equation (2-17).
» 1 il 8%F% ) & oF?

G =—g" | S Iy -

4 8y’ ox ax’

g" 6_ (ZF a};]yk -—ZF?E_-
oy ox ox’

- i

1
4

1 n-{ﬁﬁ b, p O°F yk_pﬁ}

. y .
oy ax* 8y’ ox* ox'

28

and from equation (4-8),

2 oy ox*

Using equation (2-29), we have
1 . i OF &
Gr - n_ ]z
2 F g g _]Iy ax k y

1 oF , &
:——ky
2F ox

>

consequently,

= _6]7!,( o = V' y* oF 8°F
I . b .
Yo' F afay
y* oF o (oF) ,
— = y =0,
F ok oo

where we have used the property of homogeneity of F. Hence 3" is projective to

3. That is, 3" is locally projectively flat. The proof is complete.

We now find the projective factor P of the projective change F > F, where F is

locally projectively flat. Equation (4-3) yields the relation
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G'=G'+Py.

Since G* = 0, we have

G' =Py, (4-11)
Equations (4-6) and (4-10) imply
3 =ﬂ1~£yk. (4-12)
2F ok

Equations (4-7) and (4-11) also give
=-P.

o

Relationship between the projective factors of any three projective

changes
Let 3" =(M,F), 3" =(M,F) and 3" =(M,F) be three Finsler spaces on a
common underlying manifold M of dimension » and Gi, G i, Gi be the geodesic

coefficients of F, F, F respectively. Let P, P and P be the projective factors of

the projective changes F > F, F — F and F — F respectively. Equation (4-3)

yields the relations
G'=G' +Py’,
G'=G'+Py’,
G'=G' +Py,
which imply
(P+P +P)y =0.

Differentiating both sides of the above expression with respect to yk gives

(P+I7+ﬁ)5]i+(ap o 6P],'=0_

+ +
ayk 6yk ayk

Let k =i, then 5] = n, and therefore
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(P+P+P)n+ OR o el y' =0
' o o

Since P, P and P are homogeneous functions of degree one in J,

P+P+P=0.
4.2 Projectively Invariant Tensors

In projective Finsler geometry, there are two important projectively invariant tensors,
namely the Weyl tensor and the Douglas tensor. These tensors provide us with some
important information about the projective properties of Finsler metrics. For example, it
is shown that these tensors vanish simultaneously in a locally projectively flat Finsler
space. Z. 1. Szabo [Sz1] proved that the condition for a Finsler space to be of scalar
curvature is that the Weyl tensor vanishes. In this section, we show that these tensors

are invariant under any projective change.

Definition 4.2.1
The Douglas tensor is defined in terms of Gi as follows.

"Gy + £y 187G )

h _~h
where
h
Gh _ G
k=
oy
Gjj =Gy,
Gy =201
i =—
7 ayk
and

h h h h
S(U-k){é} ij} = (5} ij +5iji +5k G{-j.
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Theorem 4.2.1

The Douglas tensor is invariant under any projective change.

Proof:

Let 3" =(M,F) and 3" =(M ,-ﬁ) be two Finsler spaces on a common underlying
manifold M of dimension » and 3" be projective to 3", We denote quantities of
Eii4 by putting a bar over the symbol. Differentiating equation (4-3) with respect to

yj, yk and yh, we obtain

Gi=G'+Py' +Ps’, (4-13)
Gy =Gy + Py + Py + PiS), (4-14)
Git = Giyi + Pjiny’ + P8y, + PinSy, + P, (4-15)

where P, =0P / ', Fj =0k / 3y’ and Fijp = OF}; / 6yk. Substituting i =k = r
into (4-15) gives

=r r r r r

Ghjr = Gh_]r +Phjry +Ph_]5: +Phl‘5j + P]rah
Let Gj = 5—, and G,-j =§,§,. Since &y =511 +..+0p =1+..+1=n,
Ph,.é'; = Fp; and Fy; = Pjj we have

= r

Gh'j = Gh] +Phjry +HPhj +2Phj'
Now, P is a homogeneous function of degree one in y; hence,

Pyjry" =~PFyj,

and therefore

Ghj = Ghj +(n+ l)Phj- (4-16)

Differentiating (4-16) with respect to yk yields

Ghjk = Ghjk +(n+ l)Phjk s 4-17)
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where (—;hjk = a(_;hj / 6y" and Gy = 0Gp; / Byk.
Let £(jk) {§I-hP k) = 5,~h Py +6 th, +5"p, ¢ Dij- Then equation (4-15) is

h h
Gyk Gyk + ¥ Pk + £jk) 07 Pjk}- (4-18)
Equations (4-16), (4-17) and (4-18) imply

G —G"k) Gt —-Gu)
h 1 1] (Uk) 5h J J .

Gh b= G
(n+1) (n+1)

Y

The above expression can be recast as

= _ G+ BGud) _ Gk + e 167G y)

G =@G..
ijk (n+1) ik (n+1)

Let

(""Giig + £y (OF'G )

Gh Y Uijk + &(ijk) i U jk
Uk (n+1)
and
h= h=

Bt _gh (V" Giji + €(ij) 16 G jx })

gk~ gk (n+1) ’
then

h
Dy =Dfy

]

The above equation shows that ng is a projectively invariant tensor.

Definition 4.2.2

If the Douglas tensor is equal to zero, a Finsler space is called a Douglas space and its

metric is called a Douglas metric.

Definition 4.2.3

The Weyl tensor is defined as follows.

(H o ~Hy)y' +6;Hy — 6, H
(n+1)

b

i pi
ij—Rj.k+
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where R;k is given in equation (2-35),

h
OR’;
h k
Hije ==
oy
Hy=Hpy,
and
H; =(nHy +Hy)y* [(n-1
i=(mHp; +Hy)y™ [(n-1).
Theorem 4.2.2

The Weyl tensor is also invariant under any projective change.

Before giving the proof, however, we state some formulae given in [FuYa] and [Ma3].

Ry =Ry +¥' Qi +570k — 630 (4-19)
where
Q; = hi - PR,
and
Ojj = £ = Pji-
h h | h h h h
Hpy=Hpy+y ij|i+5,~ Ojk +67al; =6, 0).» (4-20)
where
o0 jik
ijll =——8J; ;
and
00k
Qk’i = A’
oy
Ojj =Qj|i "Qilj- (4-21)
Hiy = Hii — H'y. (4-22)

Rh = Hpyy*, (4-23)
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where

Hy; = Hp,, . (4-24)
Let us show that the Weyl tensor is invariant.

Proof:

Substituting 4 =i =r into equation (4-20) gives
Hyyg =Hpjp + yerkfr +6,Q )k +50k], —515Qj|r-
Since O jk is a homogeneous function of degree zeroin y, Q ik ’r y" =0; therefore,
Hiy = Hijg +nQ i +Qk\j —lek-
Equation (4-21) implies
Hyy = Hyjg +(n+1)Q .,
and equations (4-22) and (4-24) give
ﬁkj—ﬁjk=ij—ij+(n+l)ij. (4-25)
Contracting equation (4-25) with yk we get
H, kjyk -H jkyk =gl kjyk -H jkyk +(n+1)Q jkyk- (4-26)
Substituting i = k =7 to equation (4-19) gives
E}r = R_;r +yerr +5}Qr _J:Qj-
Since ) =n and y'Q jr = ka jk, using equation (4-23), the above expression

gives

Tk k k

Hyy" =Hpy" +y"Qj —(n-1)Q;.
Substituting for ka jk from (4-26) gives

7 7 k k
= ko k. Hg—H)y" (Hgg—Hjy)y
Hyy" =Hyy" + (n+1) (n+1)

~(n-1)0;,

so that



Chapter 4 - Projective Finsler Geometry 64

(nHyj +H j)y* = (nHyj + H 3)y* - (n* -1)Q;. (4-27)

Using equation (3-18) and putting (n—1)H; =(nHy; + Hy)y*  and
(n-1)H; = (nHy; + Hi;)y"* into (4-27), we have

H;=H;—(n+1)Q;. (4-28)
Replacing j by k from (4-28),

Hy=Hy —(n+1)0. (4-29)
Substituting for O & from (4-25), 0 j from (4-28) and Oy from (4-29) into (4-19)
yields

g (H g —Hg)—(H —f_fkj)+§,-' (Hy —171()_51' (Hj-Hj)
(n+1) I (n+1) k' (m+1)

2

i _ pi
R k= R ik +y
and therefore

= +(17jk-17,g-)y’+5;ﬁk ~6,H; _ g +(ij—ij)y' +6}-Hk—§,"Hj'

R .
I (n+1) Jk (n+1)
Let
I‘Vi =§';. +(ij"ﬁﬁj)y!+5}ﬁk-5;gﬁj
L (n+1)
and

(H jx —Hyy)y' +63Hy, —5;ch'

i (4-30)

I _pl
ij_Rﬂc"'

The above calculations show that

i o
Wik =W k.

ie., WJI-k is another projectively invariant tensor.

Special Cases

(i) Locally Minkowski space

We know that Gi =0 in a locally Minkowski space, and therefore equation (2-35)

indicates that
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h
Rjk = 0
Hence
B

Then equation (4-24) implies H ij = 0. Hence ng =0 and W,Jh =0 in a locally

Minkowski space.

(i1) Locally projectively flat Finsler space
By definition a locally projectively flat Finsler space is projective to a locally

Minkowski space and the Douglas tensor and Weyl tensor are invariant under any
o nh _ph _ AN .

projective change. Therefore, Dijk = Dijk =0 and Wi = W,J =0. Hence both the

Weyl tensor and Douglas tensor are equal to zero in a locally projectively flat Finsler

space.

Theorem 4.2.3 ([Sz1])

A Finsler space 3" = (M, F) is of scalar curvature if and only if its Weyl tensor is

ZErO0.

Proof:

Consider a Finsler space 3" of scalar curvature K, where 7 >2. Since 3 is of

scalar curvature, equation (3-10) and equation (2-11) can be used to show that
k k k ik
Rij =K;6j - K;6; —I"(K;l; - K ;). (4-31)
Equation (3-14) implies
oK J - oK i
o' o’

3
Hij—Hj,-=(n—2)[ j-l—F(KIIJ—KJlI),

and hence equation (3-16) gives

n+l _
HI_] _H]I =£—-ﬁ——)~(K,lJ —Kjl,) (4-32)
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Multiplying (4-32) with y¥ yields

n+1 k
(Hij—Hji)yk=( = )(Kilj_Kjli)y ,

and using equation (2-5) gives
k
(Hjj—Hj;)y

n+l

=(Kil; - K i)I*. (4-33)
Now, equation (3-15) implies

H ;8 =(n+)K ;6f,
and similarly

H,-é‘f =(n+ 1)K,-5‘r-‘;
hence,

SFH ;- 8%H; =(n+ 1)} K ; - 6% K)),

ie.,

5FH ;-6%H;
n+1
Adding (4-31), (4-33) and (4-34) thus gives

=5FK ;- 6%k, (4-34)

k k k
Rk (HI]_Hﬂ)y +§i H_]—5]HI
U+ -——O,
(n+1)

ie.,
k

A proof of the converse can be found in [Ma3]. If 7 = 2, then every two-dimensional

Finsler space is of scalar curvature and the Weyl tensor is equal to zero [Ma3].

Scalar curvature of a locally projectively flat Finsler space

Note that Theorem 4.2.3 implies that locally projectively flat Finsler metrics are of
scalar curvature (cf. [Be5] [Be6]). In this section, we determine the scalar curvature of a

locally projectively flat Finsler space in terms of the Finsler metric and the projective

factor. Let 3" = (M ,F) be a locally projectively flat Finsler space and G be the
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geodesic coefficients of F'. Substituting equation (4-11) to equation (3-2) and taking

i =k, gives

Rii =(n—1)}?’2—(n—l)a—P.yi, (4-35)
ox’

where P is the projective factor given by equation (4-12). For » = k =i, equation (3-

8) implies
Rl =K(n-1)F?, (4-36)

where K is the scalar curvature of 3. Equations (4-35) and (4-36) thus imply

K= -17(132 —a—";y" ) (4-37)
F ox

We give three well-known theorems for the Finsler spaces of scalar curvature.

Theorem 4.2.4 ((FuYa))

A Finsler space of scalar curvature is a space of constant curvature if and only if one of

the following conditions holds:
@) Hyj=H ji;
Gi) H j;y’! = Hyy7,

(iii) H; is proportional to ;.

Theorem 4.2.5 ((Ma3))

A Finsler space 3" = (M, F) is locally projectively flat if and only if
@) n>2: W;k =0 and Dg'k =1,

() n=2: DJj =0and K; =0,

where

oK ( \
KI] =F 3K|rmr—[F—.mJ] [k \ifmj—m),l',},
lk

6yJ
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K is the Gauss curvature given in (3-24) and " | " denotes the horizontal covariant

e n
derivative in 3" .

Theorem 4.2.6 ([Ba))

A Finsler space 3" =(M, F) is a projectively flat Berwald space if and only if it

belongs to one of the following classes.
Hn=3

(a) locally Minkowski spaces,

(b) Riemannian spaces of constant curvature,
Gi)yn=2

(a) locally Minkowski spaces,

(b) Riemannian spaces of constant curvature,
2
(c) one-form metric spaces with /" = ~——_ where £ and y are independent one-

forms in yi.
(See [AIM] for further details about one-form metric spaces).
4.3 Examples of Locally Projectively Flat Finsler Spaces

This section contains my original research work. One of the remarks in [Ma3] is that a
locally projectively flat Finsler space of non-zero constant curvature may be a
Riemannian space of constant curvature. Motivated by this remark, we introduce a
system of partial differential equations for some Riemannian spaces of non-zero
constant sectional curvature by using a locally projectively flat Finsler space. From the
solutions of this system of partial differential equations we obtain two particular
examples of locally projectively flat Finsler spaces, which are Riemannian spaces of

non-zero constant sectional curvature.
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Proposition 4.3.1 .

