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Abstract

Oscillators exist in many biological, chemical and physical systems. Often when oscilla-
tors with different periods of oscillations are coupled, they synchronize and oscillate with the
same period. Examples include groups of synchronously �ashing �re-�ies or chirping crick-
ets. There are two questions of interest in this work. (1) Under what conditions will a system
of coupled oscillators synchronize? and (2) Can a large system of synchronized oscillators
be represented by a smaller number of variables? We study these questions for Kuramoto
like models which are coupled in different ways. Examples include spatially extended and
all-all coupling. We study conditions under which synchronization occurs in small and large
networks by varying the coupling strength, calculating stabilities of synchronized solutions
and creating bifurcation diagrams of the steady state solution as a function of coupling
strength in one and two-dimensions. We use an equation free approach to approximate the
coarse scale behaviour of a large coupled network, for which the equations are known, by a
low dimensional description of variables, for which no governing equations are available in
closed form. Our results show that a small number of variables can reproduce the behaviour
of the stable solutions in the full systems. However, the equation-free approach did not work
as well for the unstable solutions. Possible reasons for this are explored in the thesis.
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Chapter 1

Introduction

Synchronization is a natural phenomenon that can be observed widely in nature.
Examples include the rhythmic clapping of human audiences, the �ashing of �re�ies, the
chirping of crickets, and the coordinated movements of motor neurons in the human body
[7, 49, 1]. Mathematical models that capture synchronization can be traced back to 1967,
when Winfree proposed a mathematical model for a network of globally coupled oscillators
[62]. Inspired by Winfree’s model, a much simpler and solvable model was introduced by
Kuramoto [31, 30]. Kuramoto’s remarkable model has inspired a wide spectrum of research,
and various modi�cations have been developed and applied to a variety of �elds such as
neuro-science [13], power systems [14, 21], chemical engineering [30, 29], geophysics [58],
and physics [56, 2, 16, 15]. This thesis contributes to the study of Kuramoto-based networks
with a focus on simplifying them using the equation-free approach. We �rst review brie�y
the Kuramoto model and some of the research that grew out of it. We then review the relevant
literature on the equation-free approach and its previous application to Kuramoto-based
networks.

1.1 Kuramoto model

Consider a population ofN oscillators, each having a phaseqi and an angular frequency
wi. Thus, for uncoupled oscillators, the rate of change of the phase is de�ned as�qi =
wi ; (i = 1; : : : ;N). The interaction between the oscillators was included by Kuramoto as
a sinusoidal function of the phase differences with a coupling strength,K, leading to the
following equations:

�qi = wi +
K
N

N

å
j= 1

sin(q j � qi); i = 1; : : : ;N (1.1)
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This model demonstrates that coupled oscillators can synchronize when the coupling
strength is larger than a critical value. The original Kuramoto model was studied for the
globally coupled, equally weighted oscillators. Since the development of the �rst globally
connected Kuramoto model, numerous studies have been conducted. Several methodologies
for addressing phase/frequency synchronization, partial synchronization, phase balancing,
as well as the inclusion of noise and inertia in the Kuramoto model have all been addressed
using a variety of analytical and numerical techniques. [1, 15, 45, 10, 11, 25, 18, 48].

In parallel with the studies on the traditional Kuramoto model, one has witnessed
the emergence of an overwhelming number of works focused on effects caused by the
introduction of heterogeneous connection patterns, letting the interactions to be no longer
only restricted to global coupling. This generalization of the Kuramoto model in complex
networks is obtained by including the connectivity in the coupling term as [2, 4].

�qi = wi + K
N

å
j= 1

Ai j sin(q j � qi) i = 1; : : : ;N (1.2)

whereAi j is the adjacency matrix with its elements distributed such asAi j = 1 if there
is a connection between nodesi and j otherwiseAi j = 0.

After that, most of the attention has been aimed at determining how network structure
in�uences the onset of synchronization. Initial studies combined the small world networks
with the Kuramoto model [60, 24, 42, 37]. The synchronization phenomenon for a Kuramoto
model has been observed on the �nite-size scaling network [12, 23] and on scale-free net-
works, highlighting the role played by highly connected nodes (hubs) in the synchronization
phenomenon [36].

1.2 Spatially extended Kuramoto network

Studying the Kuramoto model with various complex networks that have different
network architectures demonstrates the importance of coupling topologies in studying the
synchronization of coupled oscillators. Hence, coupling range becomes one of the main
characteristics in analyzing different kinds of complex Kuramoto networks. The cases in
which oscillators interact only with their close neighbors are known as local coupling [28],
whereas the case in which each oscillator interacts with all the others is known as all-all
coupling or global coupling. It should be noted that in the case of an all-all network, the
coupling topology loses its meaning as all the oscillators are driven by the same mean
�eld from all the oscillators. This fact makes it simpler, and thus many analytical methods
have been proposed for studying its collective properties [46, 59, 49, 3]. However, in the
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case of non-locally coupled oscillators, many numerical techniques can be applied, and
one kind of solution that has been observed is the so-called chimera state in which some
oscillators synchronize while others do not [33, 47]. Another type of solution in nonlocally
coupled oscillators are traveling waves. These are de�ned by a �xed pro�le and move with
a constant speed. These traveling waves are studied for many neural systems [17, 27, 50,
51]. One speci�c type of traveling wave is the uniformly twisted wave for which the state of
the oscillators changes linearly with the spatial position. One type of non-locally coupled
Kuramoto model for which uniformly twisted states (details are discussed in section 2.5)
appear is referred to as the spatially extended Kuramoto model.

Consider oscillatorsqi, moving with their individual angular frequencieswi and
coupled to theirM nearest neighbors on both sides [34]:

�qi = wi +
K

2M + 1

M

å
j= � M

sin(qi+ j � qi); i = 1; : : : ;N (1.3)

Here,N is the number of oscillators,K is the coupling strength, and periodic boundary
conditions for indexi are taken. Periodic boundary conditions in the given model of oscillators
mean that the system forms a ring where each oscillator is coupled to itsM nearest neighbors
on both sides, treating the �rst and last oscillators as neighbors. This circular arrangement
enables the emergence of stable synchronous states and uniformly twisted traveling waves,
known asq-twisted states, characterized by constant phase shifts between neighboring
oscillators, resulting in spatially linear patterns. The dynamics of such a model depend on the
number of oscillatorsN and the coupling rangeM. The given system Eq.(1.3)always has a
stable synchronous state,qi = wit + C. However, as the coupling range varies, new states
emerge in the form of uniformly twisted traveling wavesqi = wit + 2pqi

N + C; i = 1; :::;N,
where2pq

N is the phase difference between the oscillators. These so-calledq-twisted states
(characterized by an integerq) are simple traveling waves with constant phase shifts between
neighboring oscillators, resulting in spatially linear patterns.

Such models have been studied previously, and analysis of the twisted states has
been performed. For example, in the case of identical oscillators, [61] discovered that many
twisted states exist for such types of networks, and the basins of attraction follow a Gaussian
distribution in relation to a winding numberq. Later, this idea has been extended to a
heterogeneous unimodal frequency distribution network, and partially coherent twisted states
have been observed [44]. Thus, these partially coherent twisted states are de�ned by the
expression of a spatially dependent, complex order parameter whose argument differs from
2pq across the ring. The research conducted by [44] considered the Lorentzian frequency
distribution for non-local coupling phase oscillators, and the stability of the resulting partially



4

coherent twisted states was theoretically studied using the Ott-Antonsen or (OA) approach
[46]. The Ott-Antonsen ansatz provides a powerful method to simplify the analysis by
projecting the dynamics of the coupled oscillator system onto a lower-dimensional manifold.
Laing (2016) also discussed the same model for heterogeneous networks but included
different forms of delays in their coupling. Again, the OA approach is used to derive
evolution equations for a spatially-dependent order parameter. More recent work is carried
out by [63] where two different frequency distributions are considered, and the stability
analysis of two different types of twisted waves is done by reducing the model to a continuum
limit using the OA approach.

1.3 Equation-free approach and its application to the Ku-
ramoto model

For decades, reducing high-dimensional models to lower dimensions has been a
prominent research direction for understanding and analyzing the complicated dynamics of
larger and complex networks. Many strategies for reducing different models have been used in
the past, such as the perturbation technique [43], and, more recently, the data-driven reduction
technique [54]. A recently developed technique, known as an equation-free approach [26,
19], was used to approximate the macroscopic behavior of a detailed system for which the
equations are known, by a low-dimensional description of variables for which no governing
equations are available in closed form. This can be accomplished by performing short
bursts of appropriately designed computational experiments with the detailed, "�ne-scale"
network dynamic evolution model to obtain the numerical information of the appropriate
coarse observables. Since the macroscopic variables change across a much longer time scale
compared to the �ne-scale variables, the separation of time scales should be considered when
choosing coarse variables. The transitions between the microscopic and the macroscopic
scales depend on two operators: the restriction and lifting operators. The restriction operator
(many-one relation), in general, maps the detailed description of the system to the coarse-
grained level, whereas the lifting operator (one-many relation) maps from the coarse-grained
to the detailed system. Equation-free methods have been successfully implemented on
various problems, including molecular dynamics [9], collective animal behavior dynamics
[41], cell population [8], dynamical models on static networks [52], as well as several speci�c
network models [57, 20]. However, this technique mainly depends on (a) identifying and
de�ning a suitable set of coarse variables for which a closed, reduced description of network
evolution can theoretically be obtained, and (b) the ability to switch back and forth between
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the two levels of system description�the "�ne" and the "coarse-grained" levels. Thus, one
of the important tasks in coarse-graining with this approach is selecting appropriate coarse
observables. Diffusion maps [55] and the polynomial chaos expansion [35] have been used
for �nding these coarse observables.

The equation-free approach with polynomial expansion has also been used to reduce
the Kuramoto model to lower dimensions [40, 41]. Moon et al. investigated an original
Kuramoto model (all-all coupling) consisting of a �nite population of nonidentical coupled
oscillators. The coarse-grained variables were de�ned by realizing the correlation between
the phase angle and natural frequencies, where both are considered as random variables. The
phase angle is then expanded in terms of the Hermite polynomials of the heterogeneous
frequencies with the expansion coef�cients selected as coarse variables. Later, this work
was extended where the coarse-graining approach was implemented on the Kuramoto model
with some network structure (spectral graphs) [52]. More recently, Bertlan (2017) used
the polynomial expansion method for coarse-graining the Kuramoto model and described
the state of oscillators as a function of both heterogeneous parameters (frequencies and
connectivity).