Let 3" =(M,F) be a Finsler space having geodesic coefficients of the form
G = o yk #0, where p=p(x) is a scalar function on M and
Py =0p / Ox” . Then:

(a) 3" s locally projectively flat;

(b) The projective factoris — p, yr;

(©) 3" is of constant curvature;,

(d) 3" is a Riemannian space of non-zero constant sectional curvature given by
K =—(pip; - pi)y'y’: (4-38)
F2 J 1
(e) p satisfies the following system of partial differential equations.
2(pij Pk + Pjk Pi + PikPj) = Pijk +4PiP Pk (4-39)

where  pj; =0p; / &’ and Pijk = Opij / oxk

Proof:
(@)
~h

Using Theorem 4.1.2, we first show that § with Gk =Py ¥y yk is a locally

projectively flat Finsler space. Let 3" = (M ,F) be a locally Minkowski space. We

have to show that

_  OF
Fif_-aj—/[:_yk=03
where
= OdF k OF
By =———ly
Ox oy

Since F = F(y), we know that
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0;
ox’
consequently,
Fi=-GF 6_1; (4-40)
oy
Now, we know that
G*=p, )" . (4-41)
Differentiating (4-41) with respect to yi gives
Gf = piy* + pry' 5t (4-42)
where have used pr§,r = p;. Substituting (4-42) into (4-40) gives
— k oF
Fi=~(piy* +pry"8f)—.
Oy
1Le.,
= k aF oF
Ki=-piy" —¢ pryr_?--
o oy
Using the property of homogeneity of F, we have
= —= oF
Fi=-piF —pry" — (4-43)
Oy
Replacing i by k in equation (4-43) gives
817
Fe==pkF =pry" — (4-44)
a*
Differentiating equation (4-44) with respect to yi and contracting with yk gives
6F k aF k 617 azF k
oy T - o VR oy S,
o' ay oy &' oy
Using the property of homogeneity of F , we have
oF, oF 1
V‘ Ve =-pr =" -pF. (4-43)

oy’



Chapter 4 - Projective Finsler Geometry 7l

Equations (4-43) and (4-45) show that
Fjj = l,- y© =0
oy

so that by Theorem 4.1.2, 3" is projective to 3" Since 3" isa locally Minkowski

space, from Definition 4.1.2, 3" isa locally projectively flat Finsler space.

(b)
We use relation (4-6) to find the projective factor. Contracting equation (4-44) with yk

gives

= P L oF
Fiy* =-piFy* —pry’a—ky" :
y

Using the property of homogeneity of F, we have
= .k =k
Fpy™ ==2pFy",
and substituting this expression to (4-6) (replacing k by r) gives

r
P=-p.y.

(©

We show that 3" is of constant curvature, for #> 2. For n=2 see part (d). Let W,Jk

be the Weyl tensor of 3", Since 3" is locally projectively flat, from Theorem 4.2.5,

we have W,Jk =0. Hence, Theorem 4.2.3 indicates that 3" is of scalar curvature. We
use Theorem 4.2.4 (i) to show that 3" is of constant curvature. We need to show that
Hj; = H j;. Let us calculate /;; in terms of p. We know that / i;'k = aR;k / 6yi ,
where R;k is given by (2-35) (with 7 =#). We use equation (4-42) to calculate R;-k.

Let us find the first two terms of R;k. Equation (4-42) implies

Gi=p;y" +piy's} (4-46)
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Differentiating equation (4-46) with respect to xk gives

oG"; 9 .
P 2 Lyr+ ap Ly's7, (4-47)
ox~  Ox

and interchanging j and k in equation (4-47) gives

oG 0 6
k _ pk' y Pi y §k* (4-48)

at ot 6x]

Differentiating equation (4-46) with respect to ym , we have

Gim = PjOm+PmOj (4-49)
and from equation (4-46),

Gy =py" +piy'6 .

o o r m .
Multiplying G ji,, and Gy gives
| om
GimGr' = (PjOm +PmS; ) ok y™ + piV'S;)
=0 Pk + Y PiOk + PmPkSY" + Pmpiy' 870 ). (4-50)

Interchanging j and k in equation (4-50) yields

GinGT = (okp Y+ PkPiy' S5+ pmp 0k Y™ + Pmpiy' SKST).  (4-51)
Substituting equations (4-47), (4-48), (4-50) and (4-51) into equation (2-35), with

¥ =1, we get
opj o op op ~ : ;
Rig = —’—L")y ( ;85 =50k |V + (0 0k - Pk i’
I (6xk ox’ oxk U ox’ ¢ 4
0
and since PI{ apk. X
a”  ox/
r 5,01 r_ 5,01 i r ¥ i
Rij = = 2 9] o) 5}’: V' +(p ik —PrOj)Piy - (4-52)
x X

Differentiating (4-52) with respect to yi yields
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5R;k
ayi

op; r Op;
=Hirjk=( p,ﬁ B; = p} 5£)+(pj5/€—pk5§)pi,
ox éx

which for taking k = r, gives

H —%—n%+

0= (n=1)pipj.
7oox) e /
. r r o op;
Here we have used the relations 8, =n and H;; = Hjj,. Since —: = p;; the above
r ij = Hyjr o) T
expression reduces to
Hij=(n=1)pipj—pj)=H . (4-53)

Theorem 4.2.4 shows that 3" is a locally projectively flat Finsler space of constant

curvature.

(d)
We first show that K # 0. Suppose that K = (0. We know from equation (4-49) that

G;k = G;-k (x); hence from Definition 2.2.3, we can say that F' is a Berwald metric.
It is known that every Berwald metric with zero curvature must be locally Minkowski
space [AIM] [BaChSh]. Therefore, 3" isa locally Minkowski space, which indicates

that G' = 0. This contradicts a hypothesis of Proposition 4.3.1. Hence, K # 0.
To establish the formula for K we consider two cases.
Case (i): n>2.

Equation (3-18) and equation (4-53) imply

H;=(n+1)(pip; - pij)y’

and equation (3-15) thus shows that
Ki=(pipj- Py’

Contracting the above expression with y' and using equation (3-12) gives
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1 i 5
K=—(pipj-pi)¥'y’.
F
Since K #0,
i o ..
F? = (Pip; -pi) ¥’y = gii(x)y'y’.
Hence the metric tensor is

1
8ij(x) =E(pipj = Pij)- (4-54)

Recall that if g;; = g;;(x), then F is Riemannian. Hence 3" is a Riemannian space

of non-zero constant sectional curvature given by

_ 1 iJ
K—}—z(pipj—pg)yy :

Case (ii): n=2.
From Definition 3.2.1, we know that any two-dimensional Finsler space is of scalar
curvature. Contracting equation (3-20) with m;, / J , mk and using (3-22) and (3-23)
gives
KF = Rj-km,-ljmk ,
and equation (4-52) yields
. . . ; , K
KFE ={(pyk05 — poy)y" +(p 0k — prSi)pry ymil/m",
which simplifies to
KF=( 1 mk - Um )y + mk = pom 19m*) p, "
=(ppm jl7m” = pympl?m”= ) y" +(p jmyl’m™ — pym jl7m” ) ppy”.
Relations (3-22) and (3-23) further simplify this expression to
KFE =-pyly" +p;l! p,y".

The [ J can be eliminated from the above expression by use of equation (2-5) so that

_1 yj r yj r
K——I;[—ijFy P PrY b

ie.
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1 . .
k= F_2‘(pipj -pi)y' v,

where i, =1,2.

n . g o 5
Now we show that 3~ is a Riemannian space of non-zero constant sectional curvature

when n =2. Since F' is a Berwald metric, Lemma 2.2.4 shows that I is either locally

Minkowskian or Riemannian. Recall that if I is locally Minkowskian then G = 0,

which contradicts a hypothesis of Proposition 4.3.1. Hence F' is a Riemannian metric.
Further in part (a), we have proved that F' is locally projectively flat, which implies
that F' is a locally projectively flat Berwald metric. Hence from Theorem 4.2.6, I isa

Riemannian metric of non-zero constant sectional curvature.

(e)

Since 3" is a Riemannian space, it must be metric compatible with the Riemannian

connection. This means that

ogi:
—a—% -~ &Lk — & Tjk =0 (4-55)
X

(equation (2-15)), and the coefficients of the Berwald connection coincide with the

Christoffel symbols of the Riemannian connection. Equation (4-49) thus implies
] j i i
l"}-k =G;~k = pkﬁj + pj§k.

Equation (4-55) can thus be written

ax—z ~ & (PiSk + PSi )~ &ir(PAS + P 6k ) =0,
inen
ogii :
aTZ —28iiPr — &kjPi — &ikPj =0. (4-56)

Differentiating equation (4-54) with respect to xk R

%y _

1
ok E(Pikpj + P jk Pi ~ Pijk)»
X
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where Pijk = ap,-j / ax" . From equation (4-54), we can also write
1
8k = E(Pkpj — Pij);

1
8ik = E(Pipk = Pik )>
so that in terms of p equation (4-56) can be written as

2(pijpr + PjkPi + PikPj) = Pijk +4PiPjPk-

The proof of Proposition 4.3.1 is complete.

Radially Symmetric Solutions
Proposition 4.3.1 can be used to construct examples of Riemannian metrics of constant

sectional curvature. Specifically, we can obtain such examples from solutions p to the

system of partial differential equations (4-39). In this section we consider a special class
of solutions called radially symmetric solutions.

Let
TixLP)= pik +4pipj Pk —2(PijPk + PikPj + PjkPi) (4-57)

o ; . k
Here, i, j,k€{1,2,..,n}, p;= ap/ax' . Pj= 6p,v/axf . Pijk = 6p,-j/6x ,
and it is assumed that p has continuous partial derivative of at least third order. Now,

we seek solutions to
Tyxlp]=0 (4-58)

ofthe form p = p(¢), where

1. p i 1, 2
=—dxn.xd ==lx|",
@ 2% 2! I

i.e., radially symmetric solutions. We thus seek radially symmetric solutions p to a
system of third order partial differential equations (4-58) such that p is a smooth
function of @ and equation (4-58) is satisfied for all values of 7, j,k € {1,2,...,n}.

Now

2

% = o™ = PP

pi=p(9)—
ox
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pij = P'(B)0imx™8 ' + p'(9)5,
= p"($)x'x7 + p'($)5y,
Pik = P (D)X x5k + p" (B (x5 +xT 5y + 5583,
where p'(@) denotes dp/d ¢, so that
Tilpl=x'x/xK(p"(8)+4p'(9)’ —60"($)P'($)}

F (66 + xSy + x4 5)(0"(9)-20'(9)). (4-59)

Lemma 4.3.2
If p(@) is a solution to (4-58) for all i, j,k € {1,2,...,n} then p is a solution to the

third order ordinary differential equation

pPr(#)+4p'($)* —6p"(4)p'(#)=0. (4-60)

Proof:

k

We know that the coefficients of x’ x/x* and (xi§ Kt x/ O + xk5y~) in (4-59) are

invariant under index permutations. If 7>2 then we make the special choice

i# j#k sothat & k= 5ij =03 =0 and hence equations (4-59) and (4-58) imply

i J kg m 10 1\3 ” '
x'xIx {p"(§) +4p'(¢)” - 60"(9)P'($)} =0
for all x' x7 x* in some neighbourhood of x € R". Since p is a smooth function

of @, the above expression gives

pP(P)+4p'(9)> —6p"($)p'($) =0.

For n =2, wetake i = j =k =1. Then equations (4-59) and (4-58) imply

()2Hp"(B) +4p'(9) - 60"(9)p'(9)} +3{p"(#) - 2'($)*} =0.

Similarly, taking i = j =1 and k = 2 gives

()2 p"(9) +40'(9)* —60"(9)p'(8)} + {p"($) - 20'($)*} =0.

The above two expressions yield (4-60).
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Corollary 4.3.3
If p(@) is a solution to (4-58) for all i, j,k € {1,2,...,n} then

p'(#)-2p"(9)* =0. (4-61)
Proof:

The differential equation (4-61) immediately follows from (4-60) since equation (4-59)

reduces to
' j k 2
(X0 g +x7 5+ x75;){p"(#)-2p'($)"} =0
and we can choose #,j,k such that i= j#k as a special case exploiting the

invariance of the coefficients.

Lemma 4.3.4
Let p be a three times differentiable solution to equation (4-61). Then p is also a

solution to equation (4-60).

Proof:

Equation (4-61) implies
PP ($)=20'9),
and since p is three times differentiable we have also that
P (P)—4p"(9)p'($) =0,
by differentiating both sides of (4-61) with respect to ¢@. Therefore,
P(9)+4p'($)’ —6p"(9)p'(9)
=4p"()p'(9)+2p"(9)p'($)-6p"(¢)p'(#) =0.

In summary, we have the following result:

Theorem 4.3.5
If p(@) is a solution to equation (4-58) for all i, j,k €{l,2,...,n} then p(@) is a
solution to equation (4-61). Moreover, if p(¢@) is a solution to equation (4-61) then

P(@) is a solution to equation (4-58).
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Note that the final statement follows immediately since the coefficients are identically

ZEero.

Solutions of the equation (4-61)

We now solve equation (4-61). Evidently p’'(@) =0 is a solution, though it will not

lead to a useful metric for our problem. Suppose that p’'(@) # 0. Then equation (4-61)
can be recast in the form
p'(9)
P'(P)

=2p'(#);

consequently,

In

P'(#)=2p(4)+c,

where C is a constant of integration. The above relation implies
p'(9)=ceP?),

where C = e # 0 and hence
%e_zpdp =dg,

ie.,

1 _
—=¢ P =pra,
2¢

where €] is a constant of integration. Solving the above equation for p gives
1
p=—7In(44+B), (4-62)

where A(#0) and B are constants of integration. Substituting 2¢ =| x|2 and
differentiating (4-62) with respect to xi, we also have

p‘ —— .—_.5..—.!‘}-..1
1 ?
x| +4
where 4 =2 B/ A. Note that since p is a smooth function of @, from equation (4-62)

| x> +4 0.
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Now we calculate F' using equation (4-38). We have
£1; = Pij = P @V S8 s’ = 0" @)5mx™8 5! + p'($)3;)
=007 - "D Bimx™5 15 - )55,
so that from equation (4-61) we see that
PiPj = Pij = ~p'($)*5imx™S jlxl - p'(#)di,

and hence

F2=

) (5, + 0/ (B0 1y

=%'(¢){| I +p' (@) 2.

Differentiating (4-62) with respect to ¢ gives

1

p(9)= —m-

g2 L) Py
KlixP+1 (xP+0)?*|

Hence

where we have used 2¢ =| x |2 .

4.3.1 Examples of Riemannian metrics of non-zero constant sectional
curvature

Example (i)

If K=-1and A=-1 thenwe have

2 2
2o I x5y

-1x[? (a-1xP)?*’

ie.,

Iy B =(xPly P ~x0)%)
1-|x 2 ’

F(x,y)=
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where yeT an = R". This is the Klein metric defined on the unit ball B” in R"

stated in [Sh2].

Example (i1)
If K=1and A =1 then we have

F2_ |yl B (x,)*
- 2 T
I+| x| (A+]x|9)

ie.,

VYR +(xRly R ~x,3)?)
1+|x P ’

F(x,y)=

where y € TpRn = R" This is the Riemannian metric given by [Sh2].

The next lemma provides an alternative method of calculating geodesic coefficients of
some Riemannian metrics of non-zero constant sectional curvature rather than using (2-

17), which involves finding the inverse Finsler metric tensor.

Lemma 4.3.6

Let 3" =(M,F) be a Riemannian space defined on a underlying manifold M of

dimension # and let

” .
F*=pu(pipj-pij)y'y’, (4-63)
where 4 is a non-zero constant, and p = p(X) is a scalar field defined on M that

satisfies equation (4-39). Then
G'=p, )y (4-64)

and the curvature of 3" is 1/ .
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Proof:
Recall that
h . 212 2
G’ = 4 g g ¥ = y" ———aFk (4-65)
4 ox" dy Ox
(equation (2-17)). Equation (4-63) shows that
/d 2 i
oF H(PikPj+ PiP jk — Pijk) Y V7’ (4-66)
and
2 i . g
——=u(pipj - pi))Sy ¥’ +61¥")
oy
=2u(prp;j - Pi) ¥’
Now,
o (oF? s
6x_r ay H(PrrPj+ PrPjr — Prkj )y >

and contracting this expression with yr gives

o (oF?
a_xF 6y v =2U(PrrPj + PrPjr — prk])y ¥ (4-67)

Replacing 7 by 7 in (4-66) then subtracting (4-66) from (4-67) gives

o (oF?) , oF?
o o ) Tk = (PP j +2PkPjr = PrP ji = Pri)V’ V"

and since pp P jyj yr = PrpP jkyjyr,

o (oF?) , oF?
a—,[a—k}f’ ; = u2prp jr - Prig )V’ ¥ (4-68)
x' \ Oy xk

Substituting (4-68) into (4-65) yields

G' = Zﬂg' Qrkpjr—Prig) ¥’y
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The function Prij can be eliminated from the above expression by use of equation (4-

39). We thus get

- .
G' = Eg’ Cororpj=PPr =Pl )y’ ¥

. .
=12 (orowpj = Pjpr)y’y". (4-69)

We know that the metric tensor of 3" is given by

gir = H(PkPr — Pir)>
and contracting g, with g gives
g™ = worpr - Prr)E™.
Since gkrgik =5ﬁ, we have
5t = worpr g™ - upir8™;
hence,
prprg” = %51 + P g™
The above expression and equation (4-69) imply
G = #{p j(iéﬁ +8% ppr ) ~g%ppr }yj v
=pV' v +ug™ (pjpir = PP )y’ y"

=pr ¥’y
Hence equations (4-38) and (4-63) imply
1

K=—,
Y7,

We use Lemma 4.3.6 to find geodesic coefficients of the Riemannian metrics found in

Examples 4.3.1.



Chapter 4 - Projective Finsler Geometry 84

Examples 4.3.2
Example (i)

We consider the Riemannian metric found in Example (1) of Examples 4.3.1, where

2 2
P DA R )

-1x? (-|xP)>?

o .
5;iy'y’ +5;n-§rjx x"y' y/

2 2,2
1-]x| (I=]x]%)
For this example, note that
5k-,-xk
Pi = ok
1-|x]|
Now,
5;i
/)
Pij = +2pipj,
I - x P /
so that

F2=(pji=2pipj+ pip;)y'y’

=—(pipj—pi)y'y’. (4-70)

Lemma 4.3.6 implies & =—1, and

G = pusfyf 2L Y

1I-|x |2
therefore,
_ i
GI — <1x)|y>l}; ) (4_71)
—|x

=-1.

The sectional curvature is K =

L
7,
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Example: (i1)
Similarly, the Riemannian metric in Example (ii) of Examples 4.3.1 gives
2 i j
F*=(pipj—pi)y'y’, (4-72)
where
5,,—xr

1+|x?

Lemma 4.3.6 implies ¢ =1, and
Glo_ (x, Yy
I+ | x |2

and the sectional curvatureis K =1.

Example: (iii)
Consider the following Riemannian metric.

oo Ny P —elx Py P ~x )
1—3|x|2

where £>0 and |x|2<1/8. Then

p2__&xn? P
(A-g|xP)* 1-g|xf

r
_1f e | elyP J
el -¢|x?)? 1-g|xf

1 (Ezaimxméjrxr . BN "

e Q-elxP)?  1-g|xP

For this example,

£6;px™
(o —
1-¢|x|

and
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£§U

—+2p.p ..
l—ﬂxF T

Pij =
Then

A= —é(Pij “Pij)yiyj-
Using Lemma 4.3.6, we have

. ,
Gi SV ey
l-¢|xP?  1-¢|x]?

Since 4 =——,
&

K=—=-¢,
U

where K isthe non-zero constant sectional curvature of F'.
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Chapter 5

Randers Space

5.1 Randers Metric

The Randers metric is a special Finsler metric that arises in general relativity. This
metric was introduced by G. Randers in 1941 [Ra]. The Randers metric has the

following form

F=F(x,y)=a(x,y)+ B(x,y),

where a(x,y)= aU-(x)y'yJ is a Riemannian metric on the n-dimensional

differentiable manifold M, and f(x,)) =b,-(x)dxi is a one-form on M. Here,

b;j(x) is a covariant vector field defined on M. We also need to have the following

condition for Randers metric tensor to be positive definite.

yalbib; <1, (5-1)

where (aij) is the inverse of (;). The space I"=(M,F=a+p3) is called a

Randers space of dimension n, and the space (M,a) is called its associated
Riemannian space. The Funk metrics on the unit ball given by (3-33) are examples of
Randers metrics, where & is the Klein metric given by example (i) of Examples 4.3.1.
Further details are given in [BaChSh], [Sh1], [Sh2] and [AIM].
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Definition 5.1.1

The one-form [ is said to be parallel with respect to a if

ob; k
b’IJ = ——I""bkry = 0,

ox’

where I};‘ denote the Christoffel symbols of .

In 1979, S. Kikuchi proved that a Randers metric ' =a + [ is a Berwald metric if
and only if [ is parallel with respect to @ [Ki]. This characterization is useful for

determining the Randers metrics that are also Berwald metrics.

Definition 5.1.2

The one-form £ is said to be closed if b; ; —b j; = 0. In other words, /3 is closed if

. Ob;
ﬂ} - —% =0. (5-2)
ox’ ox

In 1997, S. Bacso and M. Matsumoto proved that a Randers metric F ' =a + [ is a

Douglas metric if and only if £ is closed [BaMa2].

Relationship between the geodesic coefficients of the Randers space

and its associated Riemannian space
Let G’ and G be the geodesic coefficients of ' = + 3 and a respectively. Then

equation (4-4) gives the general relation between G J and Gi as follows.

k
) . Fiy 1 E aFk
GlzGl’L_lz—_Fyl“L?gy{_ayljyk —Hj (5-3)

where Flk denotes the horizontal covariant derivative of /' on the Riemannian space

(M,a).
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Now, taking the horizontal covariant derivative of I with respect to & gives
Fe = o + B

According to Lemma 2.2.2, Ay = 0 on (M ,a); moreover, equation (2-34) shows that
i
Y k=0.
Since f =b; 3", we thus have
Fr =bigy'. (5-4)

Differentiating (5-4) with respect to yj and contracting with yk gives

k= kY- (5-5)
oy’
Replacing k by j and i by k in (5-4) gives
k
Fj=bwy"

and subtracting (5-5) and the above expression yields

OFk & k k k
ayjy —Fj=bjky" —bk|;y" =bjk — k)" (5-6)
Hence, the relationship between G " and G is
'k
—~i_ i LYY 4 F k
G’=G’+J|Ty'+?gU(bj‘k—bk|j)y . (5-7)

Special Cases
(1)
If [ is closed, ie, b ik -by j= 0, then from equation (5-6) and Theorem 4.1.2,
(M ,a) is projective to (M, F’), and equation (5-7) implies
ik
. . b ik yjy .
Fl=ql +-Liigt (5-8)
2F g

The projective factor of the projective change @ — F' is thus
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'k
= iy’ y
2F

P (5-9)

(i1)
If [ is parallel with respect to , ie., b,-] = 0, then
Giogl L Py
p W

where I’ l].k are the Christoffel symbols of &. Definition 2.2.3 shows that in this case

F =a+ p is also a Berwald metric.

In 1980, M. Hashiguchi and Y. Ichijyo found the following necessary and sufficient

conditions that a Randers space is projective to its associated Riemannian space [Halc].

Theorem 5.1.3 ([Halc))
For a Randers metric ' =a + f#, [ is closed if and only if (M ,F’) is projective to
(M,a).

Theorem 5.1.4 ([BaMa2))

A Randers metric ' = a + f is a Douglas metric if and only if £ is closed.

The next theorem is a direct consequence of Theorem 5.1.4. Note that the proof is

provided by the author.

Theorem 5.1.5
A Randers metric ' = a + [ is locally projectively flat if and only if /3 is closed and

a is locally projectively flat.

Proof:

Suppose that F' = a + [ is locally projectively flat. Equation (4-8) implies
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2
aE - a. Fk yk =@, (5-10)
ox'  oy'ox
Now,
oF 0 6b ;
L el@rp=2.21, (5-11)
ox ox ox'  ox'
and similarly
OF oda +6b i
ok ok ok

Differentiating the above expression with respect to y' gives

2 2 ob -
L5 Fk o ak + -1151 (5-12)
oy'ox* oyax® ox

and equations (5-10), (5-11) and (5-12) thus imply

2 .
a—?+%y"— a.ak+6bl,( b
ox' o' oy'ox”  ox )

2
da 0°a ob;,  Ob;
R k+(—k.——,’( y* =0. (5-13)
ox'  oy'ox ox'  ox*)
By hypothesis F' is locally projectively flat, consequently, the Douglas tensor of F' is
equal to zero by Theorem 4.2.5. Therefore I is a Douglas metric, and Theorem 5.1.4

shows that [/ must be closed so that equation (5-13) reduces to
da  da
ox'  ay'ox*

hence Lemma 4.1.3 shows that & is locally projectively flat. The converse also follows

k=0

2

easily.

Remark: In Riemannian geometry, Beltrami showed that a Riemannian metric is
locally projectively flat if and only if it is of constant sectional curvature. Combining
this with Theorem 5.1.5 we can conclude that a Randers metric is locally projectively

flat if and only if the Riemannian metric is of constant sectional curvature and [ is

closed.
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Notation

The following notation will be used frequently in our discussion of Randers metrics:

bi =a—b§-’—bk1"§,
Ox

where I"g are the Christoffel symbols of «;

1
Sij =7 (i = bjy),

i_ ik,
Sj—a S/g,

where (aik) is the inverse of (@ );
1
’;J = E(b’U + bj|, ),
e =1 +b,~sj +bjs,-,

s
where Sj —»biSj,
||b||=,/a9'b,-bj <1.

Theorem 5.1.6 ([Si])
Let 3" =(M,F = a+ ) be a Randers space of dimension 71 > 2. Then,

(a) 3" has constant negative flag curvature KX and s; =0 ifand only if

(1) The Riemannian space (M ,a) is of negative constant sectional curvature

H= —).2 , where A is a non-zero constant,
(2) byjj = Mayj = b)),

2
In this case we have K = —T and the Randers space is called an RCG-space.

(b) 3" is flat (i.e, K =0) and s; =0 if and only if it is a locally Minkowski space.
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(c) 3" has constant positive flag curvature K and s; =0 if and only if

(1) The Riemannian curvature tensor R of the associated Riemannian space

(M ,a) satisfies the relation

Rh{']'k = K(l_ ” b ”2)(aijahk =i aikahj) + K(aijbhbk = a,-kbhbj)
- K(ahjbibk - ahkbibj) - biljbhlk + bilkbhlj + 2bh|ibj|k-
(2) || b]| is a constant.

(3) b =b;(x) is anon parallel Killing vector field.

In this case Randers space is called an RCT-space.

Remark:
The " RCG " stands for Randers space of constant curvature with gradient; the " RCT "

stands for Randers space of constant curvature with translation.

As we mentioned in chapter 3.3, the Funk metrics on the unit ball in Euclidean space
are Randers metrics with constant flag curvature [Sh8]. However the author could not
find the proof in there. Therefore we prove this result using example (i) of Examples
4.3.1 and Theorem 5.1.6.

Lemma 5.1.7
Let

o WP PlyP < p®)

1- | x [?

and
CN)N
1-| x|

Then 3" = (M ,F =az B) are locally projectively flat Randers spaces of constant

flag curvature defined on the unit ball B” = {xe R" | x|<1}.
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Proof:
Now, recall that & is the Riemannian metric with constant sectional curvature, -1 (cf.

example (i) of Examples 4.3.1). Hence the equation (4-70) gives the Riemannian metric

tensor
—(pipj — Pij); (5-14)
where
k
oy = 2% £ (5-15)
1-| x|
It is also clear that
B=by =tp;y. (5-16)

Let us show that 3" is of constant flag curvature using the part (a) in Theorem 5.1.6.
Since @ is the Riemannian metric with constant sectional curvature, g =—1, the

condition (1) of (a) in Theorem 5.1.6 implies
A==l

We first consider the case, where A =1 and b; = p;. We now show that the condition

(2) of (a) in Theorem 5.1.6 is valid. The bil j can be expressed as

0b;

k
bkF
o/

1|J

where T 15 are the Christoffel symbols of a. From (4-71), we have geodesic
coefficients of & given by
G*=p,y .

Differentiating this expression with respect to yi and yj gives (cf equation (2-31))

Gk =psk +p6F =15,
Hence

byj = pij —2pip;-. (@17)
Since A =1 and b; = p;, from (5-14),

Meyj—bibj)= pi =2pipj,
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and we thus have condition (2) of (a) in Theorem 5.1.6. Note that for A =—1 and

b; = pj, the condition (2) of (a) in Theorem 5.1.6 is not valid. Therefore we next

consider the case A =1 and b; =—p;. Similarly, for A =—1 and b; =—p;,

byjj=—py+ Pk(Pié'f e Pj5ik )
=2pipj = pi- (5-18)
Since A =—1 and b; =—p;, from (5-14),
AMay; —bibj)=2p;ipj - pjj.
Then from equation (5-18) and the above expression give

b1|_] = ﬂ(ay _blb_])

Since conditions (1) and (2) hold in (a) of Theorem 5.1.6, this shows that 3" is of
1

constant flag curvature, K = _Z’ and

s; =0. (5-19)
6p,- op j . :
We know that from (5-15) AP ) =0, hence (5-2) shows that /8 is closed. Since
ox ox

a has constant sectional curvature and S is closed, the remark of Theorem 5.1.5
indicates that F' is locally projectively flat given by

2 2.2 2
VyP xRy <o) Gn) (5:20
1-| x| 1=|x]

F(x,y)=

We now consider the condition (5-1) for a Randers metric tensor to be positive definite,

\/aﬁpipj %], (5-21)

To simplify the above condition first we need to find aij. Equation (5-14) gives

Qijj = Pij — PiPj-

namely,

Differentiating (5-15) with respect to x/ gives
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Pij = 5 +2plpja
1-|x [
and therefore
ajj = % 5 T PiPj-
1-| x|
Equation (5-15) yields
Iy 1—|x|2 y 1—|x|2
Let
o’ =(1-|x P)6Y - x'x7), (5-22)

where (0 ij) is the inverse of (5;;). We show that (aij) given by (5-22) is the inverse

of (aj), ie.,

ay-a’k = 5}5.
e ik .
Multiplying ajj by a™ gives
- SO X7 | x5
a,ja’k = 5U +% (5’k—x‘xk).
1-|x|
ie.,
i* i 5,,-xr5mjxm§ik . & Ogk x’c?mjx xk
oo =00 + 5 — 05X X" —
1-|x]| 1-|x ?