1.4 Discussion and Conclusions

Synchronization has been studied in a wide range of Kuramoto-based networks. In
this thesis, we investigate two types of networks, namely the all-all and the spatially-extended
network, and observe the transition between them. Unlike many previous studies, our
focus is on the simpli�cation of the networks using the equation-free approach. Although
some studies have used the equation-free approach, our study is unique in the sense that
the equation-free approach has not been used for this speci�c Kuramoto model (spatially
extended network) previously, which we considered.

As mentioned in section 1.2, the spatially extended Kuramoto model has been studied
in the past, but to represent the system in lower dimensions, the Ott ansatz [46] was used.
The technique of using polynomial expansion for an equation-free approach on the all-all
Kuramoto model has also been studied in [40, 41], where the state of the oscillators is
expressed as a function of only one of its heterogeneous parameters, i.e., frequencies. In one
study, Bertalan (2017) expressed the state of the oscillator in terms of two heterogeneous
parameters: intrinsic frequencies and the degree of connectivity. However, our idea is to
express the state of oscillators as a function of two of its heterogeneous parameters: frequency
and position. For the quickest convergence of the expansion, although we initially used
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shifted Legendre polynomials, later we use different types of expansions in our study (Details
are discussed in Chapter 3 and Chapter 4).

The outline of this thesis is as follows: In Chapter 2, we provide a preliminary analysis
of the Kuramoto model, which we will use as a benchmark in the later chapters. In Chapter 3,
we formally introduce the equation-free framework and demonstrate it with coarse-projective
integration. In Chapter 4, we use the equation-free approach in one dimension (whenq is a
function of i andw only) to generate bifurcation diagrams. Finally, in Chapter 5, we improve
the results calculated in Chapter 4 by using the equation-free approach in two dimensions
(whenq is a function of bothw andi), and in Chapter 6, we present the conclusions.



Chapter 2

Preliminary Analysis of the Kuramoto
Model

In this chapter, we analyze the all-all Kuramoto model in which each oscillator is
connected with every other oscillator and the spatially extended Kuramoto model in which
each oscillator is connected to its neighbouring oscillators. We �rst show that when the
coupling range,M, is large enough, the spatially extended network is the same as the all-all
network. We then discuss two different methods to calculate the stationary states. Lastly, we
use the numerical continuation technique to create bifurcation diagrams when the coupling
strength,K, varies.

2.1 From spatially extended network to all-all Kuramoto
model

Our model ofall-all Kuramoto model is de�ned as

�qi = wi +
K

N � 1

N

å
j= 1

sin(q j � qi); i = 1; : : : ;N (2.1)

Here,qi andwi are the phase and natural angular velocity of oscillatori respectively,
N is the number of oscillators, andK � 0 is the coupling strength. We divideK by (N � 1),
rather than byN, as has been done, for example, in [1, 56]. This is because wheni = j,
sin(q j � qi) = 0, hence, we divide the coupling strength by the number of actual connections.
As we will illustrate later in the section, this small modi�cation enables us to show that the
all-all network is a special case of the spatially extended network.
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We de�ne thespatially-extended Kuramoto modelas:

�qi = wi +
K

2M

j= M

å
j= � M

sin(qi+ j � qi); i = 1; : : : ;N (2.2)

Here again,N represents the number of oscillators,qi is the phase of oscillatori,
K � 0 is the coupling strength,M is the coupling range andwi is the natural frequency
drawn from a uniform distribution. In contrast to the previous system (all-all Kuramoto
model) where each oscillator was connected to every other oscillator, here, each oscillators is
connected to2M other oscillators. WhenM is large enough the spatially extended network
becomes an all-all.

As an example, consider a spatially extended network ofN = 6 oscillators. When
M = 1 each oscillator is connected to its very next neighbour on each side, see Figure 2.1(a).
WhenM = 2 each oscillator is connected to its two closest neighbours, see Figure 2.1(b).
However, once the value of the coupling rangeM gets higher than half of the total number of
oscillators, (in this case, it isM = 3), the model becomes all-all Kuramoto model, as shown

in Figure 2.1(c). Therefore, for a spatially extended network, ifM >
�

N
2 � 1

�
, then we

consider it as all-all Kuramoto model with the edges counted not more than once.

Figure 2.1 From spatially extended to all-all network (a) Each oscillator is connected to its closest neighbour.
(b) Each oscillator is connected to its two closest neighbours. (c) Each oscillator is connected to all other
oscillators. This example showsN = 6 oscillators.
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2.2 Calculating the stationary solutions
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Figure 2.2 State of oscillators for a spatially extended Kuramoto network in a stationary frame forN = 6
oscillators with coupling rangeM = 2.

Figure 2.2 shows a solution of a spatially extended Kuramoto network withN = 6 and
M = 2. As can be seen, the oscillatorsqi change with time. In order to calculate the periodic
steady state, we use two methods to make our system stationary. In the �rst method, we make
our system stationary by replacing the stationary frame with a rotating frame. In the second
method, we consider the relative positions between the oscillators. The two methods are
implemented with our own software and the results are then veri�ed with CLMATCONT-L
(an advanced Matlab package used for studying the dynamical systems and their bifurcation
of large-scale problems).

Method-1 (Analyzing spatially extended network in a rotating frame.)

We demonstrate this method on a network of six oscillators. We solve Eq.(2.2)with
M = 2 and natural angular velocity uniform randomly distributed in the interval[0;1]. We
initially placed all of the oscillators within an interval[0;2p] distributed randomly. Then,
using the ode45 subroutine in MATLAB, we solve the system of equations, as shown in
Figure 2.2.
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Figure 2.2 shows the state of each oscillator as it changes with respect to time. We
can see that after a short transition time, all the oscillators start moving with the same angular
speedW. To make our system stationary, we subtractW from our system of equations,
( �Qi = �qi � W) . This creates a new set of phases,Qi on the rotating frame. Our modi�ed
model of a spatially extended network then becomes

�Qi = wi +
K

2M

j= M

å
j= � M

sin(qi+ j � qi) � W; i = 1; : : :N (2.3)

Because we have a degree of freedom, we may choose where to attach the rotating
frame. Here, "degree of freedom" refers to the �exibility to choose the reference frame for
the system. In the modi�ed model (Eq. (2.3)), a rotating frame is introduced by subtracting
the common angular speedWfrom each oscillator’s phase, and the choice to attach this frame
atQ1 = 0 establishes a consistent phase reference for the oscillators. The simulations of Eq.
(2.3) is shown below in Figure 2.3.
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Figure 2.3 State of oscillators with respect to time for spatially extended Kuramoto network in a rotating frame
for N = 6 andM = 2.

Each coloured symbol in Figure 2.3 indicates the state of one of the oscillators in the
rotating frame. As oscillators are arranged in a ring, the two lines generated at 0 and2p are
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considered to be one. We can observe in Figure 2.3 that in a rotating frame, all the oscillators
reached a steady state.

One of the interesting results of our computation is the rate at which the pattern drifts.
For both our networks, we can show that the speed of the oscillatorsW is identical to the
average frequency of the oscillators. This is proved here for any generalized case.

2.2.1 Theorem : ""Synchronization in spatially extended and all-all Kuramoto net-

works: The equalization of angular velocities"

For the spatially extended and all-all Kuramoto networks, the synchronized angular
velocity of the oscillators is equal to the average frequency of the oscillators.

Figure 2.4 A general description of a connection within a network. Connection X is shown between two nodes
XL andXR.

Proof. X represents the connection that links the two nodes, which we have identi�ed as
the left node,XL, and the right node,XR, shown in Figure 2.4. Each of the nodesXL andXR

will have a differential equation associated with it in the form of Eq.(2.1)and Eq.(2.2) that
includes the terms

Node XL : sin(XL � XR) (2.4)

Node XR : sin(XR � XL) (2.5)

Since sin(� q) = � sin(q), Eq. (2.5) can be written as:

sin(XR � XL) = � sin(XL � XR) (2.6)

This will be true for all the connections in the network. Hence, after summing up, all the
differential equations involving all the sine terms cancel each other, resulting in:

�Q1 + �Q2 + �Q3 + : : :+ �QN = ( w1 + w2 + w3 + : : :+ wN) � NW (2.7)

In a steady state,
�Qi = 0 i = 1; : : :N (2.8)
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which implies,

W= å N
i= 1wi

N
: (2.9)

Thus, in a steady state of spatially extended and all-all Kuramoto networks, the
synchronized speed with which all the oscillators rotate is the same as the average natural
velocities of all the oscillators.

Method-2 (relative distances in the spatially extended network.)

For our rotating pattern shown in Figure 2.2, we can observe that the distance between
the oscillators remains constant because they move at the same speed. Therefore, in this
method, instead of looking at the rotating frame, we look at the relative distances between
two oscillators.

Let xi denote the relative distance between each oscillator andq1

xi = qi+ 1 � q1 i = 1; :::;N � 1 (2.10)

The differential equations then become:

�xi = �qi+ 1 � �q1 i = 1; : : : ;N � 1 (2.11)

Solving Eq.(2.11), we obtain Figure 2.5, which illustrates the stationary state of the
Kuramoto Model spatially extended network. In this case,M = 2, N = 6, and the angular
velocities are uniformly distributed between[0;1].
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Figure 2.5 Stationary state of the spatially extended Kuramoto model using method-2 withN = 6 andM = 2.

In the case of all-all Kuramoto model, we can easily �nd the generalized form of the
differential equations:

8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

�x1 = ( w2 � w1) + K
(N� 1) [� 2sin(x1) + sin(x2 � x1) + sin(x3 � x1) + : : :+ sin(xN� 1 � x1)

� sin(x2) � sin(x3) � : : : � sin(xN� 1)]

�x2 = ( w3 � w1) + K
(N� 1) [� 2sin(x2) + sin(x1 � x2) + sin(x3 � x2) + : : :+ sin(xN� 1 � x2)

� sin(x1) � sin(x3) � : : : � sin(xN� 1)]

�x3 = ( w4 � w1) + K
(N� 1) [� 2sin(x3) + sin(x1 � x3) + sin(x2 � x3) + : : :+ sin(xN� 1 � x3)

� sin(x1) � sin(x2) � sin(x4) � : : : � sin(xN� 1)]

...