Since 5, 5% —-5k n51k 5,{(, 5" F = x* and 5m_;x Myl "|x|

™ k 2 m_k
ik 51: Omjx mok | x| 5rryx X
—|x]| —|x|

a;ja
_ sk.
=47,

hence, (aij) is the inverse of (a,-]-). Using equations (5-15) and (5-22), we see that
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k

a¥pipj=(67 ')y ——
1-| x|

2

and since O ij5ri =0 ,J and 0 ,! x" = x7 | this expression simplifies to
5;g-xkxj —5,,-xrxi5ijkxj
1-|x |2

aUPin =

In addition, 0, ijkxj =0x M =x |2, so that the above expression reduces to

2
ij |x " —|x| 2

Hence from equation (5-21), we require that

Volpip;=lx|<1.

The resulting Randers metric, F is thus defined on the wunit ball

B"={xeR",|x|<1}.

Similarly, for f =—p; yi, we can show that F'=a — f3, is also defined on the unit

ball B”.

5.2 Non-Riemannian Curvatures of Randers Metrics

The non-Riemannian curvature properties of Randers metrics were studied by Z. Shen
and X. Chen in [Sh1][Sh2] [ChSh1] [ChSh2]. Throughout this dissertation we use the

following notations. £, J, I denote the E-curvature, the mean Landsberg curvature,

the mean Cartan torsion respectively, which are defined in chapter 3.3, and A is the
angular metric of I given in Definition 2.1.5. According to [Sh1], the S-curvature of
F =a+ B is given by
i
ey‘ J

S=(n+1) T—(sfy’w;y') : (5-23)
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where

i =l~g.-{ln(l —a’gbkb )} (5-24)
2 ox' g

We summarize some key results that relate non-Riemannian curvatures of Randers

metrics in this section. The proof of these results can be found in [ChSh2].

Theorem S5.2.1
Let ' =a+ [ be a Randers metric on an n-dimensional manifold M, and let

¢ = c(x) be a scalar function on M. The following are equivalent:
(@) J+cFI =0;
(b) S=(n+1)cF and B is closed.

(c) E= %(n +1)ch and S is closed.

(d) e,jyiyj =2c(az2 —,52) and [ is closed.
As we mentioned in chapter 3.3, the Funk metrics are well-known examples for

constant S-curvature and constant E-curvature. We prove this result by using above

Theorem. Note that the following proof is provided by the author.

Lemma 5.2.2

The Funk metrics defined in (5-20) have the following properties:

G S =i%(n+1)F;
(i) E = +L(n +1)A;
T T4F ’

(i) J £ %FI =0.
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Proof:

We first show these results for the case
2 2.2 2
Wy -(xPlyP =x0?) | ()
1-|x 1-|x

Let us show that the condition (d) in Theorem 5.2.1 is valid for the above F. Using the

F(x,y)=

notation of chapter 5.1, recall that
ejj(x) =rj +b;isj +bjs;,
where
1
fij == (Bilj +b ).
Equations (5-17) and (5-19) imply

eij = Pij —2PiPj- (5-25)

Now,
2c(a” - %) =2¢cleyy'y) - biy'b;y7}. (5-26)
Substituting (5-14) and (5-16) into (5-26) gives
2c(@” = B2)=2el(py - pip )YV~ piy' Py’
=2c(p; —2piP;)¥' v’
hence equation (5-25) implies
ejy'y) =2c(a’ - )
ifand only if ¢ =1/2. Recall that £ is closed (cf Lemma 5.1.7) and we thus have the

condition (d) in Theorem 5.2.1. Therefore, Theorem 5.2.1 shows that

1
S==—(n+1F,
2( )

1
E=—(mn+Dh
4F( )
and

J+—=F] =0.
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Similar arguments can be used to show these relations with negative sign for the other

Funk metric.

5.3 Projectively Flat Randers Metrics with Isotropic S-

Curvature

It is well known that all locally projectively flat Finsler metrics have scalar curvature
[BeS] [Be6]. Since Randers metrics are special Finsler metrics, all locally projectively
flat Randers metrics also have scalar curvature. In Lemma 5.1.7 and Lemma 5.2.2, we
proved that the Funk metrics are locally projectively flat Randers metrics with constant
flag curvature and constant S-curvature. It has been proved that all Randers metrics of
constant flag curvature have constant S-curvature [BaRo]. However, not all locally
projectively flat Randers metrics are of constant flag curvature. Some of them are of
scalar curvature with isotropic S-curvature. This problem was studied by X. Chen, X
Mo and Z. Shen in 2003. They classified locally projectively flat Randers metrics with
isotropic S-curvature [ChMoSh]. But locally projectively flat Randers metrics with
scalar curvature may or may not have isotropic S-curvature. Example 5.3.2 illustrates

such a metric that has scalar curvature but does not have isotropic S-curvature.

Scalar curvature of a locally projectively flat Randers metric
Let ' =a + f be a locally projectively flat Randers metric and K be the scalar
curvature of F. Since F' is locally projectively flat, from the remark of Theorem 5.1.5,

we know that & is a Riemannian metric with constant sectional curvature and [ is

closed. Let G’ and G’ be the geodesic coefficients of F' and & respectively. Using

the equation (3-2) and replacing Gi by G d , we have

~l ol 2=i ol Yol
o —; 0°G" oG oG/
e s 5 +2G — i
ox/ oy oyt oY) oy
Since [ is closed, using equation (5-8) the above expression simplifies to the

following result given in [Shl].
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R, =R} +{= —] —L—th +m; ), 5-27
§ =y 4(};. oF [k U/'34 (5-27)
where
_ ko J
¢ =by;y" ¥,
— bV v vk
w=byuy y'y",
hy =68 -1,
Mk = ~(by ik = eyl )Y ¥

Substituting k =i into (5-27), since h,-i =n-—1 and B, yi =0, gives

R =R+ é(ﬂf—l (n—1) (5-28)
" T |4\F) 2F '
Equation (3-8) with ¥ =k =i yields
R =(n-1)KF?,
R} =(n-Nua?,
and relation (5-28) thus gives
2
KF? = ua? 2 (¥ (5-29)
4\ F 2F

provided n #1.

Scalar curvature of a locally projectively flat Randers metric with

isotropic S-curvature

Consider a locally projectively flat Randers metric /' with isotropic S-curvature, i.e.,
S=(n+1c(x)F,

where ¢(x) is a scalar function on M. We determine ¢ and ¥ interms of a, [

and ¢. Theorem 5.2.1 indicates that
. 2, 2
¢iy'y! =2c(a” - B°), (5-30)

where
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e,-j 2?;‘} +bi5j "‘l‘bij. (5-31)
Since [ is closed, by|;j = b jj;; therefore, s;; =0 and hence 5; =0 and 5;=0. In

addition,
1
i == (Biyj +bi) = by
Consequently, equation (5-31) implies

&j = byj
so that
i i i i
e;iy'y! =bj;y'y’.
Equation (5-30) implies
i j 2 2
bi;y'y! =2c(a” - B°),
and therefore
- 2 2
¢="b;;y'y’ =2c(a” - B°). (5-32)
Taking the horizontal covariant derivative of @ with respect to @ and contracting with
yk we get
k i j k
iy = by vy =y
From equation (5-32) we also have

¢ =2c(a” - B*),

so that
B =20 (a” - B*)+2c(a” - B* ). (5-33)
where
o = oc ): oc
S P
and
T;g.yj = l",i.

Since ¢ =c(x),
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oc

k=—=c k- (5-34)
“ kX
Now,
2 2 2 2
(@ =B W =ak — Bk =2aay — 2By,
and since " | " is the horizontal covariant derivative with respect to the Riemannian
metric &,
0.’|k — 0,
so that
2 2 '
(" = B W = 2Bk = 2Pbipy'". (5-35)

Substituting (5-34) and (5-35) into (5-33) yields

i y* =2c 4 ¥ (@® - %)+ 2(-2Bbip ' ),

and relation (5-32) gives

v =y =2¢ 1 ¥ (@ - B*) -8 B(a® - ). (5-36)

Equation (5-29) now enables us to determine the scalar curvature of a locally

projectively flat Randers metric with isotropic S-curvature in terms of @, [, ¢ and

M. Substituting (5-32), (5-36) and F' = @ + [ into (5-29) gives

KF? = yaz +3c2(a —,3)2 —Ck yk(a -5 +4czﬂ(a—ﬂ)_ (5-37)

X. Chen, X. Mo and Z. Shen used equation (5-37) to give explicit expressions for

and K in terms of c¢. They determined the function ¢ according to the sign of the

sectional curvature of &. A key result is the following classification theorem.

Theorem 5.3.1 ((ChMoSh])

Let F'=a + [ be a locally projectively flat Randers metric on an n-dimensional
manifold M and let iz denote the constant sectional curvature of . Suppose that the
S-curvature is isotropic so that S =(n+1)c(x)F. Then F can be classified as

follows.
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@) If u+ 4C(x)2 = (0, then ¢(x) = constant and the flag curvature is K = 2.

(1)if ¢= 0, then F is locally Minkowskian with flag curvature, K = 0;

(2) if ¢ # 0, then after a normalization, F' is locally isometric to the following

Randers metrics on the unit ball B” c R"

Ny =PIy =)D £y | @
1— | x |2 C1+{a,x)’

F(x,y)=

1
where a € R” with |a| <1, and K=—Z.

b)) If u+ 46‘(.7()2 # 0, then F' is given by

o) k
Fx, )=t -
u+4c(x)

and the scalar curvature of 3 is given by

K(x,y)=3 cxk(x)yk +c(x)? [+
. = S X .
Y7 T FGy) g

(1)if g =-1, then

VB =2 Py P ~x0?)

a(x,y)= 5
1-|x|
where y € Tan =¥
In this case,
A+{a,x)

c(x)=

W@+ (a,x)? £ (1| x )
where A€ R and a e R" with |a|?< A% £1.
(2)if 4 =0, then
a(x,y)=yl,

where y € TpRn =R".
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In this case,

()= +1

2k +(a,x)+ | x 2

where k >0 and a € R” with | a|®< k.

(3)if u =1, then

Jy R +(xP |y| <5

a(x,y)=
1+ | x |
where y € TPR" =R".
In this case,
£+{a,x)

c(x) = ,
2\/l+ | x ’2 —(e+ (a,x))2

where @ € R", and £ € R is such that [6‘[2 +|a|2< L

The following example of a locally projectively flat Randers metric with isotropic S-

curvature is given in [ChMoSh].

Example 5.3.1

Let F'=a+ [ and for an arbitrary number & with 0 < & <1, define

\/(1 £ )(xu+yv) +e(u +v2)(1+e(x +y ))
1+3(x +y )

‘\/1 -& (xu+yv)

1+e(x +y )

where (4, V) is a vector on R? at any point p =(x,y) € R% Now,

Jagb,-bj :‘\/1—82

and hence F is a Randers metric on R2. The scalar curvature of F' is
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5-g2 —!-45(.7:2 + yz) " 3(1 +£(x2 + y2 )):x
2(.’3+x2+y2)2 (e+x +yz)2

K(x,y,u,v)=-

The isotropic S-curvature of F' is
S =3cF,
where
V1-g?

2(a+x2+y2)'

C=

So far all known Randers metrics with scalar curvature have isotropic S-curvature
[Sh11]. Motivated by this we define the following Randers metrics to show that some

Randers with scalar curvature do not have isotropic S-curvature.

Example 5.3.2
Let
Mnm_ﬁylﬂtul%xW)
I+ | x [
and

By =222

1+ | x|
Let us show that FF =ax [ are locally projectively flat Randers metrics of (non-

constant) scalar curvature without isotwropic S-curvature defined on wunit ball

" ={xeR",|x|<1}. Recall that @ is the Riemannian metric with constant
sectional curvature, 1 (cf Example (ii) of Examples 4.3.1. Then (4-72) gives the
Riemannian metric tensor

ajj =(pipPj— Pij) (5-38)

where

r
- Jn-x

(5-39)
1+|x |2
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It is also clear that

B=by =1p;y, (5-40)
and i,j,r...=1,...,n. Now,
. Oii BB’ x™
p,,-(x):ap{:— Y e (5-41)

a1+ |xPP @+ (xP)?
and it is clear that Pij = Pji- Therefore, [ is closed. Equations (5-39) and (5-41)
indicate that

1 OriOmx X"

iy =————| 83—
J 4 1+|x[2

(5-42)
1+ |x P

We now show that F is defined on the unit ball B” using condition (5-1).

Wlaﬂp,-pj =L (5-43)

o’ =1+ | xP)6Y + x'x)), (5-44)

ie.,
Let

where (67) is the inverse of (6jj)- As in Lemma 5.1.7, we can also show that (aij)

given in (5-44) is the inverse of (a,-j) by showing that aijaik = 55‘-:. Then equations

(5-39) and (5-44) give
pJ 4
| x|” +]x|

2
=fx .
I+ x|

I pip;= (5-45)

Condition (5-43) thus reduces to| x | <1. Hence, the resulting Randers metric is

defined on the unit ball B” « R".

Using the remark of Theorem 5.1.5, we know that F is locally projectively flat since
a has constant sectional curvature and £ is closed. It is well known that locally

projectively flat Finsler metrics have scalar curvature [BeS] [Be6] We can thus

conclude that /' has scalar curvature.
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We now find the scalar curvature of F' in terms of & and [3. Recall that
K= LZ(FZ _ Q}%yk ] (5-46)
F ox
where
Pt OF (5-47)
2F o1k
(cf. equation (4-37)). We first calculate P interms of @ and . Now,
oF oa 0
OF yh 00k, Bk (5-48)
ox ox Ox
and, from equation (5-38)
’ .
a“=(pipj - py)¥'y’, (5-49)
so that
oa i B
2(16)‘—,( =(pikPj+ PjkPi — Pijk)y ¥';
thus,
gaa_a k—(onpi+pinpi—pin)y v’ y*
axk Y =\PikPj* PjkPi— Pijk)V Y'Y -
. i jo ok _ i jok
Since Pk P;Y V'Y =PjkPiY V'Y,
oa A F
Za—kyk =Qpipj—Py) V' v y". (5-50)

ox

Contracting (4-39) with yi, yj and yk gives

o .
6piiory' v v =ik +4pip jpi)y' y! y*.

Equation (5-50) and the above expression imply

oa i j.k
a— V" =2pipjpk—Pijpr)Y' ¥y
Ox

o
=2(pipj = Pi))V'y pry".

Equations (5-49) and (5-40) simplify the above expression to
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Oa k
oxk

=2ap. (5-51)

Differentiating [ with respect to xk, contracting with yk and using (5-38) and (5-

40) gives
P :
Bk = iy yF = g2 -a?. (5-52)
Ox

Equations (5-48), (5-51) and (5-52) imply
al}: Y =2ap+ p*-a, (5-53)
ox

and hence equation (5-47) yields

F_Zaﬂ+ﬁz—a2
2@+ pB)

Differentiating P with respect to xk gives

/a+ﬂ) (2aﬂ+ﬂ ~a*)-(Q2ap + p* a) 7@+ p)
oxk 5[ (a+ﬂ)2

Contracting the above expression with yk and using (5-51) and (5-52), we have
aa ﬂ ,B 6a k
= P ﬂ )y
P & _( o ok "o ) Qap+pi-a)?
ox* (a+ ﬂ) Aa + B)?

_3ap* =30+ B> -a® (ap+p*
a+p Aa + B)?

Substituting the above expression and /2 Z to equation (5-46) yields

6a*p% - p* +7a* - 4a,3 +4a ,3
4(a+ﬂ)

K=

(5-54)
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Let us show that K cannot be a constant. Differentiating K with respect to )’ gives

aK_ = 1 3 6{ (6a*p% - p* +7a* -4aﬁ3 +4a°pB)
&' Ma+p) oy

6025 -t +70* ~4ap’ +4a°p 0
(a+ By oy

Since, %(éazﬂz - ﬂ4 +7a —405,33 + 4613,5)
Y

i(a+ﬁ).

= (12082 + 2803 + 12228 - 45%) 2%
oy’

+(12a28-48% 12082 +40%) L.
oy’
Expanding gives

(12a8?% + 28> +12a%B - 483 )(a + ,3)2-“7
y

= (24a?p? +28a" +40a3B +8ap> - 4p4)%,
y

and

(12a%B - 4% -12a8% + 42> ) (a + ﬂ)g

= (16238 -16ap> + 4a* —4/3‘5%.

By a direct computation,

6af(a* +ﬂ2)?xi-—6a2(a2 + ﬁ2)ﬁ€-
y ,
o' Ha+p)

which simplifies to

6K_6a(a2+ﬁ2)[ da aﬁ]
i s | P %}
oy (a+p) o oy
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Sinceﬂéci.— aﬂ—ﬁ2 6( )
o' o o'\ B

oK 6a(a + B> ),3 o ( ] s
o' (@+py’ &'\AB

Now, let us find —a—(%) Using @ and f given in above we can calculate
'

o |y a+|xP)
gt (x,y)*

Differentiating the above expression with respect to yi gives
_jl(g) PR (|y|J
o'\B) a '\ (xy)

Now, since | y |#0, if —a—(——) 0 then ( b4 ) 0. This implies that there
o'\ B (x.)

-1.

is a function A(x) such that |y |=A(x){x,y). In this case, &= B+ u(x), for

1(x) >0, where u(x)= 12(1+ | x |2) —1. Therefore,

1
F=|1+ e
VH(x)
Hence, according to Definition 2.1.6, F' and « are conformal. Thus from Lemma 2.1.3

(i) F is a Riemannian metric. This gives a contradiction, as a Randers space is

Riemannian if and only if £ =0 [BaChSh]. Therefore,

g [ ]¢0 (5-56)
'\ B
.9 (a) .
Since —| — |# 0, equation (5-55) shows that
o'\ B
X =0.

i

oy
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This implies that K # K(x) or a constant. That is, K = K(x,y). Hence F is of

(non-constant) scalar curvature.

We now find the S-curvature of F' using equations (5-23) and (5-24). Since [ is

closed, b;|; = b j;;; therefore, $;; =0 and hence 5; =0 and s; = 0. Hence,

ﬁ".—bkrg,

e =bij =2

where l‘g are the Christoffel symbols of a. Since b;=p; and
k k k k
F,J =G’] =pi5j +pj5i , we have
ejj = by =%—Pk(pi5f +Pj5ik),
ox’
where p; is given in (5-39). Therefore,

ejj = Pij = 2PiPj-

Contracting the above expression with yl and yj gives

ey’ v =(pi=2pipj)y'y’. (5-57)
Equations (5-39) and (5-41) imply
y 2
eiy'y) =- b4 = (5-58)
1+ | x|
Since b; = p; and b j = Pj» equations (5-24) and (5-45) give
10 (h] 2 )
S 1— X
7i= 300 (1=]xI%)
The above expression simplifies to
k
;= ’—kxz (5-59)
(I-]x[7)

Equations (5-58), (5-59) and (5-23) yield
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2
S:(n+1){ Y 1 }
1-]x? 2F(l+|x?)

We now show that F° does not have isotropic S-curvature. Recall that if F° has

isotropic S-curvature then
S =n+1)c(x)F,

and hence Theorem 5.2.1 indicates that

e;y'y! =2c(x)a? - B2),

Equation (5-57) and the above expression imply
] 2 2
(pij=2pipj)y' ¥y’ =2c(x)(@” - B).
. N SR 5 Pl e .
ince f=p;y =p ¥y’ and B —a’ = Pijy" ¥’ (cf. equation (5-52)), we have

—(a® + p*) =2c(x)(a* - B?),

ie.,

i e 15
e )

Differentiating c(x) with respect to ', since ¢ = c(x), gives

i ayi ay' 6
(ﬁ2_a2)2 ?
(
aff ,Ba—a.—aa—'g.]zo
N
\
Now [ﬁa—a—aa—ﬁ =ﬂ2il(gj and thus
o' o' \B
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Since a # 0 and £ # 0, the above expression implies that

—‘3—.(95]:0.
o'\ B

We have already shown that this leads to a contradiction (cf. equation (5-56)). Therefore

F does not have isotropic S-curvature.

Similarly, for S =-p; yi, we have the following locally projectively flat Randers

metric defined on unit ball B".

Uy P +(xPiyP <o) |y
1+|x 14| x 2

F(x,y)=

Replacing B by (—f3) in (5-54) gives the scalar curvature of Fas follows.

6a’p? - p* +7a* +4aB> -4a> B
Ha-p)* |

Replacing B by (—/3) in (5-55) gives,

oK

Y

This implies that X # K(x) or a constant. That is, X = K (x,y). Hence F is of

K=

%0

(non-constant) scalar curvature.

Using the same process, as above we can calculate the S-curvature of F'. Since

b; =—pj, we have

bijj =2pipj = Pij>

and hence
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Therefore, the S-curvature of F is

2
§=(n+l){ L A 4 2}.
I-|x|* 2F(+|x|%)

As before, we can show that ' does not have isotropic S-curvature.

Next we are going to give the answer to the open problem which appeared from a
theorem in [ChSh1], using an example given in [ChMoSh]. We first state the theorem in
[ChSh1].

Theorem 5.3.2

Let ' =a + [ be a Randers metric on a differentiable manifold M of dimension n.
Suppose that

(i) flag curvature, K = K(x) is independent of y € T M.

(i) S=(n+1)c(x)F and B is closed.

Then F' is locally projectively flat and K = constant= —c? <o.
5.3.3 Open Problem

The first condition in Theorem 5.3.2 requires that the flag curvature is independent of

Y. Chen and Shen have raised the question as to whether this condition can be relaxed
to scalar curvature K(x,y). In other words, let ' =a + [ be a Randers metric on a
differentiable manifold M of dimension n Suppose that K =K(x,y),
S =(n+1)c(x)F and B is closed. Does this still imply that K = constant?

We show that the condition (i) is essential in Theorem 5.3.2 by providing a

counterexample using a Randers metric given in [ChMoSh].



Chapter S - Randers Space 116

Solution:

Consider the following Randers metric given in [ChMoSh].

|y |1+ x 2 +(x, )
Vi+x P

where yeT pRn. It is easy to verify that F' satisfies equation (4-8). Thus it is a

-]

F(x,y)=

locally projectively flat Randers metric on R". Hence F has scalar curvature. We first

calculate the scalar curvature. Since ' = a + 3, we know that

a=|yl,
and
(x,))
IR (5-60)
Y1+ x
Since F is locally projectively flat, equation (4-12) gives
p__l OF
2F axk
Since F =a+ 5, and a =| y |, the above expression reduces to
P O R
2F axk
Differentiating  with respect to xk and contracting with yk gives
.k . X
B _ 6y’ V" 8yx'y 6 x"y
Ly = -
N D (TS
. 2_ o k.j e i __
Since | y |[*= Okiy” y’ and (x,y)= 5,-jx y/, the above expression implies
2 2
op o = lyle x5
A .
ot eixf JarixRy?
In terms of & and [3, we have
2 2
B k__ « p .
¥ = il > (5-61)
N T Y
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and hence
Beas 1 (= JB)

2\/1+|xf

Differentiating P with respect to xk gives

oP 1 (da 3B
L (a ﬂ) [ ].
x ﬁ+u| R

Since % =0, we have
ox

P 1| (a-B)dyx’ 1 oB
ok 9 23 2 ok
ok 2| Jarx Py e lxp A

Contracting the above expression with yk and using (5-61), we get

P k_1(28%-af-a
ox* 2 1+] x| ;

Substituting the above expression and P into equation (4-37), we have the scalar

curvature of I
ko Xa=p)
41+ | xP)(a + B)

(5-62)

We now find the S-curvature. Since £ is closed, recall that the S-curvature of F is

B v v/ _
S =+ 18 Ly (563

Let us calculate ¥; yi using equation (5-24). Since a=|y|, ie, o? =5,jyiyj :

hence

=5,

a ij-

i

Therefore, the inverse of ajj is
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a’ =69,
Now,

5,kx §jrxr
Vi 2P o1+ 5P

Since 675 =5/, 5{5);,. =0, and 5rerxk = | x[?, we get

’Jbb_y

2
| x|

aIbb; =
i l+}x[2

10 1
i = In ;
e 26x [ [1+[x]2])

Contracting the above expression with y' and simplifying, we get

Hence,

yiy ==Y (5-64)

1+|x

Next we calculate b;); yi yj . Now,

ob;
o/

b.

k
ilj = — bl

where I’ ,5( are the Christoffel symbols of . Since ;j = 5,-1-, equation (2-16) gives

I} =o.
Hence,
ab
bij= o Ty

Contracting the above expression with y' and yj gives

L g

Since S =b; yi ,
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= aﬂ k
byiy'y! =y
W oxk
Using (5-61), we have
2 _ﬁZ

RN
byjy'y! = . (5-65)
\/1+|x|

Relations (5-63), (5-64) and (5-65) imply

—p) %y
S=(n+1)
2\[1+|x| TTelxP

Using equation (5-60) the above expression simplifies to

S=(n+1) (@+h)

Wi x|

(n+1)F

Wik |x P

Hence from Definition 3.3.5 the above expression implies that F' has isotropic S-

Since F=a+ B,

Sa=

curvature, where

1
C(X ) B -—-————*—5- .
I+ | x|
Therefore, F' is a Randers metric of scalar curvature with isotropic S-curvature and

hence the conditions in open problem are satisfied by F'. Let us investigate whether or

not K = constant. Differentiating X given in (5-62) with respect to y' gives

kK 3 o {a—ﬁ]
o 40+ |xPyai\a+B)

= 23 2()866:—4::6}2]_
0+ x"Na+p)"\ o Oy

Since ﬂa—a ~ aa—ﬁ. = p? —Q.—(EJ, we get
o' o'\ B
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0K 352 o (a)
7

o' 21+|xP)a+p) &
0 (a oK
Since —(-——)#0 and B #0, then ——1_#0. This implies that K # K(x) or a
oy’ oy
constant. That is, K =K(x,y). Hence, according to this counterexample, the

conditions in open problem do not imply that /* has constant flag curvature.
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Chapter 6

Finsler Spaces with (a,f)-Metric

Besides the Randers metrics, there are several Finsler metrics that can be calculated
from a(x,y)= a,-j(x)y"yj and S(x,y)=b;(x)y’, where a is a Riemannian

metric and £ is a one-form defined on the n-dimensional differentiable manifold M.

2
a
G F= 7 is called a Kropina metric introduced by V. K. Kropina [Kr].

(i) F =

was introduced by M. Matsumoto [Ma4].

2

(iii) ' = a+ — was also introduced by M. Matsumoto [MaS5].
a

Each 3” = (M, F) is called a Finsler space with (e, f)-metric.

The projective changes between a Finsler space with (,f)-metric and its associated
Riemannian space with the metric @ have been studied by several authors [Ma6]
[Halc] [Sh]. The projective changes between two Finsler spaces with (a,f)-metric have
been studied by [BaMal] [Pale]. However, the classification of locally projectively flat
Finsler spaces with (a,f)-metric of constant curvature is still open [Sh10]. In this
chapter, we find necessary and sufficient conditions for each Finsler space with (a,f)-

metric to be locally projectively flat and calculate scalar curvature of each locally
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projectively flat Finsler space with (,f)-metric when « is locally projectively flat.
Finally we give examples of not locally projectively flat Finsler spaces with (a,f)-
metric using the Riemannian metrics and one-forms defined in Lemma 5.1.7 and

Example 5.3.2.

6.1 Geodesic Coefficients of Finsler Spaces with (a,f)-Metric

Here we obtain the relationship between the geodesic coefficients of F' and a by

considering each Finsler space with (¢, f)-metric separately. Let Gi and Gi be the

geodesic coefficients of F' and & respectively. Equation (4-4) implies that

k
— . K ; [ OF
G’=G’+%y’+§g9[$yk—ﬁjj, (6-1)

where [ denotes the horizontal covariant derivative of /" on (M, ).

We now find the relationship between G’ and Gi for each Finsler space with (¢,f)-

metric when [ is closed since we will require this condition in section 6.2.

a2

Case: (i) F'=—.
B

Taking the horizontal covariant derivative of /' on (M ,a) gives

Fy= a* _ Bok - By _ 2Paay —a* By
; 52 52

B

Recall that Sy, = b,-lkyi and o =0 on (M, ).