�xi = ( wi+ 1 � w1) + K
(N� 1)

�
sin(� xi) + å N� 1

j= 1
j6= i

sin(x j � xi) � å N� 1
j= 1 sin(x j )

�
; i = 1; :::;N � 1

(2.12)
In the spatially extended case, we solve the differential equations numerically as

illustrated in Figure 2.6. We start the process by initializing the values ofxi . With the help of
Eq. (2.10), we calculateqi, next we evaluate�qi from Eq.(2.2). Once, we calculate�qi, then
the last step is to switch from�qi ’s to �xi ’s by using Eq. (2.11).
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�xi(t0)
Input

q1 = 0
qi+ 1(t0) = xi(t0) + q1(t0)

qi(t0) �qi(t0)
Output

�xi(t0)

Figure 2.6 Wrapping process for �nding the differential equations numerically in spatially extended networks.

2.2.2 Computing the �xed points and their stabilities

Stable �xed points in both methods 1 and 2 indicate a synchronized solution. We
now describe how we calculate �xed points and their stability in both methods.

Fixed points for stationary pattern in a rotating frame (method-1)

To �nd the �xed points for our system Eq. (2.3), we put

�Qi = 0; i = 1; :::;N (2.13)

Or,
�Qi = fi(qqq) � W= 0; i = 1; :::;N (2.14)

where fi(qqq) is given in Eq. (2.2). By using the Newton-Raphson method, we solve the
system of equations for a stationary pattern.

2

6666666664

q1

q2

q3

q4
...

qN

3

7777777775

(n+ 1)

=

2

6666666664

q1

q2

q3

q4
...

qN

3

7777777775

(n)

� JJJ(� 1)

2

6666666664

f1(q1;q2;q3; :::;qN� 1;qN) � W
f2(q1;q2;q3; :::;qN� 1;qN) � W
f3(q1;q2;q3; :::;qN� 1;qN) � W
f4(q1;q2;q3; :::;qN� 1;qN) � W

...
fN(q1;q2;q3; :::;qN� 1;qN) � W

3

7777777775

(n)

(2.15)

Or,
qqq (n+ 1) = qqq (n) � (JJJ� 1)( fff (qqq (n)) � WWW) (2.16)



15

In Eq. (2.16), n indicates the iteration number,JJJ is the Jacobian offi(qqq) and a
superscript -1 indicates the inverse of the Jacobian. We can calculate the Jacobian as:

Jik =
¶ fi(qqq)
¶ qk

i = 1; :::;N k= 1; :::;N (2.17)

Thus, we can �nd the �xed point of our stationary pattern. The stability of our system
is calculated by examining the eigenvalues of the Jacobian. If all the eigenvalues have
negative real parts, then the �xed point is asymptotically stable.

Fixed point for relative positions (method-2)

The �xed point for Eq.(2.11)can be found using the Newton-Raphson method. In
case of all-all Kuramoto model, we used the generalized form de�ned in Eq.(2.12)to �nd
the Jacobian of the steady state. For allxi de�ned in Eq. (2.12), letg function be de�ned as

�xi = gi(xxx); i = 1; :::;N � 1 (2.18)

Then the Jacobian is de�ned as:

Jik =
¶gi

¶xk
; i = 1; :::;N � 1 k = 1; :::;N � 1 (2.19)

In a summation form, the Jacobian can be written as:
For the diagonal values:

Jii =
K

(N � 1)

�
� 2cos(xi) �

N� 1

å
p= k
p6= i

cos(xp � xi)
�
; i = 1; :::;N � 1 (2.20)

For the off-diagonal values:

Jik =
K

(N � 1)

�
(cos(xk � xi) � cos(xk))

�
; i = 1; :::;N � 1 k = 1; :::;N � 1 (2.21)

In the case of spatially extended network, we apply the same wrapping approach as
illustrated in Figure 2.6 to compute the Jacobian.Let�JJJ be the Jacobian with respect to the
state variablesqi andJJJ be the Jacobian with respect toxi . We expand the trigonometric term
involved in Eq.(2.2) in terms of sine and cosine and use the connectivity matrixAi j (already
de�ned in Eq. (1.2)) to calculate the�JJJ.
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For the off-diagonal values:

�Jik = ( � sinqi)
�

Aik
d

dqi
cosqi

�
+( cosqi)

�
Aik

d
dqi

sinqi

�
; i = 1; : : :N; k = 1; : : :N (2.22)

For the diagonal values:

�Jii =
d

dqi
(� sinqi)

�
Aik cosqi

�
+

d
dqi

(cosqi)
�

Aik sinqi

�
; i = 1; : : :N (2.23)

Using Eq. (2.11), Eq. (2.18) can be expressed as

�xi = gi(qqq(xxx)) ; i = 1; :::;N � 1 (2.24)

With �xi = gi(xxx), �qi = fi(qqq), i = 1; :::;N � 1, we can express Eq. (2.19) as

Jik =
¶gi

¶xk
=

¶gi

¶qk+ 1
=

"
¶ fi+ 1

¶xk+ 1
�

¶ f1
¶xk+ 1

#

; i = 1; :::;N � 1; k = 1; :::;N � 1 (2.25)

Or, equivalently,

Jik = �J(i+ 1;k+ 1) � �J(1;k+ 1); i = 1; :::;N � 1; k = 1; :::;N � 1 (2.26)

Hence, by using the relationship betweenJ and �J as de�ned in Eq.(2.26), we effectively
switch fromqi to xi .

2.3 Numerical continuation of the Kuramoto models

The coupling strength,K, plays a crucial role in the existence and stability of �xed
points in both of our Kuramoto networks. Previous work on the Kuramoto model (covered
in Chapter 1) shows that by decreasing the value of one of the system’s parameters, there
exists a point where the solution is no longer stable and the system’s state changes from
coherent to incoherent. Everything could be synchronized and the solution converges, but
altering just one parameter,K in our example, causes the entire network to become unstable.
Thus, in order to fully understand the dynamics of our models, we investigate their stability
by incorporating variations in the coupling strengthK. This can be accomplished in two
different ways.

One method involves integrating forward with some initial condition in time until it
reaches a steady state. Then we slightly change theK value and repeat the process. Although
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the process is simple, there are many drawbacks. First, it takes a lot longer to reach a steady
state. Secondly, this approach can only identify stable �xed points. Last but not least, for
certain �xedK values, several stable �xed points could co-exist, and which one is reached
depends entirely on the initial conditions we introduced.

The second method, which is more ef�cient, is the technique of numerical continua-
tion. Details about the numerical continuation method we use in this thesis is discussed in
appendix A.1. Here we brie�y review the numerical continuation technique when it applies
to Eq. (2.14) and follow its solutions as the parameterK varies.

2.3.1 Methodology

By using the numerical continuation technique, we follow the solutions of our spa-
tially extended and all-all Kuramoto models as the parameterK varies. The system of
equations de�ned in Eq.(2.2)and Eq.(2.1)can be written at steady state in a vector form as

F(qqq;K) = 0 (2.27)

As discussed in the previous section, we �nd the �xed point with the help of the
Newton-Raphson method. Let(qqq000;K0) be one of these solutions, we would like to �nd
another nearby solution(qqq111;K1), that satis�es Eq.(2.27). Following ideas discussed in
appendix A.1 and Eq. (A.2), we get

(qqq111 � qqq000)T �qqq + ( K1 � K0) �K � Ds= 0 (2.28)

Here, superscriptT is the transpose. Eq.(2.28)states the condition that the new
point (qqq111;K1) lies on the hyper-plane perpendicular to the tangent vector( �qqq000; �K0) and
simultaneously at a distanceDs away from its closest point(qqq000;K0). We also assume that
the(N + 1) dimensional column vector, i.e.

 
�qqq000
�K0

!

(2.29)

is the null vector of theN � (N + 1) matrix (Fqqq j FK) where subscripts indicate partial
derivatives. Hence,Fqqq is theN � N Jacobian ofF with respect toqqq andFK is the column
vector of derivatives with respect to K that are evaluated at(qqq000;K0). Once the vector Eq.
(2.29) has been identi�ed and normalized, it can be used in Eq.(2.28).
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Thus, solving Eq. (2.27) and Eq. (2.28) simultaneously,
 

qqq (i)
111

K(i)
1

!

=

 
qqq (i� 1)

111
K(i� 1)

1

!

� JJJ� 1
(i� 1)

 
F(qqq (i� 1)

111 ;K(i� 1)
1 )

(qqq (i� 1)
111 � qqq000)T �qqq000 + ( K(i� 1)

1 � K0) �K0 � Ds

!

(2.30)

for i = 1;2; :::Ne, whereNe is de�ned as the number of iterations performed for convergence.
Here,

JJJ(i) =

 
Fqqq FK
�qqq000 �K0

!

(2.31)

is the(N + 1) � (N + 1) Jacobian of the augmented system, and the partial derivatives are
evaluated at(qqq111

(i);K(i)
1 ). As above, we takeNe Newtonian iterations (i.e. we assume that

Eq. (2.30)has converged in such a way thatqqq111 = qqq (Ne)
111 , K1 = K(Ne)

1 for an initial condition
qqq (0)

111 = qqq000+ �qqq000Ds, K(0)
1 = K0+ �K0Ds. The stability of the �xed point(qqq111;K1) depends on the

eigenvalues ofFqqq evaluated at this point, whereas this matrixFqqq has already been calculated
as the top leftN � N block in the JacobianJJJ, see Eq.(2.31). We �nd the next solution
(qqq222;K2) in exactly the same way.

2.4 Variation of the coupling strength in the spatially ex-
tended network

In this section, we consider the spatially extended Kuramoto model with different
numbers of oscillators and vary the coupling strength,K, using the numerical continuation
technique. The results are computed in MATLAB using software we wrote (provided in
the appendix A.3). We start the computation by considering the number of oscillators as
N = 6 with a coupling rangeM = 2. The random natural angular velocities are uniformly
distributed in an interval[0;1]. Initially, all the oscillators are placed at[0;2p] interval. First,
we calculate the average angular velocity of all the oscillators and subtract it from the system,
Eq. (2.3). We then solve this system using the subroutine ode45 for some timet as shown
previously in Figure 2.3. It should be noted that the same set of random angular velocities is
reused for eachK value, and the initial guess for the steady-state numerical integration is
computed only once. The obtained steady-state solution from the direct integration serves
as the initial guess for the numerical continuation technique. Subsequently, the numerical
continuation technique is employed to generate a bifurcation diagram, depicting the stability
and characteristics of all the stationary solutions, as the coupling strengthK varies.
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Figure 2.7 Solutions of spatially extended Kuramoto model withN = 6 andM = 2 using numerical continuation
scheme as discussed in section 2.3.1. The �gure at the top shows a bifurcation diagram of oscillator 2 as a
function of the coupling strengthK. Solid magenta line shows the stable solution, blue dashed line is the
unstable solution. Sample steady state solutions for all the oscillators along the bifurcation curve are also
shown.
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In Figure 2.7, the results of spatially extended Kuramoto model asK varies with a
numerical continuation scheme is presented. Here, the magenta solid line shows the stable
solution for one of the individual oscillatorQ2 in a steady state whereas the unstable solution
for the same value ofK are represented by blue dashed line. We investigate the overall
behaviour of the state of oscillators for several values ofK i.e. K = 15, K = 5, K = 1
(highlighted byA1, A2, A3 on the stable branch andB1, B2, B3 on the unstable branch) and
calculate the maximum eigenvalue at the same values. It can be seen that the system’s
solution is stable as eigenvalues are negative untilK = 0:5159, but as soon as we cross this
point, one of the eigen value becomes positive and the solution becomes unstable. This is
known as the point of saddle-node bifurcation.

2.4.1 Variation of coupling strength in the spatially extended Kuramoto
model with N = 100and M = 5.

In order to see how far the state of oscillators disperse for a stable and unstable
branch, we increase the total number of oscillators toN = 100, for a spatially extended
Kuramoto model with randomly uniformed distributed natural angular velocities, drawn
from the interval[0;1] and a coupling rangeM = 5. We place the oscillators with the initial
conditions such that they all lie within an interval[0;2p] and then evolveqi(t) for some time.
We then apply the same approach as we did before, i.e. calculating a rotating pattern in a
stationary state by subtracting the average frequency from the original system, then �nding
the �xed points of the stationary pattern with the Newton-Raphson method, and then varying
the coupling strengthK using numerical continuation technique. The results are shown in
Figure 2.8.

The top �gure in the middle of Figure 2.8 shows the state of one of the oscillators.
The green line represents the stable branch whereas the blue line represents the unstable
branch. The system is stable untilK = 1:313so this is the point of bifurcation. Again, we
consider several values ofK at different distances from the point of bifurcation. ForK = 15
(A1), at the stable branch, all the oscillators appear to be within the interval[0;2p], however
for the unstable branch, at the same value ofK,(B1) they appear to lie approximately between
[0;p]. This is also true forK = 5 andK = 2:5.
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Figure 2.8 Solutions of spatially extended Kuramoto model withN = 100andM = 5 using numerical continua-
tion scheme as discussed in section 2.3.1. The �gure at the top shows a bifurcation diagram of oscillator 2 as a
function of the coupling strengthK. Solid green line shows the stable solution, blue dashed line is the unstable
solution. Sample steady state solutions for all the oscillators along the bifurcation curve are also shown.
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2.5 Varying twisted states

In the previous section, we made an intriguing observation regarding the behavior of
states in a spatially extended Kuramoto model when we increased the value of a coupling
strength. Speci�cally, we discovered that the patterns generated by the oscillator’s phases
were distributed within the range of[0;2p] on a stable branch, but shifted to the range of[0;p]
on an unstable branch. This motivates us to consider setting up various initial conditions
and analyse the behaviour of these states for stable and unstable branches. Thus, in the
following section, we will analyse our spatially extended network by providing different
initial conditions and observe the states of the oscillators.

Twisted states in spatially extended Kuramoto model

For the spatially extended Kuramoto model, we consider the same number of oscilla-
tors, i.e.N = 100but vary the number of twists using different values ofq. We call twist-0
to solutions in which the initial condition for the state of the oscillators remain the same, i.e.
qi = 0 for all i, twist-1 to solutions in which the state of oscillator phases grow for[0;2p].
Similarly, twist-2 lies on[0;4p], twist-3 lies on[0;6p] and lastly twist-4 lies on the interval
[0;8p]. Hence, the general form for varying twisted states would then become2pq where q
is an integer or winding number used for varying the twists.

In Figure 2.9, we present all the twisted states we calculated (twist-0, twist-1, twist-2,
twist-3, twist-4) as a function of the coupling strengthK for one of the oscillator statesQ2.
Although their bifurcation point is different, their shape is the same, i.e. they all undergo
saddle-node bifurcations. Moreover, the dashed line represents the unstable branch whereas
the solid line is for the stable branch. We can also observe that the bifurcation point of twist-1
is lower than any other twists. In addition, the bifurcation point continues to increase for
twist-2 and other higher twists. We can also observe that the higher twisted states exist for
larger values ofK.
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Figure 2.9 The bifurcation diagram illustrates the behavior of twist-0, twist-1, twist-2, twist-3, and twist-4
(q = 0, 1, 2, 3, 4) as a function of the coupling strengthK. The system parameters are set toN = 100andM = 5,
and the natural angular velocities are uniformly distributed (randomly).

To compare our results numerically for all the twisted states, we present the corre-
sponding point of bifurcation for each twisted states in Table 2.1 below.

Number of Twists Bifurcation Point
q=0 1.3571
q=1 1.3131
q=2 1.7762
q=3 2.7542
q=4 5.3154

Table 2.1 Bifurcation points for various twisted states withN = 100andM = 5 and the natural angular velocities
are uniformly distributed (randomly).
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Figure 2.10 The states of 100 oscillators with different twisted states from both stable and unstable branches are
observed. The system parameters are set toN = 100andM = 5, and the coupling strength is �xed atK = 15.
The natural angular velocities are uniformly distributed (randomly).

Figure 2.10 shows the state of the oscillators for various twisted states atK = 15. We
consider the same condition, i.e.N = 100oscillators andM = 5 for each of the twisted states.
For all the twisted states, the blue pattern shows the results of the unstable branch. The stable
branch of twist-0 is shown in magenta color. There exists a discontinuity for the unstable
branch of twist-0. Although it appears from the unstable branch of twist-0 that the state of
oscillators varies from0 to 2p, if we place all these oscillators in a ring, it shows that there is
a discontinuity of approximately0:9852p in the middle. This suggests that all the oscillators
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will cover less than half of the circle and eventually become closer to0 or equivalently to2p.
Therefore, we call it the twist-0 unstable branch.

For twist-1,Qi varies from0 to 2p for the stable branch (in green color) and the
oscillators cover more than half of the circle in the unstable branch, ranging from0 to 3:365
radians.

For twist-2, with all the same conditions as above, the phases of the oscillators range
from 0 to 4p for the stable branch (shown in red color), and for the unstable branch, the
number of full circles covered is(10:09 radians� 0:416 radians)

2p � 1:5364. So, the oscillators cover
approximately 1.5364 full circles when arranged in a ring between0:416and10:09 radians.
To be even more precise, the oscillators complete one full revolution (2p radians) and then
cover an additional0:5364� 2p radians, which is approximately3:365radians beyond the
one full revolution. This means they cover one complete revolution and a little over half of
another revolution.

For twist-3, the oscillators cover approximately 2.6783 full circles. In the stable
branch, the phases of the oscillators range from0 to 6p radians (shown in cyan color). For
the unstable branch, the number of full circles covered is(16:86 radians� 0:5529 radians)

2p � 2:6783.
So, the oscillators cover approximately 2.6783 full circles when arranged in a ring between
0:5529 and 16:86 radians. To be even more precise, the oscillators complete two full
revolutions (2p radians each) and then cover an additional0:6783� 2p radians, which is
approximately4:259radians beyond the two full revolutions. This means they cover two
complete revolutions and a little over half of another revolution.

For twist-4, the oscillators cover approximately 3.7355 full circles. In the stable
branch, the phases range from0 to 8p radians (shown in brown color). For the unstable
branch, when the oscillators are arranged in a ring and cover the region from0:5728to 23:67
radians, they cover approximately 3.7355 full circles, which is almost three and three-quarters
of a full revolution.

2.6 Varying the coupling range

Previously, we were consideringN = 100 andM = 5 for our spatially extended
Kuramoto model. In this section, we gradually increase the coupling range,M for a spatially
extended network and analyze the stability by evaluating the point of bifurcations using the
same numerical continuation scheme as discussed in section 2.3.1. First, we consider a case
for whichN = 100andM = 25. Then, we increase the coupling range further by considering
N = 100andM = 50. For both cases, we discuss the twisted states and the state of oscillators
at various values ofK. We can observe that as the coupling range increases to a certain limit,
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the only existing twisted states is twist-0. Moreover, when the value of the coupling range
becomes equal to half of the number of oscillators, the system has the same bifurcation point
as for the all-all Kuramoto model.

2.6.1 N = 100, M = 25

We consider the number of oscillators asN = 100but increase the coupling range
from M = 5 to M = 25. Here in Figure 2.11, the middle bigger �gure presents the bifurcation
diagram for which the coupling strength varies using numerical continuation scheme. The
unstable branch is presented in blue color while the pink color shows the stable branch. The
point of bifurcation is atK = 2:24. We pick three different values ofK to check the state of
the oscillators at these values; the stable and unstable branches are shown in pink and blue
color respectively, the state of the oscillator show twist-1.
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Figure 2.11 Solutions of spatially extended Kuramoto model withN = 100 andM = 25 using numerical
continuation scheme as discussed in section 2.3.1. The �gure at the top shows a bifurcation diagram of
oscillator 2 as a function of the coupling strengthK. Solid pink line shows the stable solution, blue dashed line
is the unstable solution. Sample steady state solutions for all the oscillators along the bifurcation curve are also
shown.
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2.6.2 N = 100and M = 50, all-all Kuramoto model

We now increase the coupling range further while keeping the other conditions the
same. Figure 2.12 shows the stable branch in magenta color whereas the unstable branch is
shown with the blue color. The point of bifurcation lies atK = 0:6431. We can observe from
the state of oscillators at variousK values that the phases are having twist-0.
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Figure 2.12 Solutions of spatially extended Kuramoto model withN = 100 andM = 50 using numerical
continuation scheme as discussed in section 2.3.1. The �gure at the top shows a bifurcation diagram of
oscillator 2 as a function of the coupling strengthK. Solid magenta line shows the stable solution, blue dashed
line is the unstable solution. Sample steady state solutions for all the oscillators along the bifurcation curve are
also shown.
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Next, we consider the same number of oscillators, withK = 15and varying the cou-
pling range starting fromM = 2 to M = 50. We are interested in �nding out the relationship
between the twisted states and the coupling rangeM. Figure 2.13, shows all the coupling
range values that give twist-3 solutions. We can see that twist-3 exists for all the values
from 2 to 9. However, when we slightly increase the coupling range toM = 10, the state of
the oscillators change- we can no longer get twist-3 and instead get twist-2. This state of
oscillators exists untilM = 14. After increasing the coupling range further we get the twist-1
solutions for all theM values ranging from 15 to 32. However, as soon as the coupling range
increases toM = 33, twist-1 state of the oscillators turned to twist-0. In general, we can
conclude that the higher twisted states exists at the lower values ofM.
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Figure 2.13 Bifurcation diagrams for various twisted states. We can see that the higher twisted states exist for
lower values ofM. But as we increase the coupling range and the more oscillators connect to each other, the
number of possible twisted states decreases until the only possible solution is twist-0.