Hence,

a2

F ===5byy',
32

and similarly
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az

Fj=-—b Y
J 2 Vilj
B

Differentiating Fik with respect to yj and contracting with yk gives

——y ==by| — by y'y  —|—| .
ayj jlk B & iky Y ay} B

Subtracting Fi b from from the above expression yields

@yk —Fj = (bg|j —bj )[g]z Yo by —6—(3]2 (6-2)
- J - j j 3 I . . =
oy’ B oy’ \B
If [ is closed then equation (6-2) implies
2
OF; . 0 (a
—E kR =ty —[—] ;
oy’ oy/\ B
and hence equation (6-1) shows that
G'=G -_AEIB___'VI —?gybrlkykyry E . (6-3)

Special Case:

If [ is parallel with respect to @ then from equation (6-2) and Theorem 4.1.2,

(M, ) is projective to (M, F’), and equations (6-3) and (2-32) imply
. - T . -
i_i_tpi J
G'=G =5Tz()yy",
where I’ ;’k are the Christoffel symbols of @&. Hence Definition 2.2.3 shows that in this

case I is a Berwald metric.
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2
Case: (i) F = = .
a-p
Taking the horizontal covariant derivative of  on (M ,a) and simplifying, we have
2
= a? _a ﬂ|k _ a? B i
k= o= ﬂ - 5 = 2 l’iky >
y @B (@-p)

where we have used 'Blk = bilk yi and a; = 0. Replacing k£ by j in Flk gives

2
a i
Fi ;=B Yt
J Bl
(a-p)
Differentiating F|k with respect to yj and contracting with yk gives
OF P 2a ik 0 ( a )
—y =bjygy + Y - .
o' M @-p? e gyi\a-p

Subtracting F|' j from the above expression gives

IF @ co( a ¥V
—l-yk—F|J~=(bj¢k _bklj)yk(ﬁ) +by' vt — :

If [ is closed then the above expression reduces to

2
aFk k ik 0 a
Kk Fj by yt = :

ayJ ayj @'=
Hence equation (6-1) implies
_ .. . bk y 2
G' =G +M—y' +£g’-’br'kyryk—a—. @ | (6-4)
2(a—-p) 2 oyl \a—

Special Case:

As in case (i), it can be shown that if £ is parallel with respect to @ then (M ,Q) is

projective to (M, F) and F is a Berwald metric.
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,32

Case: (i) F =a+—.
a
Taking the horizontal covariant derivative of ' on (M, ) and simplifying gives

2) 28k Zﬂblk
k

a (24 (94

fg= au:[

Replacing k by j in F, wehave

2B, i
==, by

Differentiating Fik with respect to yj and contracting with yk gives

aFk 0
__|~yk =2— (ﬂ] 1|ky y +2ﬂ jlky

oy’ oy \a
Subtracting F| j from the above expression yields
OFy, 0 j k
ek ail =2—~(£jbi|kylyk +2£'(bj|k = b))y (6-5)
ayJ oyl \a a

If [ is closed then equation (6-5) shows that
oF k 0 ;
— )k _F;= 2—(£Jbi|ky'y" ,
oy J ay a

and hence equation (6-1) implies
. : : o
G'=G"+ %b ey Yy + FgY —(E]brlk yyE (6-6)
a“+p oy’ \a

Special Case:
As in case (i) and (ii), if S is parallel with respect to @ then (M, @) is projective to

(M,F) and F is a Berwald metric.
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6.2 Locally Projectively Flat Finsler Spaces with (a,)-Metric

In Riemannian geometry, the Beltrami theorem says that a Riemannian metric is locally
projectively flat if and only if it is of constant sectional curvature. It was mentioned, in

the remark of Theorem 5.1.5, that a Randers metric /' =a + [ is locally projectively
flat if and only if the Riemannian metric @ is of constant sectional curvature and the

one-form [ is closed. Is this true for other Finsler spaces with (a,f)-metric? Can a
Riemannian metric be of constant sectional curvature and [ be closed in locally

projectively flat Finsler spaces with (a,f)-metric? In other words, can a Riemannian

metric be locally projectively flat and B be closed in locally projectively flat Finsler

spaces with (a,f)-metric? Motivated by these questions, we prove the following results.

Theorem 6.2.1
Let 3" = (M, F) be alocally projectively flat Finsler space with (a,f8)-metric, where

a2 a2 ﬁZ
(@ F =7, (b) F=——, (c) F=a+—. If a is locally projectively flat and
a

B is closed then 3" is either a locally Minkowski space or a Riemannian space of

non-zero constant sectional curvature given by KF 2= Ha 2, where K and u are the
constant sectional curvature of /' and a respectively, F' and o are homothetic,
Ric = Ric and f is parallel with respect to @, where Ric and Ric are the Ricci

curvatures of ' and & respectively.

We defer the proof, which will be given in three separate parts. First we need necessary
and sufficient conditions for each Finsler space with (a,f)-metric to be locally

projectively flat. These are presented first as theorems.
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Theorem 6.2.2

2
Let F' =—— be a Kropina metric on an n-dimensional differentiable manifold M,

where @ is a Riemannian metric and S is a one-form defined on M. Then F' is

locally projectively flat if and only if

o (a)[ da aaﬁ}k 20 6[6a]k da
2—| — -= : -
ay’[ﬁ]{axk Back | " p {6}1’ ok ) ax'}

2 -
P [%k _ b ]yk i -

ﬂ2 ' axk

Proof:

Suppose that F' is locally projectively flat Kropina metric. Equation (4-8) implies
i_(a_";) s a_Fi ~0. (6-8)
6y' Ox ox

Now,

oF 8 (a*| 2a0a o* op .
k= Ak i k 2 Ak (6-9)
an B ) Boax* pax

Differentiating (6-9) with respect to yi and contracting with yk gives

ii(ﬁgjyk = @ (g) % i +2£ii(3__i]yk
o' \ ox o'\ B ) ox B oy \ox
2
2a 6(2) 6[;’( yk_a2 ab;c yk. (6-10)
B oy'\B)ox B~ ox
Replacing k by 7 in (6-9) and substituting 3 = by, (x)yk gives
y
OF 2ada a” dh k. (6-11)

o' B & ,82 ox’
Equations (6-8), (6-10) and (6-11) thus imply equation (6-7). The converse also follows

easily.
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Theorem 6.2.3

Let ' be a locally projectively flat Kropina metric. Assume that & is locally
projectively flat. Then

i.(ﬁJ(P-Q)= 1 (abk_ab,. )yk,

oyt \a 4a\ o' oxk
where
p_ 1 0x k
2a i
and
1 o &
0=—"5 )k
2B 6xk

And the scalar curvature of F is given by

KF?*=2ua* +2P* - 4PQ +0* +:—%y",
X

where 1t is the constant sectional curvature of &.

Proof:

Since @ is locally projectively flat, equation (4-8) implies

i[@;—]yk—a—a;o, (6-12)
oy’ \ox ox’

and equation (4-12) gives the projective factor

Since F' is locally projectively flat, we have equation (6-7). Hence equations (6-7) and
(6-12) imply

0 (a)|da a dB| &k a? ob, 0bj \ &
D | = % e 7 y =- > —— E y .
' \B)lex* Box BENet ox

Using the definitions of P and O gives

o (a a? (o, ab,-] k
4a—| = |(P-0)=- E .
aay'[ﬁ]( & ﬂz[axl axk g
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We now calculate the scalar curvature of F'.

Since ﬂz—a—[g)= a? g (ﬂ] we have

o'\ B o'
0 1 (ob; Ob;
Z{E)r-0)- [ - ;,]y". 1)
o' da\ ox' ox
Since F' is locally projectively flat, equation (4-12) gives the projective factor
P 1 6F k.
2F ax
Using equation (6-9), we see that
Fz(l a‘; o 6,Bk )yk =2P-Q. (6-14)
ao* 2P ox
Since F' is locally projectively flat, equation (4-37) gives the scalar curvature of F' as
follows.
- P
K2 =P2—a—kyk. (6-15)
ox

Equation (6-14) and the above expression thus imply
2 2_ 0 k
KF?=2P-0)2 -2 (2P-Q))*.
ox
aP 0
—4P?-4PQ+0? 22k 4 Q ="
oxk
Since a is locally projectively flat, equation (4-37) gives the constant sectional

curvature of a as follows.

2 2 OF K
ua” =P°————y". (6-16)
ox*
The above two expressions show that
KF? =2u0? +2P* -4PQ +0 +§Q "‘ (6-17)

The proof is complete.

We are now in a position to prove Theorem 6.2.1 (a).
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Proof of Theorem 6.2.1 (a):
If B is closed then equation (6-13) implies

i(ﬁ)(P ~0)=0. (6-18)
' \a

For this we consider the following two cases.

Case (i)
Suppose that P = (. Hence equation (6-14) shows

o
Since F and a are locally projectively flat, equation (4-11) gives
G' =Py,
and
6 =Py,
where G’ and G’ are the geodesic coefficients of F° and «a respectively. Since
P =P, we have
G' =G
This implies that F is a Berwald metric (cf. case (i) in section 6.1). Hence F is a

locally projectively flat Berwald metric. By Theorem 4.2.6, 3" is either a locally

Minkowski space or a Riemannian space of constant sectional curvature.
If 3" is a locally Minkowski space then recall that G’ =0, and hence G’ = 0. This

shows that P = P = 0. Therefore, equations (6-15) and (6-16) imply K = £ =0.

If 3" is a Riemannian space then using equation (6-17) and P =Q gives

KF? = ua®. (6-19)
Hence equation (3-9) implies that
Ric = Ric,

where Ric and Ric are the Ricci curvatures of F' and @ respectively.
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2
. a .
Since ' =——_ from equation (6-19) we have

coAe]

Since K is a constant, differentiating K with respect to yi gives
oK _ 2up 0 (£J=0
o @ gila)

Since £ #0, @ #0 and B # 0, we have

i.(ﬁj - 0.
oy’ \a

Hence if P = then —a—(—ﬂ—) =0.
oy' \&

Remark:
If 12 =0 then from equation (6-19) K = 0. Thatis, F' is a Riemannian metric of zero

curvature. It is known that every Berwald metric with zero curvature must be locally

Minkowskian (cf. [AIM] [BaChSh]). Since Riemannian metrics are special Berwald

metrics, we can say that 3" isa locally Minkowski space. This gives a contradiction.

Therefore, 1 #0.

Case (ii)

B

0
Assume that —(
a

) = 0. That is, there is a function A(x) suchthat f = A(X)a.
oy’
Then,

a® 1

F=—=
B Ax)

and hence according to Definition 2.1.6, F' is conformal to a. Let

a,

F=y(x)a.
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Since i(ﬁj =0, we have
a

oy’
a % - 6_6:_ =0,
ayl ayl
The above expression implies that
0 (a
_(_] =i
o' \ B
: 0 (a _ L
Now, [ is closed and —j — |=0; hence equation (6-2) and Theorem 4.1.2 implies
oy

that (M ,a) is projective to (M ,F’). Therefore, Lemma 2.1.3 shows that ¥ is a

constant and /' must be Riemannian.

ie.,
F =ya. (6-20)
Since F is locally projectively flat, equation (4-12) gives
— -~ 1 oF
== ——yk.
2F axk

Substituting (6-20) into the above expression gives

Therefore, equation (6-14) implies

0 =10,
Hence if i(ﬁ) =0 then P=0.
oy \a
: . o (p
Thus from case (i) and (ii), we have both —| — |=0 and P =Q.
oy \a

Further, using relations (2-2) and (6-20) gives

Zi(x) = gy(x),
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where g,-j and gjj are metric tensors of ' and & respectively, and hence relation (2-

14) indicates that F* and a are homothetic.

We now show that 3 is parallel with respect to c.

Since G' =G’ and —GF(QJ =0, equation (6-3) implies
oy

ki
bigy’y'y' =0.
Contracting the above expression with y; gives
ki
by’ vy y'yi =0.
Since yiy,- = Fz,
i ko2
by’ y* F*=0
ie.,
i
bigy’y" =0.
Differentiating the above expression with respect to yi , we have
ik ok
bj|k51fy + bj|kyj5i =0,
ie.,
bipy* +b;:37 =0
iky *T0jiy’ =Y.
The above expression can also be written as
k k
bilky 5 bk[iy =0.
Since [ is closed, we have
2 y* =0.
Differentiating the above expression with respect to yj 5
bf' J = 0

Hence [ is parallel with respect to c.
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Theorem 6.2.4

2

a
Let 3" =(M,F) be a Finsler space with F = ;
a —

where & is a Riemannian

2

metric and £ is a one-form defined on a differentiable manifold M of dimension ».

Then 3" is locally projectively flat if and only if

28 a[ o ]{gaﬂ_aa}yk+ a* (ab,-_ab,,]yk
a-Pai\a—B)|Baxk axk (a-p)*\axk o

(a2_2a,8) 0 (aa] kﬂa_a}zo
" @-py {ay" ak) "l

Proof:

Assume that 3" is locally projectively flat. Equation (4-8) implies

i(a_i}yk_ff;o_ (6-21)
oy' \ox ox'

Now,

2
OF _ 2a da  «a [60: op ] &)

oxk - a-pB axk —(a—ﬁ)z ox* _axk

Differentiating equation (6-22) with respect to y' and contracting with yk gives

i[ﬁ]ykﬂ a[ o ]{aa_ a 6a}yk
A o' \a—-B)laxk a-pBax*
20 |0 ( a 0B a[an k
+a—ﬂ{ay"[a—ﬂ]ax"+ay" ox* }y

2
a ob; 0 ( O k
N (a— ﬂ)z {c’:br;‘ ) o' (6xk )}y . =

Replacing k by i in equation (6-22) gives
oF 20 o a? (aa _ 6,6’)

o a-Box (@-pilar o

(6-24)
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Equations (6-21), (6-23) and (6-24) thus give the proof. The converse also follows

easily.

Theorem 6.2.5

2
Let 3" =(M,F) be a locally projectively flat Finsler space with F = d F;
a -—
Assume that a is locally projectively flat. Then
0 a a ob; ob
2 e Yoot (B B
o' \a-p 4B(a—-p)\ox* ox
And the scalar curvature of F' is given by
4 2 00 k
Ka' = pa’(a-2p)a-P)-(@-PF 3y
X

+B*(4P* —4PQ - 0*) - af(3P* —6PQ +20%),  (6-26)
where P and () are given in Theorem 6.2.3 and g is the constant sectional curvature

of .