In order to check the numerical integrity of our results we compare the calculation
we did by solving Eq.(2.3) whereN = 100, M = 50 with our own software (discussed
in appendix A.3) and the calculation done by CLMATCONT-L (an advanced numerical
bifurcation software, built in MATLAB, for studying large scale dynamical problems, [6])
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when solving the Eq.(2.11)with N = 100, M = 50 using method-2. In Figure 2.14, we
present a comparison of results from CLMATCONT-L and our own software.
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Figure 2.14 A bifurcation diagram created with our own software compared to the one created with
CLMATCONT-L. Our results are shown in solid red for the stable branch and the blue dashed line for
the unstable branch. The CLMATCONT-L results are shown in purple for the stable branch and the cyan dashed
line for the unstable branch. Here, "00" means theK value from where the bifurcation starts, "LP" means the
limit point or the bifurcation point", which in this case isK = 0:6431and "99" means the last value ofK where
the numerical continuation ends. As can be seen, our calculation agrees well with the calculation obtained in
CLMATCONT-L.

2.7 Discussion and Conclusions

In this Chapter, we numerically analyzed the transition between spatially extended
Kuramoto network and all-all Kuramoto network. We discussed two methods, one in which
we analyzed the system in a rotating frame and a second in which we considered the relative
position of the oscillators. We used both methods to �nd the �xed points. We also presented
a proof to show that for both networks, the synchronized angular velocity of the oscillators is
equal to the average of the natural angular velocities. Finally we analyzed various twisted
states in both networks and showed numerically that the twisted states exist for lower values
of the coupling range,M. Thus, by gradually increasing the coupling range, more oscillators
connect with each other and the only twist we get for the all-all network is twist-0. We ended
the chapter by comparing our numerical results with those obtained by another software
(CLMATCONT-L) and showed that we get the same results. This will become important
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when we use our software to implement the equation free approach as later we compare the
solutions obtained from an equation-free approach with the actual detailed system.



Chapter 3

An Equation-Free Approach for the
All-All Kuramoto Network

In this chapter, we discuss how a large system of synchronized oscillators, the all-all
Kuramoto network, can be represented by a smaller number of variables using an "equation-
free approach". We discuss the equation-free approach and implement a coarse-projective
integeration to check and improve the ef�ciency of our calculations.

3.1 Development

We begin by making the observation (also made by [5]) that once all the oscillators
synchronize, their state becomes a function of their natural frequencieswi, as shown in
Figure 3.1. The �gure shows the solution of Eq.(2.1) with N = 100, coupling strength
K = 0:7 whereas the frequencies are uniformly distributed between [0,1] interval. Figure 3.1
(a) shows the state of the oscillators as a function of timet and Figures 3.1 (b-c) show the
state of oscillators as a function of the natural frequencies at timest = 0, t = 12andt = 50
respectively.
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Figure 3.1 Solution of the dynamical system in Eq.(2.1) with N = 100, K = 0:7, andwi are the uniformly
distributed random frequencies between [0,1]. (a) Evolution ofqi as a function of time,t. (b)-(c)q as a function
of wi at t = 0, t = 12andt = 50 respectively. It can be seen that once the oscillators synchronized,qi becomes
a function ofwi .

This correlations betweenqi andwi allows us to expandqi (microscopic variables) in
certain polynomial classes ofwi, known as polynomial expansion, (given in the appendix
A.2). Since we have takenwi from a uniform distribution, we will use the shifted Legendre
polynomials (set of functions similar to the Legendre polynomials, but orthogonal on the
interval [0,1]) which provides the fastest convergence of the expansion [64].
Thus, we can write

qi(t) �
n

å
k= 1

ak(t)f k(wi); i = 1: : :N (3.1)
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wheref k(wi) are the shifted Legendre polynomials,ak(t) aren low dimensional variables
andqi(t) areN high dimensional variables. Given a particular detailed realization of the
oscillator state, these polynomial coef�cientsak’s are estimated by minimizing the quantity:

N

å
i= 1

"

qi �
n

å
k= 1

ak(t)f k(wi)

#2

(3.2)

This is referred to as aRestriction operatorin an equation-free approach. It can
be reformulated as an over-determined linear system whose least-squares solution can be
calculated by thebackslash operatorin Matlab. We also need aLifting operatorto execute
an equation-free approach, which involves consideringak with a particularwi realization.
Thus, it is de�ned as:

qi(t) =
n

å
k= 1

ak(t)f k(wi); i = 1; : : : ;N (3.3)

With these two operators, Eq.(3.2)and Eq.(3.3), we now implement an equation-
free approach. Here, we present an overview of the method for applying an equation-free
approach.

3.2 Methodology of applying an equation-free approach to
the all-all Kuramoto network

In an equation-free approach, an adequately initialised short burst of detailed simula-
tions is used to estimate the appropriate quantity for the solution of low-dimensional systems.
The general steps consist of:

1. Identifying a collection of macroscopic variables that suf�ciently describe the coarse-
grained dynamics. We assume that the dynamical system at the level of coarse ob-
servables exists but we don’t have the equations explicitly. For the all-all Kuramoto
network, our macroscopic variables areak.

2. Drawingwi randomly, and saving the selection for all future calculations.

3. Constructing a lifting operator , as de�ned in Eq.(3.3), mapping the coarse description
to (one or more) consistent �ne-scale realizations.

4. Evolving the lifted, �ne-scale initial conditions for a certain time horizon.
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5. Restricting the resulting �ne-scale description to the coarse observables, i.e �nding
the polynomial coef�cientsak of the �nal state variablesqi(t), using the restriction
operator, speci�ed in Eq.(3.2).

6. Repeating the procedure for steps 3, 4 and 5 as needed.

We follow the above steps and compare the actual solutions (without using an
equation-free approach) and the approximated solution (with an equation-free approach).
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6
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Q
i

Figure 3.2 Snapshot ofqi as a function ofwi . Blue circles represent the actual solutions of Eq.(2.1) with
N = 100andK = 0:7 whereas the red dots represent the solution of an equation-free approach using only 2
shifted Legendre polynomials (f 1 = 1; f 2 = 2wi � 1).

Figure 3.2 shows a comparison between the steady state solution as calculated using
Runge- Kutta method with the full network of 100 oscillators (shown in blue circles) and
the steady state solution as calculated using the equation-free approach with only 2 shifted
Legendre polynomials (shown in red dots). These two shifted Legendre polynomials are
f 1 = 1; f 2 = 2wi � 1. In both simulations, the value of the coupling strength isK = 0:7.
As can be seen the relationship betweenqi andwi is captured well with the equation-free
approach.
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3.3 Coarse-projective integration of all-all Kuramoto net-
work

We now brie�y demonstrate the coarse-projective integration of low-dimensional
variables. The method involves short simulations of the high dimensional system to derive
the time projection of the low dimensional variables.Let the high dimensional variables be
presented as

qqq = [ q1;q2; :::;qN] 2 RN (3.4)

The low dimensional polynomial coef�cients are then de�ned as

A = [ a1;a2; :::;ak] 2 Rk (3.5)

Givenqqq(t1), we integrate Eq.(2.1)with N1 time steps. Using the restriction operator,
speci�ed in Eq.(3.2), we calculateA in the last two time steps. Next, we use the last two
values fromA to extrapolate the value ofA at some timet2 in the future. We then lift from
A(t2) to qqq(t2) by using the lifting operator de�ned in Eq.(3.3). The procedure is repeated
as shown in the Figure 3.3. It should be noted that if the cost of restricting, extrapolating
and lifting is small compared to the cost of integrating the network for the entire time, this
procedure will be faster than directly integrating the network.

Figure 3.3 Schematic diagram of the coarse-projective integration.
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3.3.1 Varying the integration time and projection times.

In this section, we explore the effect of varyingN1, (the integration time of the high
dimensional system) on the coarse-projective integration when only three coarse-grained
variables are used. We consider all-all Kuramoto network as discussed in section 3.1.
(N = 100,K = 0:7, random uniformly distributed frequencies).
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Figure 3.4 The effects of variation inN1 andN2 on a coarse projective integration with three coarse grained
coef�cientsa1, a2 anda3. For (a)N1 = 1 andN2 = 4, (b) N1 = 2 andN2 = 3, (c) N1 = 3, N2 = 2, (d) N1 = 4,
N2 = 1. The red dots represent the results of the coarse-grained variables after applying the coarse-projective
integration, while the black line shows the result of the coarse-grained variables when there is no coarse
projection involved.

Following the process described in the Figure 3.3, we considern = 3, so that our
choice of coarse-grained variables becomesa1, a2, anda3 to estimateq1;q2; :::;q100. In order
to perform the coarse-projective integration, local time derivatives of the coarse observables
are estimated by using the last two values from each curve and then projecting them for
some time. After the projection, we lift the coarse variables again to the consistent �ne-scale
realizations and use them as an initial condition for another short burst of direct detailed
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integration. The resulting values are then restricted and the whole process repeats again.
Thus, we varyN1 from 1 to 4 in each of the cases, given in Figure 3.4, with the projection size
N2 varies correspondingly. In Figure 3.4 (a)N1 = 1 andN2 = 4, Figure 3.4 (b)N1 = 2 and
N2 = 3, Figure 3.4 (c)N1 = 3, N2 = 2 and Figure 3.4 (d)N1 = 4, N2 = 1. Figure 3.5 shows
the error between the true solution (when the full integration is carried out) and the solution
we evaluated with the coarse-projective integration at the value of timet = 20. Figure 3.5(a)
indicates that coarse-projection error increases as the projection lengthN2 increases.
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Figure 3.5 (a)-Error between the solution obtained by full integration and the solution obtained by projective
integration forN1 = 1,2,3,4 with three coarse-grained coef�cients. The smallest rectangle representsa1, the
medium is fora2, while the largest rectangle is fora3. (b)-Relationship betweenN1 andN2 showsN2 = 5 � N1.

In Figure 3.6, we take the size of the projectionN2 as 5,7,9,11 while keepingN1 = 3.
We follow the same procedure as discussed above. The total time to be considered is 40 units.
The cyan circles represent the coarse grain coef�cients with the projective integration, while
a full detailed simulation is given by the blue line. It can be seen in Figure 3.6 that as the
length of the projection increases, the integration loses its accuracy.
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Figure 3.6 The effects of variation inN2 on a coarse projective integration with three coarse grained coef�cients
a1, a2 anda3, while consideringN1 = 3. For (a)N2 = 5, (b) N2 = 7, (c) N2 = 9, and (d)N2 = 11. The cyan
circles represent the results of the coarse-grained variables after applying the coarse-projective integration,
while the blue line show the results of the coarse-grained variables when there is no coarse projection.

In Figure 3.7, we calculate the error between the coarse variables of the true solutions
and the one with the coarse projective integration att = 40. It can be observed that the error
of each coef�cienta1, a2 anda3 increases as the projection duration increases.
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Figure 3.7 Error of the coarse-projective integration whenN2 is taken as 5, 7, 9, 11 fora1 (smallest rectangle),
a2 (medium rectangle) anda3 (the largest rectangle).

3.4 Discussion and Conclusions

In this chapter, we utilized polynomial expansion to reduce the dimensionality of a
large network, which contains a heterogeneous population of Kuramoto oscillators with an
all-all coupling structure. The idea of estimating the polynomial coef�cient when there exists
a rapid correlation between the state of the oscillators and the heterogeneous frequencies was
taken from Bertalan et al. [5], who used an equation-free approach on a Kuramoto model.
However, the authors expanded the coarse-grained coef�cients using univariate polynomials.
Laing and Troy [35] also used a polynomial expansion, but they solved a different set of
differential equations with the frequencies taken from a Gaussian distribution and chose
Hermite polynomials to achieve faster convergence of the expansion. Xiu and Karniadakis
[64] showed that for a uniform distribution of frequencies, Legendre polynomials provide
faster convergence, and in the case of a gamma distribution, Laguerre polynomials are best.
Hence, we considered the uniform distribution of frequencies and used the shifted Legendre
polynomials with an equation-free approach to demonstrate the coarse-projective integration
for a detailed system.



Chapter 4

Creating Bifurcation Diagrams Using the
Equation-Free Approach in One
Dimension

In Chapter 2, we applied a numerical continuation technique to create bifurcation
diagrams of a large system of coupled oscillators. In this chapter, we use the equation-free
approach to create bifurcation diagrams for the coarse-grained system. This helps us estimate
the behaviour of a high dimensional system by a smaller number of variables (the coarse-
grained variables) and study the overall emergent behaviour of the detailed system. First, we
brie�y discuss the implementation of an equation-free approach along with the numerical
continuation technique. Then, we compute the bifurcation diagrams at the coarse level and
compare them with the results of the detailed system- (already computed in Chapter 2).

4.1 Finding the derivatives of coarse-grained coef�cients
using an equation-free approach

In Chapter 2, we observed that whenM (coupling range) is small,qi becomes a
monotonically increasing function of their positions therefore we now consider this case and
express our high dimensional variables,qi as:

qi(t) =
n

å
k= 0

ak(t)vk(i); i = 1: : :N (4.1)

where,ak are the time dependent coarse grained coef�cients,vk are the spatial functions,n is
the maximum number of coarse-grained variables,i is the position of the oscillators andN is
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the total number of oscillators. We consideredvk asvk = ( i � 1)k; k = 0; :::;n and we choose
a0 = 0. This gives usvk = 0 at i = 1 and this polynomial representation is allowed whenqi

goes beyond 2p (we do not use modulus of 2p as given in Figure 2.10).
Eq. (4.1)is our lifting operator, denoted byL , creating the �ne scale initial conditions

consistent with the prescribed values of the macroscopic observable,

L(aaa) = qqq: (4.2)

The restriction operator is de�ned as

´ : min

"
N

å
i= 1

"

qi(t) �
n

å
k= 0

ak(t)vk(i)

#2#

(4.3)

Or,
´ (qqq) = aaa (4.4)

Thus, given the detailed variables,qi, we �nd the macroscopic variables such that
the relationships in Eq.(4.3)are minimized. This calculation can be done in Matlab by using
a backslash operator. The two operators given in Eq.(4.1)and Eq.(4.3)must satisfy the
condition of consistency, i.e

´ (L(aaa)) = aaa (4.5)

In order to �nd the derivatives for a given set of coarse-grained coef�cients, we use
the lifting operator to �nd the values ofqi and insert them into Eq.(2.3)to �nd the derivatives
of the detailed system in a rotating frame. We then note that�qi(t) = å n

k= 0 �ak(t)vk(i) and use
the restriction operatoŕ ( �qqq) = �aaa, to get the derivatives of the coarse-grained coef�cients. A
�ow diagram is given in Figure 4.1.
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Figure 4.1 A �ow diagram showing how to �nd the derivatives for the coarse-grained system for a given set of
coarse-grained variables. Here, the spatial functions are de�ned asvk = ( i � 1)k;k = 1; :::;n.

4.2 Finding �xed points of the coarse-grained system

If the equations of the coarse-grained system were previously known, we would have
been able to represent them as

daaa
dt

= ggg(aaa;K) (4.6)
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Given the �rst guessaaa(1), we can �nd the next guessaaa( j+ 1) using the equation:

aaa( j+ 1) = aaa( j) � zzz (4.7)

zzz= J� 1ggg(aaa( j)) (4.8)

whereJ is the Jacobian de�ned as

J =

2

66664

¶g1
¶a1

¶g1
¶a2

: : : ¶g1
¶an

¶g2
¶a1

¶g2
¶a2

: : : ¶g2
¶an...

...
... : : :

...
¶gn
¶a1

¶gn
¶a2

: : : ¶gn
¶an

3

77775
(4.9)

We perform the iterations untilkggg(aaa;K)k<e (e = 10� 10 in our simulations). Once
we �nd the value ofaaa for which kggg(aaa;K)k < e at someK = K0, we apply the numerical
continuation technique described in Chapter 2 (section 2.3) to create a bifurcation diagram
for the coarse-grained system. This algorithm is summarized in Figure 4.2. The very �rst
initial guess is calculated from a stable stationary solution of the detailed system. The
dif�culty with the algorithm described in Figure 4.2 is that the differential equations of
the coarse-grained system are unknown. These can be found as described in Figure 4.1.
Therefore, to approximate the Jacobian in Eq. (4.9), we use �nite differences.

¶gi

¶ak
=

gi(aaa+ eek;K) � gi(aaa;K)
e

; i = 1; :::;n (4.10)

Here,ek is a column unit vector having1 at its k-th entry and0s elsewhere. Recall that
the rotating frame of the detailed system has a degree of freedom, which implies that the
coarse-grained coef�cients also have a degree of freedom. To remove this degree of freedom,
we chooseaaa such thatq1 = 0 (to be consistent with our choice in Chapter 2). For simplicity,
we choose the spatial functions asvk = ( i � 1)k, k = 1; : : : ;n.
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Figure 4.2 Schematic description of a numerical continuation technique for an unknown functiong. Note that
the functiong is unknown and is estimated using the equation-free approach described in Figure 4.1.

4.3 Bifurcation Diagrams when qi are functions of their
positions

We start with an example of twist-1 forN = 100oscillators andM = 5 with randomly
distributed frequencies, but instead of solving the full system (as we did in Chapter 2,
Figure 2.8), we apply an equation-free approach as discussed in Figure 4.2 and Figure 4.1.
We increase the number of coef�cients from 2 to 4 in Figure 4.3. Note that we consider the
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spatial functions asvk = ( i � 1)k;k = 1; :::;n. The results of an equation-free approach are
shown by dark pink color whereas the cyan color shows the results of the detailed system.
We can observe that as the number of coef�cients is increased, we get closer to the point of
bifurcation of the detailed system, which isK = 1:313. Also, in the case of higher coef�cients,
the stable and unstable branches both converged to the detailed system’s stable and unstable
branches respectively.
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Figure 4.3 Comparison of the solutions of twist-1 equation-free approach (pink color) with the twist-1 detailed
system (cyan color) forN = 100, M = 5 and randomly distributed frequencies between 0 and 1. The spatial
functions arev1 = i � 1, v2 = ( i � 1)2;v3 = ( i � 1)3;v4 = ( i � 1)4 wherei is the oscillator number. The point
of bifurcation for the detailed system isK = 1:313, whereas the point of bifurcation with an equation-free
approach for 2, 3 and 4 coef�cients areK = 1:17, K = 1:19andK = 1:21 respectively. It can be seen that for
four coef�cients, the solution converges to both the stable and unstable branches.

In Figure 4.4, we show one of the solutions from Figure 4.3 along with the �tting
atK = 10of the stable and unstable solutions marked byA1 andB1 respectively. The blue
circles represent the phase of the oscillators in a moving frame of the detailed system, and
the red dots represent the estimated solution from the equation-free approach. Clearly, for
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both the stable and unstable branches, the �tting is good. Note that for the stable branch, the
range of states of the oscillators is[0;2p] while the range of the states of the unstable branch
is [0;p]. This illustrates that the distinction between the different twists is not a clear cut.
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Figure 4.4 Comparison of the �tting of the stable and unstable branches for twist-1 atK = 10 (marked byA1
andB1) when the number of coef�cients is 4.

Next, we show an example of twist-2. Again, we estimate our solution forN = 100
oscillators andM = 5. The angular frequencies are equally distributed within the interval
[0:3;0:7]. The point of bifurcation for the detailed system isK = 2:09, whereas the point of
bifurcation with the 2, 3 and 4 coef�cients isK = 1:56, K = 1:74 andK = 1:76 respectively.
Figure 4.5 shows the comparison of the detailed system (turquoise color) with an equation-
free approach (pink color).
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Figure 4.5 Comparison of the bifurcation diagrams of twist-2 obtained by the equation-free approach and the
detailed system. The natural frequencies are equally distributed between 0.3 and 0.7. The spatial functions
arei � 1, (i � 1)2; (i � 1)3; (i � 1)4 wherei is the oscillator number. The point of bifurcation for the detailed
system isK = 2:09, whereas the point of bifurcation with an equation-free approach for 2, 3 and 4 coef�cients
is K = 1:56,K = 1:74 andK = 1:76 respectively.
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Figure 4.6 Comparison of the �tting of the stable and unstable branches for twist-2 atK = 10 (marked byA1
andB1) when the number of coef�cients is 4.