Proof:

Since F' and a are locally projectively flat, then from Theorem 6.2.4 implies
2 0( a adp odal x o (b ob) &
i Bk k(T SNk i P
a-Bat\a-B) Box" ox (a—p)"\ax" ox
Using the definitions of P and Q gives

0 a a obj Oby )\ k
— = P - = i : .
% (a—ﬂ)( 0 4ﬂ(a—ﬂ)(ax" ox’ Jy

We now calculate the scalar curvature of F'. Since F' is locally projectively flat,

equation (4-12) gives the projective factor

po 1 OF 4
2F axk

Using equation (6- 22), we have
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an—ﬂ 2a da a? (6a_aﬂ)yk
2202 |a-Box* (a-p)* ok ax*
{a 26 0a | @ aﬂ}k
"2 a-f ok a-Bak]

In terms of P and Q the above expression simplifies to

p_(@=2P)P+p0
a-p

Differentiating P with respect to xk gives

(6-27)

(@A) <aP 2P + O) —(aP - 2ﬂP+ﬂQ) (@ p)
axk (a-p)*

opP

Contracting the above expression with yk, and using P and O we get

QaP - 4,6’Q)P+2,8Q +(a- 2ﬂ) y +ﬂaQ k

oP k_
v
ox (- p)
_2{(a-2p)P+ ﬂQ}(aP )
(a-pB)*
Since aa—Py =p?_ ya , calculations yield
oQ
S (@=2B)(P* - paP)a-B)+(a-P)B-= v +2aB(P - 0)*
oP - - ox
ox* (a— ,8)2
Since F is locally projectively flat, from equation (4-37) we have
KF*=p2- —Q% bl
Ox

Then by a direct computation, we can get equation (6-26).

We are now in a position to prove Theorem 6.2.1 (b).
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Proof of Theorem 6.2.1 (b):
If B is closed then equation (6-25) implies

0 a
—|—[(P-0)=0.
ay,(a_ﬂ} 0)

i.e., either i( = ]= 0 or P = (. We know that
\a-p

6.[ a )= 1 2(aaﬂ.—ﬁaa.}
o'\a=-B) @-p°\ &' &
op

oa
Since a—.—ﬁ—=a2i

o o

A=) 55 o)

B

0
Hence, if B is closed then either —7(—) =0 or P =Q. Here we also consider the
oy’ \a

(—é), the above expression gives
a

following two cases.

Case: (i)
Assume that P = (. Hence equation (6-27) shows that

P=F,
and hence we can prove that I is either a locally Minkowski space or a Riemannian
space of constant sectional curvature by the same process as in the proof of Theorem
6.2.1 (a). If 3" is a locally Minkowski space then we also have K = 1 =0.
If 3" is a Riemannian space then equation (4-37) shows

P

ua?=p2- &L
ox

H

and hence equation (6-26) implies

Ka® = ua®(a? -3ap +28%) + pa® pla - B).

= u(a - B)*a’.
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Therefore,

=
a -
K= p[—ﬁ j )
a
KF? = pa2 .
Hence equation (3-9) implies that implies that Ric = Ric, where Ric and Ric are the

Ricci curvatures of ' and  respectively. Since K is a constant, differentiating K

with respect to yl gives

A2 (2]
o ay a

Since £ #0 and a # S,

i(ﬂ) =0.
'\ a
We know that

d (a—ﬂ] 1 [ da 6,8]_ 5 (ﬂ)
i =g B _r-a—rl==g—h
o\ @ a” o Oy oy \&

and hence
o \a
We have shown that if P = () then i(ﬁj =101
o' \a
Case: (ii)

0
Assume that — (ﬁj = 0. That is, there is a function A(x) such that f = A(x)c.
oy’ \a

Then
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and hence according to Definition 2.1.6, F' is conformal to @. As in the proof of

B

0
Theorem 6.2.1 (a), we can show that if —l(—) =0 then P =Q. Thus from case (i)
oy \&

0
and case (ii), we have both —T(ﬁ—)=0 and P=0, and hence /' and a are
oy \a

homothetic. Further, we can show that £ is parallel with respect to a.

Since i(ﬁ) =0, we have

o' \a
_a__[ a J:o_
o \a-p

a

a-p

Since G' =G’ =Pyi and i[

J =0, equation (6-4) gives
oy’

ki
by’ v y' =0.
This implies

That is, [ is parallel with respect to .

Theorem 6.2.6

2

Let 3" be a Finsler space with F = & +~—, where & is a Riemannian metric and
a

[ is a one-form defined on a differentiable manifold M of dimension n. Then 3" is

locally projectively flat if and only if

. (ﬁ)( B _p aa]yk+2ﬁ(abi _abk]yk

o' \a\axk aoaxk a \axk  ox
2 _ gl
o oy \ox 0x

Proof:

Assume that 3" is locally projectively flat. Equation (4-8) implies
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o [8F] k_OF
y =L (6-29)
ay' \ax* ox’

Now

oF 6a+2,86,6' ,B aa

7 (6-30)
ox 6x a ax a ax

Differentiating equation (6-30) with respect to yi and contracting with yk gives
0 ( oF 5} oo
S5y sleE-esy
oy \ox oy ok a ok

2 5
- 0 2 ob;
. B ( Jyk 28 o b
ax

a? o a ok

Replacing k by i in equation (6-30) gives

oF oa 2ﬂ 6,8 ,B aa
6xi o' a oy a 6x

Substituting the above two expressions to equation (6-29) implies equation (6-28). The

converse also follows easily.

Theorem 6.2.7

2
Let 3" =(M,F) be a locally projectively flat Finsler space with F = +ﬂ—.
a

Assume that & is locally projectively flat. Then

° (ﬂ )(P 0)= (ab - % )yk. (631)
o ok ox

And the scalar curvature of F' is given by

2
KF? = o LU 0)* 2 Qz;; O-3a“P)
(@* + %)

-

282 ( 8P 80 ] %
@+ pHlaxk  axk
where P and Q are given in Theorem 6.2.3 and g is the constant sectional curvature

of .
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Proof:
Since F' and @ are locally projectively flat, equation (6-28) implies

LA E R AVNIE A AV
o' \a\ax* aox a\ox® ox

Using P and Q given in Theorem 6.2.3, we can get the result.

Let us calculate the scalar curvature of F'.

Since F is locally projectively flat, equation (4-12) gives the projective factor

Using equation (6-30), we have

5 a [6a+2ﬂ B p* 5“Jyk,

2(a2 + ,32) axk a ok a? oxt
Using P and Q defined in Theorem 6.2.3 the above expression implies

2
p=psf0°T)

(6-32)
a? + [5'2
Differentiating P with respect to xk and contracting with yk gives
D 2 p2 2 2
P x OP i 8a*B*(©-P)* 28* (80 oP)\ i
Y =gy Y 33 T3 alak axp 0 P
ox ox (a”+ %) a“+p°\ox" ox
Since I and « are locally projectively flat, from equation (4-37), we know that
kF2=P2- Lk (6:34)
Ox
and
ua? = p? __6_1;_ yk. (6-35)
ox

Equations (6-32), (6-33), (6-34) and (6-35) yield the result.
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Proof of Theorem 6.2.1 (c):

0
From (6-31), if B is closed then either —('B ) 0 or P =Q. Following the same
oy’

process as in the proof of Theorem 6.2.1 (a) and using (6-6) we can show that

"-M,F=a+ ,6’2 /@) is either a locally Minkowski space or a Riemannian

space of constant sectional curvature given by KF' 2 - ,uaz, where K and u are the

non-zero constant sectional curvature of I and «a respectively, /' and a are

homothetic, Ric = Ric, [ is parallel with respect to &, where Ric and Ric are the

Ricci curvatures of F' and a respectively. Thus the proof of Theorem 6.2.1 is

complete.

Finally we compute the scalar curvature of a locally projectively flat Randers space in

terms of P and O defined in Theorem 6.2.3.

Theorem 6.2.8

Let 3" =(M,F =a+f3) be a locally projectively flat Randers space. Then the

scalar curvature K of F is given by the following expression.

ak? ok

+,82(Q2 == ) (6-36)
ox

where P and () are defined in Theorem 6.2.3 and g is the constant sectional

KF* = ya —-aﬁ[2P2-6PO+2Q L aQ "]

curvature of .

Proof:

Since F is locally projectively flat, equation (4-12) gives the projective factor

il 1aFyk 1 _(ai+aﬂ1‘jk
2F 6x 2(a+B) ox Ox

Using P and J, we have
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p_+AO
(a+p)

Differentiating P with respect to xk and contracting with yk gives

P i _2aP*+p0%) 2aP+p0)

axk (a+p) (a+p)?
1 oP 0
+ (a 7+ p %J yk .
(a+ B\ ox Ox
Since F' and a are locally projectively flat, equation (4-37) shows
KF?=P? - 6—1; v,
Ox
and
a® = P? __6_1;_ k
Ox

Using equations (6-37), (6-38), (6-39) and (6-40), we can get the result.

Corollary 6.2.9

(6-37)

(6-38)

(6-39)

(6-40)

Let 3" =(M,F =a+f3) be a locally projectively flat Randers space. If P =Q

then 3" is either a locally Minkowski space or a Riemannian space of constant

sectional curvature given by KF 2 _ yaz, where K and 4 are the non-zero constant

sectional curvature of F' and a respectively, F' and a are homothetic, Ric = Ric

and f is parallel with respect to &, where Ric and Ric are the Ricci curvatures of

F and a respectively.

Proof:

If P =Q then equation (6-37) implies P = P. Since F is locally projectively flat,

Theorem 5.1.5 implies that & is locally projectively flat, and hence the projective

factor is

p-_l 0a i
20 6xk

>
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therefore

and
Gi - Pyi,
where G d and Gi are the geodesic coefficients of I and a respectively. Since

P =P, wehave G' =G’, and hence from Definition 2.2.3 F is a Berwald metric,

Thus, F' is a locally projectively flat Berwald metric. Therefore, Theorem 4.2.6

o~

indicates that 3 is either a locally Minkowski space or a Riemannian space of
constant sectional curvature.

If 3" is a locally Minkowski space then recall that G =0,

Since (_;i =17yi,

P=A.
Since P =P,
Ri=10.
Hence, from equations (6-39) and (6-40), we have
K=u=0.

If 3" is a Riemannian space of constant sectional curvature then from equation (6-36),

since P =Q,

KF* = yua* +2aﬂ(P2 —-—Q{Jk—yk]+ﬂ2[P2 ——Q}—Jk—yk]
ox ox

=,ua4 +Qap + ﬂz)[P2 —a—iyk].
ox

Using equation (6-40) gives
KF* =;zoz4 +Qap + ,82),ua2

= ua?(a? +2af + B*) = pa*(a + B)*.

Since F'=a + B, we have

KF2 = yaz. (6-41)
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The above expression also implies
Ric = Ric,
where Ric and Ric are the Ricci curvatures of F and a respectively. Since K # 0,
F2=£52
K

Using the above expression and (2-2) gives
8ij(x) = Agjj,
where A= /K = constant and g,-j and g;; are metric tensors of F and o

respectively. Hence, equation (2-14) implies that F* and & are homothetic.

Further, it is known that a Randers metric is a Berwald metric if and only if [ is
parallel with respect to @ [Ki]. This result implies that [ is parallel with respect to &

since I is Riemannian.

Remark:

Equation (6-41) also follows from equation (5-29) when [ is parallel with respect to
a. We know that both ¢ and i are equal to zero when 3 is parallel with respect to

. Hence equation (5-29) implies

KF? = ua?.

Motivated by above theorems, now we are going to study Finsler spaces with (a,f)-

metric, which are not locally projectively flat.

Theorem 6.2.10

2
Let 3" =(M,F) be a Finsler space with (a,f)-metric, where (a) F =%, (b)

2 2
a
= F; ,(©) F=a +ﬂ—. Assume that & is locally projectively flat and [ is
o— a

closed. Then F' is not locally projectively flat if and only if

F
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da a 8p ] k
- v #0, (6-42)
[ka B ax*
and
i. (ﬁj 20. (6-43)
o'\ B
Proof:

We prove this theorem by considering each Finsler space with (¢, f)-metric separately.

2
a
@ F=—.
B

Assume that (6-42) and (6-43) hold. Subtracting (6-10) and (6-11) gives
0 ( OF OF 0 (a)|da ad
_i[—k)yk ‘*7=2—,(—J{ ¥ g ﬂk}yk *
dy’ \ox Ox '\ B)lex* Box
2a| 0 (0a) x dal| a*(oby b &
B [adlak P skl polad ak)
B oy \ox ox')] pelax’ ox
Since [ is closed and « is locally projectively flat, equations (5-2) and (4-8) imply

0 (oF \ x OF 0 (a)|da a OB | &k
ailak ) Tad 2ai\ 8ok Badk )
o0y’ \ Ox ox o' \BJlox* Box

Thus equations (6-42) and (6-43) yield

0 (O0F )\ x OF
—— —k" y ———;- #0.
oy’ \ ox Ox

According to equation (4-8) the above expression implies that F' is not locally

projectively flat. The converse also follows easily.

a2

a-B

Assume that (6-42) and (6-43) hold. Subtracting equations (6-23) and (6-24) gives

(b) F =
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0 (O0F \ k OF _ 2B 0 a a of OJa| k
adlak P i e i\g—g N Bak k() T
oy’ \ox o a-Bai\a-B)Baoxk axk
o? (ab,- _0by ]yk (a —Zaﬂ) [ )yk oo
(a-p*\axk & (a-p)? |oy' \axk o
Since [ is closed and & is locally projectively flat, equations (5-2) and (4-8) imply
o0 (oF \ ¢ oF 28 0 a a of oJa| ik
~I 2k E ol i Bk k(Y
oy  \ox x' a-pof\a-B) B ox" ox
o ( a g YV o
Since —(—j = —(-—J —(gj , we have
o' \a-p a-B) o'\ B

6(6F)k oF ( B )35( ]{aaﬂ’ aa}
ok ) o Aa-g ok k|’
o0y \Ox ox a-B) o'\ BB ox oxk

Since [ # 0, equations (6-42) and (6-43) yield
i(a—ij yk - QE #0.
oy’ \ox ox’

According to (4-8) the above expression implies that F is not locally projectively flat.

The converse also follows easily.

By following the same process for F ' =a+ 8 2/(1 we obtain the final part of the

theorem.
Example 6.2.1
If

AP ax? m <2,

1-|x?

and

_ )

1-|x|?