We can observe in Figure 4.5 that for twist-2, the stable branch of the equation-free
approach converges to the stable branch of the detailed system but the unstable branch does
not. Moreover, the point of bifurcation for an equation-free approach is always ahead of
the detailed system in all these cases. Additionally, our analysis of the �tting depicted in
Figure 4.6, indicates that the stable branch adheres to twist-2 behavior, whereas the unstable
branch does not. We will now investigate the possibility that the equation-free solution for
the unstable branch follows other twists.
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Figure 4.7 Bifurcation diagrams of twist-2 obtained by the equation-free approach (with four coef�cients, pink
line) and other twisted solutions of the detailed system with the frequencies equally distributed between 0.3 and
0.7. The spatial functions are(i � 1), (i � 1)2; (i � 1)3; (i � 1)4 wherei is the oscillator number.

In Figure 4.7, we consider the case of 4 coef�cients from Figure 4.5 and compare the
solutions with several twisted states of the detailed system. As can be seen the solutions of all
the twisted states are very close by. Fora1, the stable branch of twist-2 in both the detailed
and coarse-grained systems are indistinguishable but the stable solution of the coarse-grained
system continues towards twist-1 while the unstable branch then converges to the stable
solution of twist-3. Fora2, the unstable branch of twist-2 obtained by the equation-free
approach converges to the solution of twist-1. Fora3, it is in the middle of twist-3 and twist-1
while a4 seems to converge to twist-3 but is negligible. The solution we see for twist-2 might
capture an emergent property of the coarse-grained system.

Next, we look at the �tting for one of the solutions atK = 10 (marked byA1). In
Figure 4.8, we plot a solution of twist-3 obtained by the detailed system and compare it with
the equation-free solution of twist-2. We can observe that the equation-free twist-2 solution
is getting closer to detailed system twist-3.
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Figure 4.8 Comparison of the �tting of the stable and unstable branches atK = 10 (marked byA1) for twist-2
when the number of coef�cients is 4.

4.4 Bifurcation Diagrams when qi are functions of their
angular frequencies

In this section, we return to the case where in a synchronized state,qi, become a
function of their natural angular frequencies,wi , as we considered in Chapter 3. The algorithm
for creating a bifurcation diagram in this case is similar to the algorithm we described in
section 4.3 but withvk(i) replaced withf k(wi). To remove the degree of freedom and for
simplicity we choose the functionsf k = wk instead of the Legendre functions we used in
Chapter 3. For convenience, we choosew1 = 0 with a0 = 0 and the otherwi distributed
equallybetween 0 and 1. Figure 4.9 shows the bifurcation diagrams of a spatially extended
network withN = 100,M = 5.
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Figure 4.9 Comparison of the solutions of twist-1 equation-free approach (pink) with the twist-1 detailed system
(blue) with equally distributed frequencies between 0 and 1. The functions aref k = ( w)k;k = 1; :::4, wherew
is the angular frequencies of the oscillators. The actual point of bifurcation for the detailed system isK = 4:865

Here, in Figure 4.9, the solution of twist-1 equation-free approach is represented by
the pink color, whereas the blue one represents the solution of twist-1 detailed system. The
actual point of bifurcation for the detailed system isK = 4:865. We can observe from these
�gures that the stable branch of an equation-free approach converges to the stable solution of
the detailed system but this is not the case for the unstable branch. This behaviour can be
observed in Figure 4.10, where we see the �tting for the detailed system atK = 10. We can
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see that for the stable branch of twist-1 (marked byA1), the �tting is good. However, this is
not the case for the unstable branch (marked byB1).
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Figure 4.10 Comparison of the �tting of the stable and unstable branches atK = 10for twist-1 when the number
of coef�cients is 4.

Now, we consider the caseN = 100andM = 50which is the all-all Kuramoto model
and form its bifurcation diagram. The bifurcation point for a detailed system isK = 0:6431.
In Figure 4.11, we show the results for twist-0 with the detailed and equation-free approach.
The blue line represents the solution from the detailed system whereas the bold pink line
represents the solution from the equation-free approach with 3 and 4 coef�cients. The point of
bifurcations areK = 0:62, K = 0:63 andK = 0:632from 2, 3 and 4 coef�cients respectively.



57

2 coef�cients 3 coef�cients 4 coef�cients
Bifurcation point: 0.62 Bifurcation point: 0.63 Bifurcation point: 0.632

0 5 10

0

5

10

K

a1

0 5 10
0

10

20

30

40

K

a1

0 5 10
0

10

20

30

40

K

a1

0 5 10
-10

-5

0

K

a2

0 5 10

-80

-60

-40

-20

0

K

a2

0 5 10

-100

-50

0

K

a2

0 5 10
0

20

40

60

K

a3

0 5 10
0

50

100

150

K

a3

Key:
Stable solution from equation-free approach
Unstable solution from equation-free approach

Stable solution from detailed system (N = 100,M = 50)
Unstable solution from detailed system (N = 100,M = 50) K

a4

Figure 4.11 Comparison of the solutions of twist-0 equation-free approach (pink) with the twist-0 detailed
system (blue) with the equally distributed frequencies between 0 and 1. The functions aref k = ( w)k;k = 1; :::;n,
wherew is the angular frequencies of the oscillators.

We can observe that in all the sub�gures of Figure 4.11, the stable branches from
the detailed system and the equation-free approach converge but this is not the case for the
unstable branch. For the unstable branch, the equation-free solution of 3 and 4 coef�cients
converge to each other. This is shown in Figure 4.12, where we can see the overlapping
solutions of 3 and 4 coef�cients fora1, a2 anda3.
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of bothwi andi is presented in panels A1 and B1. Additionally, panels A2 and A3 show
projections ofqi as a function ofi andqi as a function ofwi for the stable branch respectively.
Similarly, panels B2 and B3 show projections for the unstable branch ofqi as a function of
i andqi as a function ofwi respectively. It is evident that by adding another function, the
shape and width of the �tting improved for both the stable and unstable branches atK = 2.
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Figure 5.3 Comparison of the two-dimensional (using two summations) �tting of the stable and unstable
solutions atK = 2 for twist-1 when there are 8 combinations of coef�cients, i.e.vk = ( i � 1)k;k = 1; :::;4 and
f j = w j ; j = 1;2.

To examine the effects of changing the coef�cients, we consider different combina-
tions ofvk andf j with varying values ofn andm. We start by �xingn at 3 and let the index
k vary from 0 to this value. We also increasem from 1 to 3, obtaining 3, 6, and 9 coef�cients.
It’s worth noting that whena00(t) = 0, the coef�cient with index 0 is not included, resulting
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Figure 5.5 Comparison of the solutions of twist-2 equation-free approach (pink color) using two summations
with the twist-2 detailed system (dark blue color) forN = 100;M = 5. The spatial functions arevk = ( i � 1)k;k =
1; :::;4 wherei is the oscillator number andf j = w j ; j = 1;2 with w j are randomly distributed frequencies
between 0 and 1. The bifurcation point for the detailed system isK = 1:663, whereas the bifurcation point with
an equation-free approach for 8 coef�cients isK = 1:775.
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Figure 5.6 Comparison of the solutions of twist-3 equation-free approach (pink color) using two summations
with the twist-3 detailed system (dark blue color) forN = 100;M = 5. The spatial functions arevk = ( i � 1)k;k =
1; :::;4 wherei is the oscillator number andf j = w j ; j = 1;2 with w j are randomly distributed frequencies
between 0 and 1. The bifurcation point for the detailed system isK = 2:7542, whereas the bifurcation point
with an equation-free approach for 8 coef�cients isK = 2:606.
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Figure 5.7 Comparison of the solutions of twist-4 equation-free approach (pink color) using two summations
with the twist-4 detailed system (green color) forN = 100;M = 5. The spatial functions arevk = ( i � 1)k;k =
1; :::;4 wherei is the oscillator number andf j = w j ; j = 1;2 with w j are randomly distributed frequencies
between 0 and 1. The bifurcation point for the detailed system isK = 5:313, whereas the bifurcation point with
an equation-free approach for 8 coef�cients isK = 4:982.
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Number of Bifurcation Point Bifurcation Point Differences between
Twists (Detailed (Equation-free bifurcation

System) approach) points
1 1.313 1.217 0.096
2 1.775 1.663 0.112
3 2.754 2.606 0.148
4 5.313 4.982 0.331

Table 5.3 Comparison of bifurcation points for various twisted states.

ja11;E f � a11;dsj ja11;E f � a11;dsj ja11;E f � a11;dsj ja11;E f � a11;dsj
Number of at K = 10 at K = 10 at K = 6 at K = 6

Twists (Stable (Unstable (Stable (Unstable
Branch) Branch) Branch) Branch)

1 0.0042 0.0002 0.0070 0.0052
2 0.0048 0.0126 0.0077 0.0058
3 0.0058 0.0171 0.0093 0.0095
4 0.0076 0.0113 0.0085 0.0022

Table 5.4 Error differences between true solution and approximated solution for various twisted states.

L2 norm L2 norm L2 norm L2 norm
of �tting of �tting of �tting of �tting

Number of at K = 10 at K = 10 at K = 6 at K = 6
Twists (Stable (Unstable (Stable (Unstable

Branch) Branch) Branch) Branch)
1 0.821 1.091 0.627 0.728
2 0.413 1.547 0.676 1.441
3 0.489 2.265 0.788 2.098
4 0.657 2.407 1.196 2.069

Table 5.5L2-norm of �tting at two different points for various twisted states.

5.3 Varying the coupling range

In this section, we consider the same example of twist-1 withN = 100and randomly
distributed frequencies between 0 and 1, but we increase the coupling range fromM = 5 to
M = 10. Our aim is to improve the approximation by employing an equation-free approach
with two summations.
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K

a12

K

a21

K

a22
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a31

K

a32

Key:
Stable solution from detailed system (N = 100,M = 10)
Unstable solution from detailed system (N = 100,M = 10)
Stable solution from equation-free approach with combinations of 6 coef�cients
Unstable solution from equation-free approach with combinations of 6 coef�cients

Figure 5.11 Comparison of the solutions of twist-1 equation-free approach (pink color) using two summations
with the twist-1 detailed system (green color) forN = 100, M = 10 and randomly distributed frequencies
between 0 and 1. The spatial functions arevk = ( i � 1)k;k = 1; :::;3 wherei is the oscillator number and
f j = w j ; j = 1;2. The bifurcation point for the detailed system isK = 1:163, whereas the bifurcation point with
an equation-free approach for 6 coef�cients isK = 0:996. It can be seen that for six coef�cients, the solution
converges to the stable branch of the detailed system fora22;a31;a32.