2 2

o’ B
—— and [3 = a +~—— arenot locally projectively flat.
B’ a-p a

Then Fj =
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Proof:

Note that @ = 3 are the Funk metrics of Lemma 5.1.7. Recall that with g = —1

) o o
a®=a;y'y) =(p;i - pir;)y'y’, (6-44)
and
B=piy. (6-45)
where
k
Oipx
pi(x)= *—’k—gg
1-{x|

From earlier work we know that a is locally projectively flat and # is closed, we use
Theorem 6.2.10 to show that F, [, and F3 arenot locally projectively flat. We have

to prove that equations (6-42) and (6-43) are valid for & and [. We first calculate

oa k op

o1 and —— yk. Differentiating a2 with respect to xk and contracting with
ox ox

yk gives
ok Pijk — PikPj ~ PjkPi

-y
= (oyk = 2pwP )V ¥ V" (6-46)
Contracting (4-39) with yi, yj and yk implies

- ik
6piipkY' V' ¥" =Pk +4pip jpr)y' v’ y".
Substituting the above expression to (6-46) and dividing by 2 yields
oa

B T 7k
a k7 =2(pijpPk = PiP jPK)Y V'Y
| s 7
=2(p5 = pPiP )YV Pry".
Hence, from equations (6-44) and (6-45), we can get

a—czyk =2apf.
Ox
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Differentiating [ with respect to xk and using equations (6-44) and (6-45), we also
have
0
iyk=az+ﬂ?
ox

Hence,

(aa _aop

k_noB— %052 4 B2
oxk ﬂaxk]y i ,B(a L

_a(f*-a?)
—_

Substituting the expressions for & and [, we have

2
|

ﬂz_azz_fy <0,

1-|x [

and hence the above two expressions show that (6-42) is valid.

We now show that _6_(9_} il
o'

0 [a
Assume that —(——) =0.
oy’
From equation (6-20), we have
F =ya,

where i/ is a constant. Then equation (2-2) implies

e Y
where g,j and gij are Finsler metric tensors of F] and & respectively. Notice that the
above expression yields

..

—1i i

g’ = 5 & 7.

v
The above expressions and equation (2-17) yield

G'=G
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where G’ and G' are the geodesic coefficients of F] and & respectively and hence
equation (6-3) gives
bjlkyjykyi =0.
Recall that the above expression yields
bj =0,
and hence equation (5-17) yields
Pij =2pipj-
This implies that @;; = p;p; and deta;; =0. That is, & given in (6-44) is not a

Riemannian metric. This leads to a contradiction. Hence (6-43) is valid.

Similarly, we can show that equation (6-43) is also true for other Finsler metrics with

2 2

and F3 =a+ﬁ—. Therefore, F7, F, and F3 are not
a-p a

(o, f)-metric, [ =

locally projectively flat Finsler metrics with (e, )-metric.

Similar arguments can be used to prove the following lemma.

Example 6.2.2
If

Z 2,12 2

PPy~ )
1+ | x |2

and

_ {6y

1+ x [?
— a? _  g? - 2

Then Fj = h = and F3 = a +—— are not locally projectively flat.

7’ a-pf a
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6.3 Finsler Spaces with (o, f)-Metric of Douglas Type

This topic has been studied by M. Matsumoto in [MaS]. He found the necessary and
sufficient conditions for each Finsler space with (&, f)-metric to be of Douglas type. We
use theorems of M. Matsumoto to investigate whether the Finsler spaces with (¢, f)-

metric given in Example 6.2.1 and Example 6.2.2 are of Douglas type. Before that we

state the following theorems given in [Ma5].

Theorem 6.3.1 ([Ma5])

A Kropina space 3" =(M,F =a2/ﬂ) (n>2) with b? =aij(x)bibj #0 is of

Douglas type, if and only if

1
SI_] =b—2(biSj _bjsi)

1 3 . 3
is satisfied, where $;; = E(b,-u —bjp), si= bjsij and sij = ajkski.

Theorem 6.3.2 ([Ma5))
2

A Matsumoto space with the metric F' = is a Douglas space, if and only if

a —
(1) @? 20 (mod. B): by =0,
1
(2) a2 =( (mod. ﬂ) n=2 and bll] = k(gdl = bl)dj,
where a2 = B8, &=d;(x)y’ and k =k(x).
Theorem 6.3.3 ([Ma5])
ﬂ2
Let 3" (n>2) be a Finsler space with F =a+"— and suppose that
a

b2 = aijbib j#* 0,1. 3" is a Douglas space, if and only if there exists a function

k(x) such that
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byj; = k(x){(1+2b%)a; — 3b;b ;3. (6-47)

Examples 6.3.1

Example (i)

a2
Consider ¥ = — and n>2.

Since [ is closed in Example 6.2.1 and Example 6.2.2, we know that s;j=0, 5;=0

and § ; = 0. Hence from Theorem 6.3.1, F] and Fj are of Douglas type.

Example (i1)
2
Consider F' = and n > 2.
a-p
Equation (5-17) gives
b j=pij —2pip;. (6-48)

If b,-‘ j =0 then a; = p;pj and det(e;;) = 0. That is, & given in (6-44) is not a
Riemannian metric. Hence, we have a contradiction. Therefore, bi| j # 0. Hence,
Theorem 6.3.2 implies F5 is not of Douglas type when 7 > 2. Similarly, we can show

that FE is not of Douglas type when 7 > 2.

Example (ii1)

2

Consider F =« +’B— and n > 2.
a

Assume that equation (6-47) holds. That is,
by j = k(x){(1+2b%)a;; - 3b;b,}.

Using equation (6-48), since b; = p;, we have

pij=2PiP; =k()(1+26%)ay; ~3pip ).
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Contracting the above expression with yi and yj gives
. 2 .
(pij =2pipj)y' v’ = k(){(1+2b%)ay; =3pipj}y' v/
Using (6-44) and (6-45), we can get

a? - B2 =k(x){(1+2b%)a® - 3B%}.

2 2
k= & =F .
(1+2b2%)a? - 382
Since k = k(x),
L
oy

Differentiating k with respect to y' and using the above expression gives

((1+2b2)a2 —3,6’2{(:?%—,89%}—
oy oy

oo op
(a? ~,82){(1+2b2)a .38 }:0.
o'

This simplifies to
2a4(1 —bz)[a%— ﬁia%] =0,
A oy
9

s 35
Since = = — >
aay’ ﬂay’ 7 o'\ B

2aB(1- b2 Zi(ﬁ)ﬂ.
op1-2)8> % 5

Since b2 # 1, a#0 and B #0, the above expression implies that

i(ﬁ)ﬂ.
oy’ B

Since F3 is not locally projectively flat, from Theorem 6.2.10, we have got a

contradiction. Hence, (6-47) does not hold. Therefore, F35 in Example 6.2.1 is not a
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Douglas metric. Similarly, we can show that F'3 in Example 6.2.2 is not a Douglas

metric.

Remark:

We can use these results to prove that the Kropina metrics /] and Fl do not have

scalar curvature. Suppose F] and Fi have scalar curvature then from Theorem 4.2.3

their Weyl tensors are equal to zero. From Example (i) of Examples 6.3.1, we also know
that their Douglas tensors are equal to zero. Then using Theorem 4.2.5, we can say that

the above Kropina metrics are locally projectively flat. But we know that from Example

6.2.1 and Example 6.2.2, F] and }71 are not locally projectively flat. Therefore, we
have a contradiction. Hence, Fy and 171 do not have scalar curvature. It means that
their flag curvatures depend on the planes P — T pM containing y € T pM , defined

in chapter 3.2.

We prove the following result for 3" = (A/[,F =a+pf Z / a) using a Randers metric

with isotropic S-curvature and Theorem 6.3.3.

Lemma 6.3.4
Let 3" =(M,F =a+ f8), (n>2), be a Randers space with isotropic S-curvature
and [ be closed. Suppose that b2 = aijb,-b j* 0,1.
2
Then 3" =| M, F=a+ % is not locally projectively flat.
Proof:

Assume that 3" isa Douglas space. Hence from Theorem 6.3.3, there exists a function

k(x) such that
bijj = k(x){(1+2b> )ay; — 3b;b 3. (6-49)

Since F' is a Randers metric with isotropic S-curvature, Theorem 5.2.1 implies
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i 2 2

e;y'y! =2c(x)a” - B°), (6-50)
where

e,j = ?:,} +bisj +bij,
and

Lo

nj = 5( ilj +bji)-

Since /3 is closed, we know that b; ; = b j;, §; =0 and s; = 0. Therefore,
€ij = %)

Substituting the above expression to (6-50) gives
by;y'y! =2c(x)a” - B). (6-51)
Since @2 = a,-j(x)yiyj and ,32 = b,-bjyiyj, equation (6-51) yields
by’ y! =2c(x) oy —bib; )yl (6-52)
Differentiating (6-52) with respect to yk gives
by 84 y” +by 6] V' =2e(x){a; —bib;}(51y +6] V).
This simplifies to
by +biy’ =2c(x){agy! —byb;y’ +ayy - bibyy'}
Since [ is closed, i.e., ka =Dy, we have
by’ +biy' =2c(x)agy’ —byb;y’ +aiy’ —biby'}.
Replacing j by i inthe above expression gives
by’ = 4de(x){ay —biby}y'. (6-53)
Differentiating equation (6-53) with respect to yj implies
bk =2c(x){a g —b;by}.

This can be recast as

biy; = 2c(x){a; ~bib;3.

Using equation (6-49), we get
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k(x){(1+2b%)ay; — 3b;b} = 2c(x){ay; — by ;).
Contracting this with y* and 7 yields

k(x){(1+26%)ay; - 30,3y y7 = 2e(x){a; —bib;3y' ¥,

ie.,

20N 2
R k(x){(nzbz)a 2—3,6 }
a”-p

Since ¢ = c(x), we have

—=={), (6-54)

Differentiating ¢ with respect to yi and using (6-54) implies

k{(mbz) 99‘——313 o8 }( - p?)-
oy’

)
k{(1+2b%)a? —Sﬁz}{a——.— ﬁ——.] =0.
'

{3/32 LT 26"’3+(1+2;52) /3 P _(1+26*)p% a“} 0.
6y oy’ o' oy’

Taking similar terms together and factorizing gives

Zaﬂc[ﬂa—ﬁ—aa—ﬂ(l—bz) =0.
oy oy

Since ﬂa—a —agé. = B> i(g—}
o' o o'\ B

3ki[3]1—b2 =0,
a5\ 5 )"

Since b2 #1, a #0, L#0 and—g-[gJ¢O,
o'\ B

k=0.
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Thus we have got a contradiction. Therefore, 3" isnot a Douglas space. Hence, F is

not a Douglas metric. That is, its Douglas tensor is not equal to zero. According to

Theorem 4.2.5, F' is notlocally projectively flat. The proof'is complete.

Examples 6.3.2

Using the examples given in [ChMoSh] of locally projectively flat Randers metrics with
isotropic S-curvature, we give two examples of not locally projectively flat Finsler
_ _ B>
spaces with (@, f)-metric for 3"=| M ,F =a +X— |, when n>2.
o

Example (1)
In [ChMoSh], we have the following locally projectively flat Randers metrics with

isotropic S-curvature.

—1y? 2 2 [r1_ 1+12 2
Fis ) 2 YO IEP) P 0 92 V(= xP) + 22 + A5, 3)

(A= x Py(- | x )+ 22

where yeT an and A € R" is an arbitrary constant. Since F =a + f3, from this

we know that

_=1xP)y P +xp)?
I-|x

and
 Mmy
(A= x ) Q-] x P +22

From Lemma 6.3.4, we have the following not locally projectively flat Finsler metric

p

2
for 3" = M,F=a+ﬂ— ,when n > 2.
a

7oA P) Iy P+ A2 P) + 2+ A p)®
V=15 )y P+, 2 (0= [0+ 2= 1Py
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Example (ii)
In [ChMoSh], we also have the following locally projectively flat Randers metrics with

isotropic S-curvature.

2
F&Jyjﬂvhhﬂﬂ%%w

Vi |2 P

where y € Tp R". Since F = a + [, we know that

2

a=yl,
and
B= 0&2.
v; I+| x|
Therefore,
F=a+£i=yH <Lyﬁ2,
a [ y1QA+{x[")

and Lemma 6.3 .4 implies that F is not locally projectively flat.
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Chapter 7

Summary and Conclusions

We shall summarize the results obtained throughout the research as follows.
Considering a Finsler space, 3" = (M, F) with Gk = pryryk #0, where p(x) is
a scalar function on M and p, = 6p/ ox" , we discovered that 3" is a Riemannian

space of non-zero constant sectional curvature given by K =(p;p i~ Pij ) yl y] / F?

and p(x) satisfies the following system of partial differential equations given by the

equation (4-39) in Proposition 4.3.1.

2(pijPr + PjkPi + Pik Pj) = Pijk +4PiP j Pr-

By considering the two solutions of the above system of partial differential equations,
we found two standard Riemannian metrics of non-zero constant sectional curvature
given by Example (i) and (ii) of Examples 4.3.1. Considering the Riemannian metric
given in Example (ii) of Examples 4.3.1, in chapter 5, we were able to introduce two
new locally projectively flat Randers metrics of scalar curvature. We proved that these
locally projectively flat Randers metrics do not have isotropic S-curvature. Hence from
these Examples, we concluded that some locally projectively flat Randers metrics of

scalar curvature do not have isotropic S-curvature. Further in chapter S, we also proved
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that the scalar curvature of a Randers metric is not necessarily a constant if the metric

has isotropic S-curvature and closed one-form by using an example.

In chapter 6, we studied the locally projectively flat Finsler spaces with (a,f)-metric.
Considering each type of locally projectively flat Finsler space with (a,f)-metric, in

Theorem 6.2.1, we proved that if @ is locally projectively flat and £ is closed, then all

locally projectively flat Finsler spaces with (a,f)-metric are either locally Minkowski
spaces or Riemannian spaces of non-zero constant sectional curvature. Note that

Theorem 6.2.1 is true for any Finsler spaces with (,f)-metrics which are not Randers

type.

In Theorem 6.2.10, we found the necessary and sufficient conditions for Finsler spaces
with (a,f)-metric to be not locally projectively flat when « is locally projectively flat
and [ is closed. Then we obtained some examples of not locally projectively flat
Finsler spaces with (,f)-metric using the Riemannian metrics and one-forms defined in

Lemma 5.1.7 and Example 5.3.2.

Finally we studied the conditions for each type of Finsler space with (,f)-metric to be
of Douglas type. Then we proved that the not locally projectively flat Finsler spaces
with (a,f)-metric given in Example (i) of Examples 6.3.1 are Kropina spaces of
Douglas type but the not locally projectively flat Finsler spaces with (a,f)-metric given
in Example (ii) and (iii)) of Examples 6.3.1 are not of Douglas type. Further we
concluded that Kropina spaces given in Example (i) of Examples 6.3.1 are not of scalar

curvature.

At last we proved that if 3" = (M ,F = a+ f8) is a Randers space with isotropic S-

2

curvature and 3 is closed then "=\ M ,F =a+2—| is not locally projectively
(04

flat when n > 2.
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However, further research has to be carried out to determine the curvatures of the
metrics given by Example (ii) and (iii) of Examples 6.3.1. In addition, we expect to
classify locally projectively flat Finsler spaces with (a,f)-metric of constant flag

curvature.
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