78

K

3 Coef�cients

a11

K

4 Coef�cients

a11

K

6 Coef�cients

a11

K

8 Coef�cients

a11

K

9 Coef�cients

a11

Key:

Stable solution of twist-1 detailed system with combinations of 8 coef�cients (N = 100,M = 5)

Figure 5.13 Bifurcation diagrams fora11 of twist-1,N = 100, M = 10 with various coef�cients. The results
show that the bifurcation point of an equation-free approach gets closer to the bifurcation point of the detailed
system albeit not uniformly, and the stable and unstable branches from the equation-free approach and detailed
system become indistinguishable as we move away from the bifurcation point.

number of coef�cients increases, the bifurcation point of an equation-free approach gets
closer to the bifurcation point of the detailed system. (K = 1:163). Furthermore, in all of
these cases of varying coef�cients, the stable branch of an equation-free approach converges
to that of the detailed system.

ja11;E f � a11;dsj ja11;E f � a11;dsj ja11;E f � a11;dsj ja11;E f � a11;dsj
Coef�cient at K = 10 at K = 10 at K = 2 at K = 2
Numbers (Stable (Unstable (Stable (Unstable

Branch) Branch) Branch) Branch)
3 0.0005 0.0168 0.0011 0.0204
4 0.0023 0.0227 0.0106 0.0133
6 0.0015 0.0127 0.0061 0.0064
8 0.0021 0.0208 0.0111 0.0027
9 0.0008 0.0145 0.0026 0.0100

Table 5.6 Error difference between the detailed system’s true solutiona11;ds and the equation-free’s estimated
solutiona11;E f for various coef�cients atK = 2 andK = 10.

It can be seen that as the number of coef�cients increases, the bifurcation point from
the equation-free approach gets closer to the actual bifurcation point of the detailed system
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of the coupling strength,K, but the convergence of the unstable solutions seem to be affected
by poor �tting due to outliers.
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Overall, we can conclude that the equation-free approach worked for stable solutions
and relatively low twist solutions but that the unstable solutions did not converge in most
cases due to the existence of outliers.

Future studies could explore ways to improve the �tting when outliers exist in the
solution and test the equation-free approach on other types of networks. The fact that the
convergence of higher twisted states is worse than lower twisted states (see Table 5.5) could
be explored further.
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the shifted Legendre polynomials serve as reduced variables, and the unknown function
is evolved in time using these coef�cients. This approach is particularly useful when the
underlying equations of the system are unknown, computationally expensive, or challenging
to solve directly. It allows for ef�cient simulations and exploration of system dynamics
without explicit knowledge of the governing equations, leveraging the orthonormality and
other useful properties of shifted Legendre polynomials. The equation-free approach with
shifted Legendre polynomials offers advantages in ef�ciently simulating complex systems
when explicit equations are unknown or computationally expensive. However, it comes
with limitations, including reduced accuracy for low truncation orders, limited applicability
for highly nonlinear or chaotic systems, and high computational cost for high-dimensional
systems. Collecting suf�cient data for accurate representation can be challenging, and the
reduced models lack clear physical interpretations. Additionally, stability issues may arise
depending on the numerical integration scheme used. Despite these drawbacks, the equation-
free approach remains a valuable tool for understanding system behavior when traditional
methods are impractical. Some of the shifted legendre polynomials are listed below which
have been used in Chapter 2 (uptof 3).

f 0 = 1

f 1 = 2w � 1

f 2 = 6w2 � 6w + 1

f 3 = 20w3 � 30w2 + 12w � 1

f 4 = 70w4 � 140w3 + 90w2 � 20w + 1

f 5 = 252w5 � 630w4 + 560w3 � 210w2 + 30w � 1

f 6 = 924w6 � 2772w5 + 3150w4 � 1680w3 + 420w2 � 42w + 1

f 7 = 3432w7 � 12012w6 + 16632w5 � 11550w4 + 4200w3 � 756w2 + 56w � 1

f 8 = 12870w8 � 51480w7 + 84084w6 � 72072w5 + 34650w4 � 9240w3 + 1260w2

� 72w + 1

f 9 = 48620w9 � 218790w8 + 411840w7 � 420420w6 + 252252w5 � 90090w4 + 18480w3

� 1980w2 + 90w � 1

f 10 = 184756w10 � 923780w9 + 1969110w8 � 2333760w7 + 1681680w6 � 756756w5+

210210w4 � 34320w3 + 2970w2 � 110w + 1

f 11 = 705432w11 � 3879876w10+ 9237800w9 � 12471030w8+

10501920w7 � 5717712w6 + 2018016w5 � 450450w4 + 60060w3 � 4290w2 + 132w � 1
(A.9)
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A.3 Algorithm for applying Equation-free approach on
heterogenous networks

Algorithm 1 Main algorithm for solving heterogenous networks using an equation-free
approach.

1: Solve the ODE usingode45with ddKuraNodefunction, time interval[0 : 0:1 : 200], and
initial values linspace(0, 2p, N)

2: Get function valuef1 usingfunctionNRC_Test with input K and last row ofqi , calling
it asu.

3: SetA = f
4: Subtract �rst element ofu from the last row ofu and store inuS
5: Get function valuef1 usingfunctionNRC_Test with inputK anduS
6: Calculateb usingAnuS0

7: Calculateqmatrix usingA andb
8: Get function valuef1 usingfunctionNRC_Test with inputK andqmatrix

9: Setbold = b
10: Get function valuef usingfunctionNRC with inputK andbold

11: Get �nite differenceSSusingfinitediffNR with inputK andbold

12: Solve linear systemSS� z= f to getz
13: Updatebnew = bold � z
14: Calculate error1 as norm( f )
15: Setbold = bnew

16: PlotuSandA � bold

17: for i from 1 to 20do
18: Get function valuef usingfunctionNRC with inputK andbold

19: Get �nite differenceSSusingfinitediffNR with inputK andbold

20: Solve linear systemSS� z= f to getz
21: Updatebnew = bold � z
22: Calculate error1 as norm( f )
23: Storebnew in Coef�cients(:; i)
24: Updatebold = bnew

25: if error1(i) < 1e� 8 then
26: Break loop
27: end if
28: end for
29: if i = 20 then
30: Display error message ("solution not converging")
31: end if
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Algorithm 1 Main algorithm for solving heterogenous networks with an equation-free
approach.(Continued)
32: Setbnew = bnew
33: Calculatenullv usingnull of [finitediffNR (K;bnew;e);KfinitediffNR (K;bnew;e)]

functions.
34: Get dimensions Nr and Nb ofbnew
35: Set NN= 5, ds= � 0:0001, and tot= 200000
36: Initialize JJ, vv, dat, and ei matrices
37: Set dat(:;1) = [ bnew;K;0]
38: Get �nite difference matrixJ usingfinitediffNR with inputK andbnew
39: Calculate eigenvalues ofJ and store in ei(:;1)
40: for Outer_loop from 1 to totdo
41: Set vvold= dat(1 : Nb+ 1;Outer_loop)
42: Set vv(:;1) = dat(1 : Nb+ 1;Outer_loop) + ds� nullv
43: for inner_loop from 2 to NNdo
44: Get f f usingGgetf function with inputsvv(:; inner_loop� 1), vvold, nullv, ds,

and Nb
45: Calculate ErrorInner as norm( f f )
46: Set dat(:;Outer_loop+ 1) = [ vv(:; inner_loop� 1);ErrorInner]
47: Update JJ(1 : Nb; :) using [finitediffNR (vv(end; inner_loop� 1);vv(1 :

Nb; inner_loop � 1);e) KfinitediffNR (vv(end; inner_loop � 1);vv(1 :
Nb; inner_loop� 1);e)]

48: Set JJ(Nb+ 1; :) = nullv0

49: Solve linear system JJ� dx= f f to getdx
50: Update vv(:; inner_loop) = vv(:; inner_loop� 1) � dx
51: Calculate eigenvalues ofJJ(1 : end� 1;1 : Nb) and store inei(:;Outer_loop+ 1)
52: Calculate nullv as (dat(1 : Nb + 1;Outer_loop+ 1) � dat(1 : Nb +

1;Outer_loop))=ds
53: Normalize nullv
54: end for
55: end for
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Algorithm 2 For sub-functionddKuraNode

1: procedure DDKURANODE(t;u;K)
2: global w;N;M;V
3: aa  mean(w)
4: if M � ceil(N=2 � 1) then
5: dyddt w + K

2M (� sin(u) � (V � cos(u)) + cos(u) � (V � sin(u))) � aa
6: else
7: dyddt w + K

N� 1 (� sin(u) � (V � cos(u)) + cos(u) � (V � sin(u))) � aa
8: end if
9: return dyddt

10: end procedure

Algorithm 1 Algorithm 3 For sub-functionfinitediffNR

1: procedure FINITEDIFFNR(K;bold;e)
2: global w;V;N;M; f ;aa
3: [r;c]  size(bold)
4: I  eye(r; r)
5: uuold_EpsilonMatrix zeros(r; r)
6: for i = 1 to r do
7: uuold_EpsilonMatrix(:; i)  bold + ( e � I (:; i))
8: end for
9: FiniteDifference  zeros(r; r)

10: for i = 1 to r do
11: FiniteDifference (:; i)  functionNRC (K;uuold_EpsilonMatrix(:;i)) � functionNRC (K;bold)

e
12: end for
13: return FiniteDifference
14: end procedure

Algorithm 4 For sub-functionKfinitediffNR

1: procedure KFINITEDIFFNR(K;uunew;e)
2: global w;V;N;M;A
3: derK(:;1)  functionNRC (K+ e;uunew)� functionNRC (K;uunew)

e
4: return derK
5: end procedure
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Algorithm 5 For sub-functionfunctionNRC

1: procedure FUNCTIONNRC(K;bold)
2: global w;N;M;V;A
3: Q  A � bold

4: aa  mean(w)
5: if M � ceil(N=2 � 1) then
6: f 1  w + K

2M � (� sin(Q) � (V � cos(Q)) + cos(Q) � (V � sin(Q))) � aa
7: B  A(2 : end; :)
8: f 2  f 1(2 : end)
9: f  Bn f 2

10: else
11: f 1  w + K

N� 1 � (� sin(Q) � (V � cos(Q)) + cos(Q) � (V � sin(Q))) � aa
12: f  An f 1
13: end if
14: return f
15: end procedure

Algorithm 6 For sub-functionGgetf

1: procedure GGETF(vv;vvold;nullv;ds;Nb)
2: global w;N;M;V;A
3: K  vv(end)
4: y  zeros(Nb+ 1;1)
5: y(1 : Nb;1)  functionNRC(K;vv(1 : Nb))
6: y(Nb+ 1;1)  ((vv� vvold)0� nullv) � ds
7: return y
8: end procedure
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